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PREFACE 

Are there basic needs in applied mathematics that are shared by 
beginning college students in the social sciences, the natural sciences, 

and technology? 

Several topics come to mind that pciut to an affirmative answer: 
presenting and interpreting data, findin-j analytical expressions for 
functions from graphs, being familiar with the properties of elementary 
functions, and being conversant with the language of calculus. By pro- 
viding forthest> needs, we enable the students to overcome serious 
obstacles to the understanding of introductory texts in all vhese fields. 
Th'j intention of this text is to serve just this purpose. 

The first five chapters develop the skills needed for efficient 
numerical calculations, emphasizing the consequences of the inherent 
uncertainties of most numbers used in applications. The topics discussed 
range from order-of-magnitude estimates through the theory and the use of 
the slide rule to the fundamentals of the use of computers. (Although the 
importance of the slide rule is declining because of the growing use of 
calculators, an underst-nding of the logarithmic scale is as important as 

ever.) 

The last five chapters examine the basic properties of the elemen- 
tary functions, including their derivatives and integrals. Special emphasis 
is placed on finding analytic expressions from graphical representation of 
data . 

The book has been written with an Interactive mode of learning in 
mind. It is suitable for section work where short lectures, discussion of 
text, and problems can be carried out as needed. Whenever we believed 
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that certain points are best made by having the students tackle them, 
these points were included in the questions at the end of the section. 
Thus, the questions form an integral part of the course. Many of the 
questions can be approached in different ways and thereby present the 
opportunity for constructive discussion and a means for improving the 
communicative skills of the students. There are relatively few drill 
problems. Extra problems of this kind can easily be provided by the 
instructor. 

Because questions are placed after each section, the text may also 
be used for individual study. 



This book has its origin as the freshman mathematics course in 
our Undergraduate Program for Physics -Chemistry Teachers that started 
in 1970. However, since then it has also been used extensiveJy by 
students in other fieldj. 

The principal contributors to the preliminary edition were Judson B. 
Cross, Thomas J. Dillon, Jo Rita Jordan, George Lukas, Leonard T. Nelson, 
Poul Thomsen, David B. Teague, and myself. 

This book constitutes a far-reaching revision of the preliminary 
edition, including much new msterial. The revision was done by Judson B. 
Cross, Robin Esch, Romualdas Skvafcius , and myself. 

The revision benefited from the feedback of the following professors ^ 
who piloted the course: Leonard T. Nelson and Joseph Van Wie at South- 
v;est Minnesota State College, Henry P. Guillotte at Rhode Island College, 
and Albert G. S.arling and David B. teague at Western Carolina University. 

The work was illustrated by George Fiigulietti and Myma S. Goldblat, 
and produced by Benjamin T. R chards. The bulk of the camera copy v/as 
typed by Caroline E. Runsell; the typing was completed by Lorrainp Perrotta. 

The developmen': of this book is £ apported by a grant from the National 
Science Foundation. This financial support is gratefully acknowledged. 

Uri Haber-Schaim 
July 1975 
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Chapter 1. PHYSICAL NUMBERS 

1 . 1 Mathematical and Physical Numbers; Uncertainty 

Numbers mean dltferent things in different contexts. In mathematics 
d number is ordinarily considered to be exact. If we refer to the number 2 , 

we usually mean exactly I. neither 1.99 nor 2.01, but 2.000 carried to 

as many zeros as you wish to put down. Similarly, in mathematics 3.17 

means 3.17000 To put it differently, a number in mathematics is 

represented by a point on the number line. 

The situation is quite different when it comes to numbers which are 
the result of measurements. Most measurements are inexact to some extent. 
How inexact depends on the type and quality of the measuring Instrument, 
and on the skill of the experimenter. The handling of such inexact numbers 
is a special concern of applied mathematics. 

Generally, quantities such as masr, length, time, temperature, etc., 
are found with some sort of measuring instrument. The numerical answer is 
read on a scale. As a very simple example consider the measurement of the 
width of a piece of paper with a ruler marked in tenths of a centimeter, as 
shown in Fig. 1.1. 
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If you showed the drawing to several people and asked them to read 

the ruler as carefully as possible, you would probably get a variety of an- 
swers clustered around 5.43 cm. A list of answers might be 

S.41 S.44 

5.43 5.47 

5.42 

The last entry Is obviously wrong, because the piece of paper clearly 
does not extend even as far as the middle of the Interval between 5.4 and 5.5 
on the ruler. It would be hard to argue convincingly that any one of the other 
answers is righr and all the others wrong. The reason is that since the ruler 
can be read to no closer tnan about 0.02 cm, none of the answers are clearly 
Incorrect except the last. It Is most likely that the true value of the width of 
the paper lies close to the middle of the interval between 5.41 and 5.45. 
Expressing it differently, we can say that from the measurements the width x 

of the paper lies in the interval 

5.41 < X < 5.45 

The usual shorthand for this is 

X = 5.43 +0.02 

When we state x ~ 5.43 +0. 02 . we do not mean that 5.43 is the "true value" 
for the width of the piece of paper. AU we mean is that the true value is 
somewhere In that interval. The interval half-width 0.02 is called the urv:. 
certainty In the number. Notice that it has a reasonable value - about how 
closely the ruler can be read. A number like this, which has an uncertainty 
resulting from measurement . is called a physical number . A physical number 
corresponds to an Interval on the number line, and not tc a point as uoes a 
mathematical number (Fig. 1.2). 

0.3 0.3 . 

h - - I 
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Fig. 1.2 The physical number 1.6 ±0.3 is represented by an interval on the 
number line, it is shown in this figure by Ine heavy section of the number 
line between 1 and 2. 
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^Sotice also that the uncertainty 0.02 Is only a crude estimate, not 
a precise figure. It probably slightly overestimates the error, as we would 
wish to do In careful work. Thus the ends of the interval 5.41 <x < 5.45 
are actually somewhat "fuzzy" and we are pretty sure that the true value of 
X does not lie exactly at either end of the interval. 

It would -be nonsense, in this example, to claim an uncertainty of 

0. 018, or 0.023. We have no basis for claiming that much precision. We 
can, however, see that 0.02 is adequ'ate while O.OI may not be, and there- 
fore state the unnertainty as 0.02 cm. 

Some physical numbers are the result not of a single measurement, 
but of much scientific work. Examples are the speed of light, 
(2.997925 ±0.000002) x iqIO cm/sec, and the mass of an electron, 
(9.1090 ±0.0002) X 10-28 g. Much effort has gone into obtaining such accu- 
rate values - i.e., making the uncertainties this small. 

Questions 

1, Figure 1.3 shows an ammeter scale. 

(a) Read it as precisely as you can. 

(b) List your reading together with 
those of all your classmates. Are any 
of the readings obviously wrong? 

(c) Decide on a physical number which plausibly represents the ag- 
gregate of readings, expressing it both as an interval and in "±" form. 

(d) Compare your answers to (c) with others, 

2, There are really two sources of error in reading ammeters: the read- 
ing error, as discussed in Question I , and the Inaccuracy inherent 
in the instrument. The latter is called a systematic error. Typically 
the manufacturer might certify the accuracy of ari ammeter as 2 per 
cent of full-scale value. Taking this into consideration, what is the 
current measurement shown in Fig. 1.3? Express this physical num- 
ber in both Interval and "±" form. 
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3. Figure 1 .4 shows the angular position of a pointer. 
Repeat the steps of Question 1 for this pointer. 

4. Write the following physical numbers In "±" form. 

(a) 4.4 to 4.6 (c) 4,432 to 4.451 

(b) -2.1 to -2.0 (d) -lto+7 

5. Draw' the section of the number line between I and 7. Fig. 1 .4 

(a) Indicate the following physical numbers on It: 
3.9+0,2. 3.0+0.4, 5.0+0.3, 2,9+0.1, 3.1+0.2 

(b) Which of the physical numbers above could possibly result from 
the measurement of the same object? 

6. Are the "one" and "60" in the statement "one hour equals 60 minutes" 
mathematical or physical numbers? 



1.2 Significant Digits 

Writing a physical number with Its uncertainty Is good practice, but 
Is sometimes cumbersome and unnecessary. For example, it may be enough 
for us to know that a physical number is 35 without being concerned whether 
the uncertainty is +1 or +2 or even +3. It is general practice in such cases 
to state the number simply as 35, with the implied understanding that the 
last digit may be off either way by at most a few units. If the uncertainty 
happens to be +0.1 or ±0.3, we nan convey the approximate uncertainty with- 
out spelling it out, by expressing the number as 35.0. The fact that we have 
added another digit implies that the uncertainty is definitely less than +1, 
but probably more than +0.1 . To take another example, the physical number 
35.04 indicates that the uncertainty is less than +0.1 but more than +0.01. 

Meaningless digits must be omitted in representing physical. numbers 
in ihls way. The physical number 21 .34 +0,25 has an uncertainty In the third 
digit. Writing this physl'-al number as 21.34 is deceptive, because this im- 
plies only an uncertainty in the fourth digit - an accuracy about ten times as 
great as the number actually hac. This physical number should be written as 
21.3. Similarly, writing 35.0 is deceptive If the uncertainty is as large as +1. 



^ If a phvs|cal numlser is wrltten^rrtctly, all digits are significant, 
except for tho^zeros which serve only as place-holders for the decimal 
point. For example, the physical number 35.18 has four significant digits; 
3 5.0 has three (provided the number is correctly written and the zena really 
means pl«s-or-mlnus a few 0.1's). 35,00 has four. 0.0018 has two. the 
zeros to the left serving only as place-holders. Note that each of the num- 
bers 2.4 cm, 0.024 m (meters), and 0.00C024 km (kilometers), has two sig- 
nificant digits. This last trio demons.trates why place-holder ^eros are not 

coifnted as significant. v^^^ 

A problerrTarlses with numbers like 10.500 kilometers.. Are the last 
two zeros significant digits, or are they just place-f|)l^ers ? For example. 
10,500 kilometers is the distance from Quito, Ecuador', to Brazzaville, Congo. 
There is no certain way of knowing from this added information if the last 
two digits are significant, although the fact that they are both zero makes 
one suspact that they are not. It happens In this case that they are Inched 
not significant, since the distance was found by making measurement's on \ 
a map so small that the distance could not be measured to better than about 
+100 kilometers. 

It is good practice to use powers-of-ten notation to show the number 
of significant figures of such numbers. Since 10^ = 10, 102 = 100, l\)3 = 1000, 
etc. we can write the number 10,500 ±100 as 1.05 x 10^ or 10.5 x 103, or 
105 X 10^. In each of the three representations we see that there are three 
significant digits; and the power-of-ten acts as a decimal locater. Thus It 
would be good practice to write the Quito - Brazzaville distance. In one of 
these forms, to Indicate clearly that It is known to only about 100 kilometers 
accuracy. 
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Questions 

1. Given the following physical numbers, express them In slgnlftcant- 
dlglts form. 

(a) 17.3+0.1 (d) 17.3+5 

(b) 17.3 +0.001 (e) 16.6+1 

(c) 17.3 ±0.5 (f) 16.6 ±0.2 

2. To how many significant digits Is each of the following numbers 
given? 

(a) 67.03 (e) 4.700 

(b) 145.00 (f) 2.75X105 

(c) 241.75 (a) 2.750 X 105 

(d) ^ a,fl3001 (h) 5000 

3. .Given the following physical numbers In significant-digits form, 
give plausible equivalents in "+" form. 

(a) 8.3 (e) 830.0 

^) 0.00083 (f) 2.4 cm 

(c) O.OOOB300 (g) 0.024 m 

(d) 830 (h) 2.75xl05m 

4. Use a centimeter dcale to measure the long dimension of this page 
in your book and give the result in 

(a) "±" form. 

(b) significant-digits form. 

5. In each of the following, a physical number is given without any in- 
dication of Its uncertainty. Very roughly, what would you guess the 
uncertainty to be? 

(a) Boston, 7 miles {highway sign). 
^ 03) Centervllle, pop. 1271 {sign obviously several years old) . 

(c) Yesterday's baseball al^^ance 10,372 (newspaper article). 

(d) 20,000 attend mass rally (newspaper headline) . 

(e) 7.4 inches of rainfall in recent storm (weather bureau report). 

(f) 4 50 calories per serving of apole pie (from an article on dieting) . 

(g) ' 2 pounds of coffee (from a grocery store) . 

(h) 39.37 inches in a meter (from a handbook). 

14 
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1.3 Addition and Subtraction oi Physical Numbers 

The addition of the two mathematical numbers 7.9 and 5.6 obviously 
gives 13.5. Now consider the addition of 7.9 ±0.2 grams of salt to 5.6 ±.0.1 
grams of salt. The result could be as large as (7.9 + 0.2) + (5.6 + O.^l^ 
(7.9 + 5.6) + (0.2 + 0.1) = 13.5 T 0.:^ g, orit could be as small as 
(7.9 - 0.2) + (5.6 - 0.,) = (7.9 + 5.6) - (0.2 + 0.1) - n.^^ ' 0.3 g. The 
result is thus 13.5 ±0.3 g; we no?/ lliau me uncertainties have adejed. • 

By considering in this fashion the largest and smallest values the 
result could have, we find the corresponding general ful^ 

(A ±a) + (B ±b) =^ (A + B) ±(a + b) \ "i^) 

Similarly, If 5.6 ±0.1 g of salt is taken away fromA . 9 ±0 .2 g . the 
amount remaining could be as large as (7.9 + 0.2) - (B.6 - 0.1) = (7.9 - S.6) 
+ (0.2 + O.U = 2.3 + 0.3 g, and coula.n^e as small as (7 . 9 - 0. 2) - (5. 6+ 0 . 1) 
= (7.9 - 5.5) - (0.2 + 0.1) = 2.3 - 0.3 g. The difference of these two physi- 
cal numbers is thus 2 . 3 ±0 . 3 g , and we see that uncertainties add in subtrac- 
tion as well as in addition. (Since subtraction is equivalent to addition of 
the negative, we could have deduced this from our eailier formula for addition.) 
We have thus 

(A ±a) - (B lb) = (A - B) ±(a + b) (2) 
This completes the formulation of the rules for addition and subtrac- 
tion of physical numbers. However, In practice there are special cases 
worth considering. Suppose first that one of the^uncertalntles is much smaller 
than the other - say b is much smaller than a. This may be written b « a. 
(Note that by convention a and b are both posltlva.) Then the uncertainty may 
be taken simply as a. For example, consider the sum (5.3 +0.2) + (3.418 +0.003). 
It would be rather silly to write the result as 8.718 ±0.203, since the first 
number is known only to within 0.2, an additional uncertainty of 0.003 is 
meaningless. We would ordinarily write the uncertainty as simply ±0.2. If 
the result Is written in significant-digits form It should be v^tten 8.7. not 
8.718 nor even 8.72. Note two things that have happened: the larger uncer- 
tainty has "swamped" the smaller, and some significant digits in the more 
accurate number have lost their significance in the sum. 
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In the example We have been discussing, to lUustrate the b « a 
situation, A and B b d comparable magnitudes.. More usually when b « a 
we have also!Bl«tAl. Consider tor example (5.31 ±0.03) + (0.0128 ±0.0001). 
The result Is 5.3'. ±0.03, and one must accept the necessity of throwing away 
the last two digits of B, which have become Insignificant In the sum. Much 
as one might wish to write the result as 5.322S. this would be quite mislead- 
ing. 

In extreme cases B can be totally "swamped" by the uncertainty In A. 
Consider for example the addition of the physical numbers 3.7 ±0.1 and 
0.016 ±0.002. This might arise In the following way: The thickness of a 
steel plate is measured with a ruler |nd found to be 3.7 ±0.1 mm. The 
thickness of aluminum foil Is found with a micrometer to be 0.016 ±0.002 mm. 
Then the plate and the foil are pressed together, and the combined thickness 
is measured with a ruler. The result of this final measurement would probably 
be 3.7 ±0.1, the same as the first measurement. 

The point is that the uncertainty in the steel plate is already about 
six times the thickness of the aluminum foil. Thus, adding the foil to the 
plate does not measurably (uf4ng a .-uler) Increase Its thickness or the uncer- 
tainty of the measurement. 

Next, irrespective of the relative sizes of the uncertainties, let us 
consider the effects of the relative sizes of A and B. If these are of nearly 
the same size, nothing remarkable happens wheji they are added; however a 
dramatic loss in significant digits can occur when one is subtracted from the 
other. Thus 29.27 - 29,18 = 0.09 is a calculation In which three significant 
digits are lost. 

In general terms, in the subtraction (A ±a) - (B ±b) = (A - B) ±(a-fb) It 
can happen that {A - B) has a magnitude much less than either A or B, and 
perhaps comparable with or even less than the uncertainty (a + b). . It is im- 
portant to recognize this loss of significant digits when finding the difference 
of nearly equal numbers. 

We may summarize our discussion In three " rule s-of- thumb" for thef 

addition and subtraction of physical numbers: 

16 
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1. 'when uncertainties differ ^widely, the larger one governs. 

2. Don't save digits which have become Insignificant. 

3 . Be on guard to detect the loss in significant digits which occurs 
when taking the difference of nearly equal numbers, and If possible avoid the 
necessity of such a calculation. 

Questions 

1 . Add each of the following pairs of physical numbers. 

(a) (2.71 +0.03) + (0.01+0.01) 

(b) (47.8 +0.1) + (1000 +1) 

(c) (0 . 007 +0 . 001) + (0 . 0003 +0 . 0001) 

(d) (63 +1) + (2 ±0.5) 

(e) (8 +1) + (U ±3) + (14 +2) 

(f) (3.7 ±0.1) + 10 X (0.016 +0.002) 

(Part (f) corresponds to adding ten sheets of aluminum foil to the 
ateel plate discussed in the text.) 

2. Calculate the answer to each of the following operations involving 
physical numbers. 

(a) 12.5 + 26.8 (e) 12.5+26.8+1.32 

(b) 12.5+2.68 (f) 2.5X 102 - 1.8X 103 

(c) 12.5 + 0.0268 (g) 1.01X103-9.8X102 

(d) 26.8 + 12.5 + 1.32 (h) 6.31 X 10^ + 2 . 12 x 10^ 

3. One technique for weighing an animal is to weigh oneself on a bath- 
room scale while ' aiding the animal, and while not. Explain why 
this technique works better for a large dog than for a small kitten. 

4. Pediatricians sometimes advise new parents not to weigh their baby 
too frequently. Can you think of a reason for this advice? 
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l . 4 Computations with Physical Nambers 

Wishing to measure the density of a fluid, you determine that a vol- 
ume of 151 +2 cm3 has a mass of 2l;j .1 ±0.5 g. Nominally the density Is 
then 212.1/151 g/cm3, but what is the uncertainty? 

TliiiS brings up the difficult but Important question of carrying out cal- 
culations with physical numbers beyond additions and subtractions. To draw 
conclusions from experiments, some calculation Is usually required, and it 
is important to know reliably the uncertainty In the result. In the present ex- 
ample the most obvious approach is to calculate the smallest and largest val- 
ues the result can have. The smallest possible value, obtained by making 
the numerator as small and ihe denominator as large as possible, is 
211 .6/153 = 1 .383 g/cm"^. By similar reasoning the largest possible value 
IS 212.6/149 = 1 .427 g/cm^. Thus the answer lies in an Interval of length 
1 .427 - 1 .383 = 0.044 and the center of the interval is |-(1 .427 + 1 . 383) = 
1 .405. Thus the density would be given as 1 .405 ±0.022 g/cm^. 

It is quite all right to state this result as f. 40 ±0103, enlarging the 
interval slightly in order to simplify the answer, if one is not' concerned with 
obtaining the closest possible estimate. It is, however. Incorrect and mis- 
leadinq to state the result as simply 1 .405 g/cm3 without stating the uncer- 
tainty; this would imply four significant digits of accuracy, whereas we 
really have at best only three. 

Sometimes this amount of care is not needed in computations; we may 
be satisfied with a general indication of the uncertainty of a result, rather 
than a strictly correct internal. In this case significant-digit form may suf- 
fice iar physical numbers entering the calculation, and it may be possible to 
ir;fer how many digits should be kept in the final result, so as neither to sac- 
rifice truly significant information by quoting too few digits, nor to Imply 
Hiore information than is actually present by quoting too many. In general, 
one rule of thumb should be kept in mind: it is unusual for the number of 
significant digits to increase during a calculation. 

When more care is required, i.e., when one wants really to know the 
interval in which the result of a calculation Ues, perhaps the best general 
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advice Is: (l) Woiis with the numbers In interval form, mt slgniflcanMlglt 
form, as the latter Is too crude for this purpose? (2) Calculate the smallest 
and the largest value the answer could have, as in the example we gave; 
(3) Be careful not to Introduce additional errors by carrying too few places 

In the calculation. 

This last point Is known as carrying "guard digits" to prevent round- 
off error. Round-off error, as Its name suggests, is the error Incurred when 
a decimal Is truncated or rounded, as will continually occur In a computation 
of any length. While It is misleading to state a result to more apparent sig- 
nificant digits than really known, there is absolutely nothing Wrong with 
carrying extra digits in the Intermediate stages of a calculation, and In fact 
this is recommended. This occurs very commonly when the computations are 

done by a computer. 

The product of two physical numbers occurs so often that it deserves 
special consideration. Suppose we wish to compute C tc (A±a) (B +b), and 
assume that A and B are positive with a < A and b < B. Then the smallest and 
largest values of the product are (A - a) (B - b) and (A + a) (B + b); C Is the 
average of these and 2c the difference, so that 

(A ta) (B ±b) = C +c [AB + ab] ±[aB + bA] (3) 
Frequently the term ab In Equation (3) will be so small compared to AB that It 
can be neglected. Thus, the uncertainty in AB equals (aB + bA); the uncer- 
tainty m A times B, plus the uncertainty In B times A. • 

We shall return to the matter of the behavior of uncertainties in mul- 
tiplication and division in Chapter 3. 
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Questions 

1. Using the measursd values 

X = Ul ±0.1 
y = 0.5 ±0.1 
z = 2.0 +0.2 

compute carefully each of the following physical numbers: 

/ V 9 /1.x X - 2y , . 2x + 3y 

(a) x2 + y (b) (c) 

2. A crude estimate of the mean radius of the earth Is 6400 ±100 km. 

(a) What Is the resulting value of Its volume? 

(b) Given that the earth's mass is e.O +0.1 x 1027 g, calculate Its 
mean density In g/cm3. 

3. The piece of paper in Fig. 1 . 1 was determined to have a width of 
5.43 ±0.02 cm. Suppose its length Is measured to be 6,44 ±0.02 cm. 
Assuming that its shape Is perfectly rectangular, calculate its area as 
a physical number. 

4. By plotting A and A + a horizontally, and B and B + b vertically, inter- 
pret Equation (3) graphically In terms of the areas of various rec- 
tangles. 

5. How should Equation (3) and the accompanying discussion be modified 
If one of the factors, say A, is negative? 

6. Many calculations Involve both mathematical and physical numbers. 
Suppose the radius j[ of a circle is 5.0+0.1 cm. Compute Its circum- 
ference L = 2iTr. Are the numbers 2 and ir physical or mathematical 
numbers? To how many decimal places need it be expressed In this 
calculation ? 

7. If a Is much smaller than the magnitude of A, show that the magnitude 

a 

of the uncertainty In the reciprocal of A +a is approximately , 



2{ 



I. 



ERIC 



-13- 



8. . The power, in watts, consumed by an electflc circuit Is the product 

of voltage E and current I, In volts and amperes respectively. Sup- 
pose voltage is measured by a voltmeter accurate to +2 volts, and 
current by an ammeter good to ±0.03 amp. What power corresponds 
to each of the following pairs of nominal readings? (Be sure to give 
your answer as physical numbers.) 

(a) E=110, 1^1.25 (c) E«2, 1 = 5.51 

(b) E = 115, I « 0.04 (d) E = 2. I'- 0.04 

9. Ute a centimeter scale to find the araa of the cover of this book in 

(a) ■::m2 (square centimeters) . 

(b) mm2 (square millimeters) . 

10. Suppose that the base of a certain Egyptian pyramid is found upon 
measurement to be very nearly a square 100 ±2 meters on a side. 
The height «s measured to be 100 ±5 meters. A piece of stone taken 
from It having a mass of 357.5 +0.2 grams Is found to displace 100 ±3 
cubic centimeters of water. What Is the total mass of the pyramid? 
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Chapter 2. COMPARING NUMBERS AND SETS OF NUMBERS 



2.1 Comparing Numbers by Ordering and by Difference 

In Egyptian mythology the souls of the dead were weighed in a bal- 
ance against an ostrich feather. For salvation it was crucial that the soul 
be heavier than the feather-but it didn't matter by how much. This is an 
example of comparison by ordering, where the only information required is 
which of two numbers Is larger. 

More down-to-earth examples where numbers are compared by simple 
ordering are readily found: Furniture movers need only to know which is 
larger, the width of a door or the width of a piano, In order to decide wheth- 
er the piano can be taken by that route. In selecting a portion of food one 
might pick the largest if one is hungry? or the smallest If on a diet. In a 
track meet the broad-jump event Is won by the longest Jump, no matter how 
little this Jump exceeds the second best. 

Sometimes, however. Just ordering numbers Is not enough to tell us 
what we wish to know. For example, in following a baby's growth, one Is 
probably interested not only ^n the fact that the baby's weight is greater 
than it was a year ago, but in how much greater. As another example, sup- 
pose you were deciding from which of two dealers to buy a certain automo- 
bile. If one price was substantially lower than the other {say, several hun- 
dred dollars) you would probably choose that one. But if the prices were 
nearly the same, the decision might be made on other grounds -for example, 
convenience and reliability of service. Here we clearly must know not only 
v'hlch Is cheaper but also by how much. 

To make this sort of comparison we calculate the difference between 
the two quantities by subtracting one from the other. Of course, since a - b 
does not equal b - a,, we have to decide which difference to use. It is par- 
ticularly Important to be consistent as to which number is subtracted when 
we describe a change in a given quantity. Consider the change In hourly 

2i? . 
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temperature readings or dally stock-market quotations. One always gives 
the change In going from the earlier to the later reading, and therefore Gub- 
tracts the earlier reading from the later one, A change In temperature of 
50c means that the temperature Increased 50C. A change of -3 points on 
the stock market means in everyday language that the market dropped by 
three points. 

Expressing the change In a quantity by the later value minus the 
earlier Is so common that It is designated by a special symbol, the Greek 
capital letter A (delta). For example. If I represents temperature. At stands 
for the change In temperature, I.e., later temperature minus earlier. Since 
At can be positive or negative It can be used to express both Increases and 
decreases. 

If two quantities are to be compared by taking their difference, they 
must have the same units, or be converted Into the same units. For example, 
there is no sense in subtracting one inch from three feet to get two as the 
difference in length. One can get the difference in length by converting 
three feet to 36 inches, and subtracting one inch from that. The resulting 
length difference of 35 inches do^s nxake sense. 

In finding the dlffeiBnce between two physical numbers. It is impor- 
tant to keep m mind the warning in the previous cha; ter about possible loss 
of significant digits. Consider, for examp^*?, (5.46 ±0.02)cm- (5.43 t0.02)cm, 
which might be the difference in the widths of two pieces of paper. The re- 
sult, 0.03 ±0.04 cm. is inconclusive in telling which piece Is wider. Note 
that whereas the original values vere good to three 'significant digits, the 
difference hardly has one significant digit of accuracy. 
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In which of the following situations would you be satisfied with a 
comparison by ordering? In which by taking a difference? In which 
would neither form of comparison be useful? 

(a) Deciding whether a book will fit Into a certain shelf of a book- 
case. 

(b) Choosing among cabinets to fit into a kitchen, making as close 
a fit as possible. 

(c) Decldli^ whether your reducing diet Is going well. 

(d) Describing the height gain of a child over a one-year period. 

(e) Selecting the baseball player with the highest baUing average. 

(f) Deciding which of two baseball players, with known batting 
averages, to hire for a team. 

Suppose that Consumers Research measured the following gas mile- 
age figures for six sample new cars: 

(a) 13.7 (miles per gallon) (d) 11.9 

(b) 12,8 (e) 13.9 

(c) 14.1 (f) 13.2 

Which model performs best? From these data, does It appear that gas 
mileage will be an important criterion In choosing which model to 
buy? Make up a hypothetical new set of data which would change 
your answer to this problem. 

Table 2.1 gives the rate of unemployment In the United States, as 
the number of unemployed per 100 workers, for the years 1963 through 
1971. 

(a) When was unemployment per 100 workers greatest? 

(b) When was U least? 

(c) What kind of comparison did you use in deciding on your answers 
to (a) and (b)? 
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tftBLE 2a 
Unemployed Change in 

Year per ]00 Unemployment 

1963 5.7 

1964 5.2 

1965 4.5 

1966 3.8 

1967 3.8 

1968 3.6 

1969 • 3.5 

1970 44.9 

1971 5.9 

4 . (a) Fill in the third column of Table 2 . 1 with the change in the un- 
employment rate per 100 workcks between each two consecutive years, 
(b) Between which two consecutive years did unemployment in- 
crease most rapidly? Decrease most rapidly? 

5 Give an example of a comparison of two nearly equal physical numbers 

where almost all significant digits are lost by taking the difference. 



2.2 Comparing Numbers by Ratio 

Often numbers are compared by stating how many times one is larger 
than the other, rather than by how much they differ. For example, a 100 cm 
rod is SO times longer than a 2.0 cm piece of chalk, though the difference 
between them Is, 98 cm. To find how many times a Is larger than b, we cal- 
culate the ratio of a to b, I.e., we divide a by b. Like subtraction, division 

is not commutative: z does not equal K and thus one must be careful which 

D a jj 

one uses. If we speak of the ratio ot a to b, we mean ^. The ratio - on the 
other hand, is the ratio of b to a. 

If two quantities are to be compared by finding their ratio, they must 
be expressed in the same units, as is the case when two quantities are com- 
pared by takl;ig their dlffarence. If they are given In different units, one of 
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them has to be converted to the units of the other« Consider tiie lollowlnf 
example: It takes one commuter 1 hour and 12 minutes to commute to«work; 
another commuter gets to work In 27 minutes. How many times longer does 
It take the first person to get to work than It takes the second person? 
First, converting hours into minutes, 1 hour «= 60 minutes, and the tlrst man 
takes 60 + 12 minutes «= 72 minutes. The ratio yields » 2.7 times 

longer. 

In the last example It would also make sense to compare the times It 
takes the commuters to get to work In terms of difference: It takes the first 
72 minutes - 27 minutes = 45 minutes longer. However, If It takes an air- 
plane 20 minutes and a cyclist needs 40 ±2 hours to cover a given distance, 

the difference in times would be about 40 hours. This would also be true If 

40 X 60 mln. 

It took the airplane 30 minutes. A comparison by ratio shows — 20 mln. 

= 120 in one case and ^n^^.*"^"' 80 In the other, a significant dlffer- 

30 mln. 

ence; here the ratio carries Information which the difference does not. 

As m comparing physical numbers by difference. Nhen comparing 

them by finding their ratio we must pay attention to significant digits. For 

example, the ratio of the lengths of two nails, one 5.52 cm long and the 

other 2.3 cm,ls 2.4, a physical number having only two signifl- 

2.3 cm 

cant digits. 

/'^^ The Idea of order of magnitude is essentially related to comparing 
numbers by ratio. It is particularly useful in discussing very large or very 
small quantities. If the ratio ^ of two positive numbers a and b is about 1 
(say, between ^ and 2), we say that a and b are of the same order of mag- 
nitude. If a is about 10 times b (or between 5 and 20 times), it is said to 
be one order of magnitude larger than b. If the ratio is about 100 « 102, the 
numbers differ by two orders of magnitude. 

To illustrate the usefulness of orders of magnitude, we show in 
Table 2.2 the masses of the sun and some of its planets measured in units 
of earth mass. 

^6' 
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TABLE 2.2 



Sun 

Mercury 
Venus 
Earth 
Moon 



3.3 X IqS 
5.5 X 10-2 
0.81 
1.00 

1.2 X 10-2 



Mars 

Jupiter 

Saturn 

Uranus 

Neptune 



1.1 X 10-1 
3.1 X 102 
0.94 X 102 
1.4 X 10 
1.7 X 10 



Clearly, the masses of Earth and Venus aia of the sameNorder of magnitude, 
that of Mars being one order of magnitude lower afid SatUm two orders of 

magnitude higher. 

We see from Table 2.2 that Jupiter's mass is between two and three 
orders of magnitude larger than Earth's. Here we are in a gray area; the two 
do not differ by two orders of magnitude, nor do they differ by three orders. 
The idea of order of magnitude Is thus highly approximate. 

Frequently this lack of precision, or "fuzzlness" In the Idea of or- 
der of magnitude. Is not at all a disadvantage. On the contrary. It can be 
just what we need to express a valne which Is fuzzy by nature. Consider, 
for example, the question of how long man, homo sapiens that is, has 
existed on earth. Anthropologists and archeologlsts differ In their Interpre- 
tation of the very fragmentary evidence which has been found, and more- 
over (at least according to the bulk of scientific opinion) th evolution of 
man was probably a gradual process. In which no precise transition point 
can be convincingly demonstrated. To say that man's tenure on earth has 
been of the order of magnitude of one million years expresses our state of 
knowledge of this value well; the values two million and 500,000 years are 
not ruled out, as in fact they should not be. 

Questions 

1 . If a Is twice as big as b, what can you say about the ratio of b to 
a ? About the ratio of a to b? 

2 . If a is bigger than b , and c Is bigger than d, what can you say about 
the ratio of a to b, as compared to the ratio of c to d? 
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3. If a is bigger than b and b Is bigger than c, and all these numbers 
are positive, what can you say about the ratio of a to b, as com- 
pared to the ratio of a to c? What can you say If all the numbers 
are negative? ^ 

4. The ages of two brothers have a constant difference. What happens 
tb the ratio of t^elr ages as they grow older? 

5. In which of the following situations do ratios provide the best iorm 
of comparison? In which would taking the difference between the 
two (luantltles be more meaningful ? In which would you n^erely use 
ordering ? 

(a) The sizes of two armies engaged In battle. 

(b) The weights of two opposing football linemen. 

(c) The sizes of two families. 

(d) The altitude of an airplane and the height of a mountain over 
which It Is about to fly. 

6. Brand A beer claims to have 21 million bubbles In a bottle, to 
Brand X's 20 million. Compared by difference, this Is a million bub- 
bles more for Brand A? compared by ratio. Brand A has 1.05 times as 
many bubbles as Brand X. Whl^ch comparison do you think Brand A 
will put Into Its advertising (assuming that bubbles are a good thing)? 
Why? Which Is the most meaningful mode of comparison In this case? 

7. Brand B cigarettes claim to have two micrograms of tar and nicotine 
in each cigarette to Brand Y's three micrograms. (A mlcrograitnl^ a 
millionth of a gram.) Give the comparisons by difference and^atlo, 
and answer the same questions as for Brand A beer In the pr^edlng 

question. /"^v. 

8. Advertising and public relatloifs provide many examples of poor m^les of 
comparison. Wh/? Find two or three examples of numerical compar-'** 

^ Isons frDrntlje^ sources, explain why they were done the way they 
are, ana argue for their relevance or Irrelevance. 
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9. A laige metebrtte has a mass of 5 x 10^ kilograms. The earth has a 
mass of 5.983 x 1021 metric tons. (One metric ton Is 1,000 kilo- 
grams.) Wha. is the ratio of the mass of this meteorite to the mass 
of the earth? How many orders of magnitude larger Is the earth's 
mass than the mass of the meteorite? 

10. Suppose that in the two quadratics 

P « a^ + agX + 83x2 

Q = + + bjxZ 
the coefficients a^, 33, b^, and b3 all have order of mag- 
nitude 1. 

(a) If X has order of magnitude 10-8, what are the orders of magni- 
tude of P. Q, ?Q. and ■^? Write approximations for these four quan- 
tlties. 



(b) Answer the question of part (a) if x has order of magnitude 10 
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2.3 The Fractional Difference: Per Cent 

^^uppose that in six months a baby's weight increased from 15 lb to 
25 Tb and the weight of a boy Increased from 60 lb to 70 lb. In both cases 
there was a change in weight of 10 lb, yet from a practical point of vlev; the 
two changes are quite different; for the baby it means new clothes, but for 
the boy it ^>robabry^ does not. This is true because the change in weight of 

- 15 _ ri £-7 

the baby is a much larger fraction of its original weight, j-g - 0.67, 

70 fin 

whereas in the case of the boy — = 0. 17 . This method of comparison 
has something in common with both the preceding methods. The numerator 
Aw = 25 - 15 is the difference between the baby's earlier and later weights, 
i.e., his change in weight; the denominator, 15, is the weight.he started 
out with. The entire expression*-^ = ^"g^^ is the ratio of the change in 

weight to the original weight. 

The quantity ^ is called the fractional or relative difference . It 

3 

provides a means of judging whether a difference is large or small, compared 
with an origin^ or base quantity. 
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Since a and b must have the same untts to make the subtraction 

b - a 

meaningful, the quotient Is a pure number Independent of the units In 

which a and b were expressed. Note ^Iso that It must be clear whether you 

mean ^ " ^ or ^ " ^ , I.e., whether you are comparing the difference with a 
a b 

or with b. With changes In the same quantity, as with the growing baby, It 

Is the earlier or original value against which the comparison is made. "The 

fractional difference by which 90.0 differs from 80.0" means 

^^'2n"n^'^ = 0.125, and "the fractional difference by which 80.0 differs 

80,0 n n Qn n 

from 90.0" Is " " ^ = -0.111. T:iese two fractional differences are of 

course not equal; thus one must be careful to avoid ambiguity In dealing with 
fractional differences. 

Obviously, the denominator cannot be zero; for example. It is mean- 
ingless to talk about the fractional increase In profits during the first year 
of operation of a new business. 

b 

Another way of looiclng at a fiactional difference is that — - — ' ex- 
presses the difference per unit of a. I.e., how much the quantity changes 
for each unit of it that was there originally. For example, for each pound of 
baby that you started out with, you ended up with 0.67 pounds extra at the 
end. As we shall see later the word Is generally associated with divi- 
sions . 

Often It is useful to express a fractional difference no*: per unit but 
per hundred units; in fact, this is the usual practice. The result is referred 
to as the "percentage difference. " In the case of the growing baby, the 
fractional difference, 0.67, in its two weights corresponds to 0.67 x 100 = 67 
per cent. 

Percentage is frequently used to express concentration. Thus a nut 
mixture containing 20 per cent cashews has 20 pounds of cashews In each 
100 pounds. A 5 per cent salt solution Is usually defined to be one contain- 
ing 5 g of salt in each 100 g of solution. We could equally well say 5 pounds 
of salt in each 100 pounds, or simply 5 units of salt in each 100 units, or 
5 units per 100. (The term "per cent, " in fact, comes from the Latin for 
"for each 100.") 
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When we use a percentage to express a fractional difference, we are 
stating the number of units of the difference corresponding to each 100 units 
of the original quantity. A weight gain of 5 per cent Is a gain of 5 units for 
each 100 units of the original amount (or 0,05 units for each 1 unit). If the 
original amount v/as 50 pounds, then a 5 per cent gain would amount to 
(0.05) X 50 = 2.5 pounds. If the original amount was 300 grams, then a 5 
per cent gain would be a gain of (0.05) x 300 « 15 grams. 

Percentage differences are frequently used to express the uncertainty 
of a physical number. For example, 50 ±3% means that the uncertainty Is 
3 per cent of 50, or (0.03) X 50 = 1.5. Thus 50 ±3% = 50 +1 . 5. These two 
forms expressing uncertainties are called relative uncertainty (expressed 
hare In per cent) and absolute uncertainty rer.pectlvely. 

To convert from relative to absolute uncertainty one carries out the 

steps 

A+p%= A+(0.01) pA 
Conversion from absolute to relative uncertainty Is given by 

A ±a = A(l ±|) 

For example 

50 ±1.5 - 50(1 t~~) = 50(1 +0.03) = 50 +3% 

Questions 

1. A 12-pound baby eats a four-ounce Jar of baby food for a meal. His 
160-pound father eats a total of one pound of food for a meal. 

(a) How much does each eat relative to his body weight? 
Od) Which eats more relative to his weight than the other? 

2. Between the years 1950 and 1960, the population of Arizona Increased 
from 750,000 to 1,302, 000 . In the same period of time , the popula- 
tion of Arkansas went from 1,910,000 to 1,786,000. 

(a) What was the mange in the population of each state ? 

(b) What was the ratio of increase to initial population? 

(c) wi?bt was the Increase in population per 1000 people? 

(d) What was the relative change in population? 

erJc a I 



In a given y«ar A lacelves $300 '.n Interest on $6000 In a savings 
account. In the same year, B receives $200 on $3500 In a savings 
account in a different bank. Which bank pays the higher rate of in- 
terest? 

A's salary was raised from $10,000 to $11,000 per year, and B's 
salary from $15,000 to $16,300 per year. How would you compare 
their raises? 

By what per cent does 90.0 differ from 80.0 ? By what per cent does 
80.0 differ from 90.0? Answer the same questions for 100.0 and 
200.0. 

By what fractional or per cent difference does 1 .00 meter exceed 
1 . 00 yard ? What Is their ratio ? (1 inch «= 2 . 54 centlmers , exactly; 
this Is the definition of the Inch.) 

Suppose you read that a newspaper's circulation Increased by 5,025 
In one year. 

(a) Does this figure tell you that the newspaper's circulation In- 
creased significantly during the year? 

(b) How would you answer part (a) If you knew th^t the circulation 
at the end of the year was 20,100? Was 2,010,500? 

Some numbers and their relative uncertainties are given below. How 
many digits are significant in each of the numbers? 



(a) 


1.37492 


to 


1% 


(b) 


2.30476 


to 


0.02% 


(c) 


2.3 


to 


0.02% 


(d) 


0.005982 


to 


5% 


(e) 


100.1 


to 


1% 



In the preceding problem, express each of the numbers using abso- 
lute uncertainties. Omit meaningless digits. 

Express each of the following nunrbers using per cent uncertainties: 

(a) 100 ±3 (d) 200 ±100 

(b) 250 ±5 (e) -0.5 ±0.05 

(c) 250 ±1 



Fly-by-Nlght Airlines announces a 2000 per cent increase In passen- 
ger miles flown this year over last year. What other Information 
would be required for a meaningful assessment of the situation? 
Return to the problems on beer and cigarettes at the end of the pre- 
cedlnc, section. Calculate the fractional differences. Is this a 
meaningful mode of comparison in either case? 
Amalgamated Goosefeathers sold 10,000.0 bushels of the product 
this year, a 50 per cent increase over last year. How many did they 
sell last year? If their sales were a 50 per cent decrease, how many 
did they sell last year? 

The first steel mill In a new country was built this year, and has 
produced five tons. What Is the most meaningful way of comparing 
this year's steel production with last year's? What problem arises 
with comparison by ratio and by fractional difference? 
A Is 100.0. B is 10.0 per cent larger than A. C is 10.0 per cent 
larger than B . How much larger Is C than A? 

A merchant sells a certain Item at a retail price 50 per cent greater 
than the wholesale cost. During a sale the retail price is reduced 
by 20 per cent. What percer.tage profit does the merchant make on 
that Item during the sale? 

(a) For any two numbers A and B, find the general Telatlon between 
their ratio and their fractional difference. Express the relation in 
words . 

(b) Find the general relation between their difference and their frac- 
tional difference and expiess It In woi^s. 
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2.4 Specific Quantities 

If you are told that a large can of a certain brand of peas costs 37 

cents and a small can costs 19 cents, you cannot Judge which Is the better 

buy. You need to know the amount of peas In each can. If you find out that 

the 37-cent can contains 17 ounces and the 19-cent can contains 8.5 ounces, 

you are in a good position to choose between them. You divide the price by 

the weight to get the cost per ounce for each can. For one can this Is 

37 cents _ ^ 2,19 cents per ounce (often written 2.18 cents/ounce) and for 
17 ounces ,„ cents 

the other it is V cents _ ^,24 cents per ounce (2.24 cents/ounce). These 
8.5 ounces 

two numbers represent the cost of one ounce of peas and can be compared to 
find out which Is the better buy. In this example the cost of one ounce of 
the contents of the large can Is less than the cost of one ounce of the con- 
tents of the small can, so the large can Is the better buy. The cost of peas 
per ounce is called a specific quantity. (We are assuming, of course, that 
both cans contain the same brand and quality of peas, and that you can use 
all the peas in the large can.) 

In calculating the cost per ounce for pecjs we divide the cost of a 
can of peas by the weight of the peas In the can. The fact that we divide 
one number by another does not mean that we have taken a ratio. In fact 
we have not. We have a ratio only when we divide two numbers that have 
the same units. When we find the cost per ounce of something, the two 
numbers we divide are given in different units and the result we get is 
meaningless unless we state the units with the number. To say, "The price 
of peas is 2.24" is nonsense. To say, "The price of peas is 2.24 cents" 
6c3s not make sense either. To say, "The price of peas Is 2.24 cents per 
^ ounce" makes sense. Once we know the price of peas from the two cans In 
the same units, namely cents per ounce, we can compare the two prices by 
any of the methods of comparison we have discussed. 
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Questions 

1. A 15-ounce (net contents) can of peaches costs 23 cents, while a 
29-ounce can costs 35 cents. Compare the two costs In terms of 
cents per ounce. Which Is better? 

2. (a) Five pounds of salt are dissolved In three gallons of water. 
How many pounds of salt per gallon of water are In the resulting 
solution? 

(b) Seven pounds of salt are added to five gallons of water. Is this 
solution saltier than that In (a)? How much saltier? 

3. In 1967 It was estimated that In metropolitan areas (cities of 
250,000 or more) there were 2,631,000 poor whites and 1,833.000 
poor nonwhltes out of a population of 23,824,000 whites and 
3,184,000 nonwhltes. What Informative comparisons can you make 
using these four quantities? 

4 . A group of 50 people Is In a room of 6.0 mx 8.0 mx 2.5m. Another 
group of 60 people Is In a room of 7 . 0 m x 7 . 0 n x 4 . 0 m. In which 
room are the people more crowded? 

5. In the text we divided the cost of the can by the weight of peas. It 
would have been possible to do it the other way around, and get (for 
the larger can), the specific quantity ^Ij^^^^^^ = 0-46 ounces for 
each cent, or 0.45 ounces per cent, or 0.46 ounces/cent. Does 
this quantity mean anything, and if so what? Can you thl^k of any 
ddvantages it might have over the quantity calculated In the text? 

6 Compare the two cans of peaches in Question I In terms of ounces/ 

cent. 

7, In the text the quantities 37 cents and 17 ounces are used. Are these 
mathematical or physical numbers? 
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8. (a) Two hundred and fifty marbles have a total mass of 2750 g. 
What Is the mass per marble (the average mass of one marble) ? 

(b) Another collection of 150 marbles has a mass of 1800 g. What 
is the average mass per marble In this case? 

(c) In which collection of marbles Is the mass per marble greater? 
Kow many times greater? 

9. Many things cost more in smaller quantities: For example, a coal 
company charges $35 for a half-ton of coal and $60 per ton for quan- 
tities of a ton or more. What Is the specific cost in the two cases? 
What possible reasons are there for this practice of higher unit costs 
for small quantities? 

10. Sometimes, instead of expressing things per unit, or per hundred 
units it is useful to express them per million units. This Is espe- 
cially true In biological applications, where quite dilute, minute 
quantities of some substances can have substantial effects. The 
term used is "parts per million" (ppm). Given a 5 per cent salt so- 
lution, express its concentration In ppm. Given a 15 ppm solution 
of vitamin B, express its concentration In per cent. What is the 
general relationship between per cent and ppm? 

2.5 Comparing Sets of Numbers; Central Tendency 

In a lifetime test, one light bulb of Brand A lasted for 1242 hours, 
and one of Brand B lasted 1073 hours . What can we conclude from this? 

The fractional difference of the Brand A over the Brand B samplta is 

(1242 - 1073) ^ o.ISB. That Is to say, the A sample lasted about 15 per 
1073 

cent longer than the B sample. However, on the basis of only this pair of 
samples, we can say virtually nothing about the relative performance of 
Brand A and Brand B In general. 

Suppose then, to attempt to answer this more general question, a 
lifetime test Is carried out on a sample of 25 bulbs of each brand, with the 
results shown In Table 2.3; 
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TABLE 2.3. BULB LIFETIMES *N HOURS, RAW DATA 
Brand A Brand B 



1242 


893 


1073 


1041 


1013 


1157 


1304 


12S1 


869 


998 


1243 


1462 


1149 


1417 


1471 


16S3 


973 


1091 


1169 


1204 


1160 


1009 


941 


772 


R44 




1368 


1309 


1302 


1026 


1265 


1261 


1033 


1140 


1141 


1575 


1125 


839 


1322 


1381 


741 . 


1026 


1278 


1320 


1087 


940 


1404 


1135 


1003 




1289 





By studying these results we can begin to see a trend of longer life- 
times In the B samples, but the situation Is far from clear. We wish to dis- 
cuss how data such as these can be organized and presented in order to bring 
out more clearly whatever information Is present, and how such data can be 
characterized or summarized In brief forms more suited for comparison. 

The first thing which might occur to one is to compute the average or 
mean of each set of 2 5 numbers. This of course is simply the sum of the 
numbers divided by 2 5, This calculation Is rather tedious, unless one has 
a desk computer handy. * 

Brand A mean: 1039 hours 
Brand B mean: 1266 hours 
Now, contrary to our first Impression stemming from a comparison of only one 
pair of light bulbs. It looks as though Brand B may be superior. 

In order to be able to describe mathematically such operations as 
computing averages, we Introduce the notation aj, a^, a3, ... for the 
Brand A values In Table 2.3, and bp b2, b3, ... b25 for the Brand B values. 
Thus ai = 1242 hours, 82 = 1013 hours, . . . b25 - 1135 hours. 
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Then the average or mean a of the Brand A group is 



" 25 
This may be written In summation notation as 

The symbol J] is a capital slgma, the Greek S, standing for summation. 
The k is called the index of summation , and here k is said to "run" from the 

2S 

lower limit 1^ to the upper limit 25. The value of Y» obtained by taking 

k=l 

the value of aj^ for k « 1, adding the value of a,^ for k = 2. adding the value 
of aj^ for k = 3, etc. until k - 25 has been reached. 

The general formula for the mean of N numbers (x^, X2, X3, ... Xjj) 
in this notation is: 

" k«l 

Let us continue our quest to visualize the data better. As a first 
step, we might re-list each set of numbers in order of increasing value. 
The result is shown in Table 2-4. 
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TABLE 2.4 BULB UFETIMES IN HOUI^, ORC^^D EATA 



Brand A Brand B 



741 


J026 


772 


1289 


839 


1033 


941 


1304 


844 


1087 


1041 


1309 


869 


1091 


1073 


1320 


893 


1125 


1135 


1322 


897 


1140 


1141 


1368 


940 


. 1149 


1169 


1381 


973 


1160 


1204 


1404 


998 


1167 


1243 


1462 


1003 


1242 


1252 


1471 


1009 


1302 


1261 


1575 


1013 


1417 


1275 


1653 


1026 




1278 





Now we can see more clearly that the Brand B bulbs tend to last longer. 
Furthermore, we can now pick out a number frequently used to characteilze 
such sets of numbers . 

If a set of values contains an odd number of values (as the two sets 
of our example do), its median is the middle value of the set, after the set 
has been arranged in order. In the two sets of our example, each of which 
contains 25 values, the medians are the thirteenth values -102 6 hours for 
Brand A and 1278 hours for Brand B. If the median value occurs only once, 
as in thf Brand B set, then an equal number o^ values of the set fall above 
and below It, 12 above and 12 below In this case. In the Brand A set the 
median value occurs twice, with the result that 12 values fall below the 
median, and another subset of 12 are greater than or equal to the median 
(only 11 being strictly greater). 

For a set containing an even number of values, the median 's defined 
as the average of the two middle values after the set has been rearranged In 
order. Thus the median of the set (2, 3, 7, 10, 11, 12) is j(7 + 10) ^- 8.5. 
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Summarlzing our results, we have 





Medlan 


Mean 


Brand A 


1026 


1039 


Brand H 


1278 


1266 



We observe that the mean and median are fairly close In both cases, the 
mean falling above the median In the Brand A case and below In the Brand B 
case. In the Brand A case 15 values fall below the mean and 10 above; the 
mean docs not have the property that the median does, of dividing the set 
Into equal- numbered subsets of larger and smaller values. 

The mean and the median are both measures of central tendency , 
numbers which may be useful in characterizing the typical value of the num- 
bers m the set. Here It Is hard to say which Is a better Indicator of central 
tendency, as their values are close comparf-d to the spread of the data. 
Often, however, the mean and median differ considerably. Then It Is a matter 
of judgment which Is the better Indicator of central tendency. 

Questions 

1. Suppose the members of the Central High School basketball team 
have heights as follows: 



6'0" 6'6" 5'5" 

6'3" 5'9" 5'6" 

6-2" 6'1" 6'2" 

S'lO" 6'2" 6'9" 

6'0" S'll" 6'2" 



(a) What Is the median height? 

(b) What Is the average height? (See If you can devise a shortcut 
for this calculation.) 
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The last killing spring frost In a certain locality occurred on the 



following dates: 






1961: 


April 21 


. 1966: 


Mav 31 


1962: 


April 10 


1967: 


May 1 


1953' 


May 10 


1968: 


March 20 


1964 


: April 24 


1969: 


April 20 


1965 


: April 17 


1970: 


April d4 


Ta) What 


Is the median of these dates ? 





(b) What Is thte average? 

(c) Based on this data, vviiat can you say about the recommended 
date for setting out to'nato plants ?\^ 

Is it easier to compute the median or the average 
(a) m an unordered list of 10 numbers? 
Od) m an unordered list of 1000 numbers? 
Tcf ' '^)n ordered list of 1000 numbers? 

A sample of 20 members of the clasfe of 1950 of Ol:' Ivy University 
havF annual salaries as given below: 
$ 9,000 



$ 13.500 
14,500 
15,000 
16. 500 
18, 500 
20.000 
26, 500 



9.200 ■ 

9,500 
10,000 
11,000 
11.250 
11.500 
12.200 
12,500 
13,000 

(a) What is the median salary? 
fla) vWhat Is the mean salary? 

(c) Does the median or the mean better characterize the income of 
the members of the group? 

(c) Should the median or the mean be used to plan fund-raising goals 



39. 500 
85. 000 
120, 000 



1 
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5 . The median is preferred to the mean a& a measure of central tendency 
when one suspects thdt irresponsible answers are present In the data. 

Suppose 20 students are asked to estimate how much time they 
spend on homework. Their answers, listed in increasing magnitude 
for easy visualization, are: 

Time Spent on Homework 
(in hours per week) 



-2 


10 


0 


10 


5 


11 


5 


12 


7 


12.5 


7.5 


14 


8 


14 


8 


16 


10 


50 


10 


200 



(a) What Is the median? How much would It be likely .o change if 
the obviously irresponsible answers were replaced by responsible 
ones ? 

(b) What is an approximate value for the mean? (Can you think of a 
quick way of estimating?) 

(c) Why is the mean so much more sensitive to the irresponsible 
answers than the median? 

2 . 6 Histograms and Frequency Distributions 

A pictorial presentation of the bulb-lifetime data is possible if we 
classify it into intervals. Since the bulb lifetimes range from 741 to 1653 
hours, let us take 10 class intervals , with boundaries as shown for Brand A 
in Table 2.5. It is then easy, starting with the raw data as given in Table 
2.3, to count the occurrences in each interval by making hash marks as 
shown in Table 2.5. The resulting numbers of occurrences in each class are 
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called frequencies . Thus we learn, for example, that five Brand A bulb 
lifetimes fell In the class interval of 800 - 899 hours; the frequency for that 
class is thus five. 

TABLE 2.5. CIASSIFICATION OF BULB-LIFETIME DATA INTO INTERVALS 

(BRAND A) 



Class Boundaries, 


Count of 




Relative 


Class 


riours 






Freauencies 


Mailcs 


700 - 799 


1 


1 


0.04 


749.5 


800 - 899 


M II 
f '» 


b 


n *?n 
u • 




• 








900 - 999 


111 


3 


0.12 


949.5 


1000 - 1099 




8 


0.32 


1049.5 


UOO - 1199 




5 


0.20 


1149.5 


1200 - 1299 


\ 


1 


0.04 


1249.5 


1300 - 1399 


I 


1 


0.04 


1349.5 


1400 - 1499 


1 


1 


0.04 


1449.5 


1500 - 1599 




0 


0.00 


1549.5 


1600 - 1699 




0 


0.00 


1649.5 



In Fig. 2.1 the frequencies have been pictured In a histogram . Fre- 
quencies are plotted vertically, and bulb lifetimes horizontally. Bars are 
drawn on the histogram, whose width Is the class-Interval width and whose 
height corresponds to the frequency of occurrences In the class. Thus, for 
the Brand A histogram, the bar for the 700 - 799 Interval has height 1 cor-e- 
sponding to one occurrence In that class Interval, etc. 

The result ft a display of the data that allows one to assess Its na- 
ture more readily than by inspection of a column of numbers. Note the rela- 
tionship between area on the histogram and number of occurrences; the ratio 
of the area of any bar to the total shaded area equals the relative frequency 
of that class (the fourth column in Table 2.5). 

li one wishes to ftsti ni-aiM the mean from the histogram. It is best to 
assign to all occurrences in a given class a value midway between the class 
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Fig. 2.1 

boundaries. These values, 
called clasg marics , are given 
In the last column of Table 
2.5. Denot> ig the frequencies 
by f)^ and the class maiics by 
Cj^, the resulting approximate 
mean is given by 
n 



T 

6 h BRAND B 
9 
4 
9 

2 



ELTl 



n 



I 



600 800 1000 IZCX) 1400 
Liftt;int (hours) 



i600 1800 



c = L *k 

k=l 



(2) 



n 



where N = J] fj^ is the total 
k=l 

number of occurrences and n 
the number of classes. For 
the Brand A mean lifetime this 
yields 1041.5 hours, very 
close to the true mean of 
1039 hours. 



8 

7 

6 h BRAND A 
5 
4 

3 

2 

I 




J I 



600 



800 



1000 1200 1400 
Lifttlme (hours) 



moo 1800 



Fig. 2.1 



In careful work the class marks should be taken at the midpoints of 
the intervals. If in this example the class marks had been taken ^t 750 
hours , 850 hours , etc. a constant bias In Equation (2) would have resulted, 
which, however, in this example would not be significant. 

The discrepancy between the true mean and the approximate value 
gtven by Equation (2) Is, of course, the result of the Information that is lost 
m classifying the data into class Intervals. If the Intervals are excessively 
wide (so that there are only a few of them) this loss of Information becomes 
serious. On the other hand. If the Intervals are very n«iTow, there will be 
a large number of them and the computations become unnecessarily tedious. 
Usually a good compromise Is a total of 10 to 20 class Intervals. An excep- 
tion is when a few of the values are far removed from a central cluster of 
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values (as In the annual salary data In Question 4 of the preceding section); 
In such cases more than 20 Intervals may be desirable. 



Questions 

1. Classify the Brand B Bulb lifetime data, from Table 2.3, into Inter- 
vals by constructing a table of the form of Table 2.5. Verify that 
the Brand B histogram of Fig. 2.1 Is correct. 

2 . On the basis of an Intuitive visual 'nspectlon of the histograms of 
Fig. 2.1, mark the lifetime value that seems to ypu to characterize 
best the central tendency of , the data*. Now mark In the mean and the 
median values. Do these^do well as indicators of central tendency 
for these examples? \ 

3. In the light of the hlstograin^^ Fig, 2.1, can you make a final con- 
elusion as to whether Brand A or Brand B Is definitely better? (Note: 
the types of such conclusions that are possible, and the manner In 
which they may be drawn. Is the concern of the field of statistics.) 

4. Write the formula to estimate the Brand B lifetime mean from the fre- 
quency data you constructed In Question 1 . If you hava access to a 
desk computer, evaluate this approximation, and compare the result 
with the true value. 

5. Suggest a quick way of estimating the median of data presented in 
histogram form. Estimate thereby the Brand A and Brand B bulb-life- 
time data medians. What is the uncertainty associated with vour 
method? What were the actual errors in your estimates? 

6. Suppose you wished to present, in histogram form, data on the weights 
of individuals. In say, the entering freshman class of a certain col- 
lege. Suppose the weights range from 96 to 234 pounds, and are re- 
ported to the nearest pound. 

(a) What class boundaries would it make sense to use, and how 
many classes would this yield? 

(b) What class marks correspond to the class boundaries you chose? 

7. Explain why the median divides a histogram into two equal areas. 
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8. A piece of ice is massed before and after melting by 28 students. 
The resulting mass-change data are shown in the following histo- 
gram: 



c 



cr 

01 



6 



+ 



n , m 



+ 



0.10 



O.IS 0^ 



-0.25 -0.20 -0.15 •O.iO -0 05 0 OM 
Change in most in grams 

(a) Estimate the median of these data. 

(b) Estimate the average. 

(c) Why would evaporation tend to produce a nerative bias in the 
mean, while massing errors would tend to produce fluctuations 
equally in the positive and negative directions? Which of these 
sources of error seems to be more Important? 

(d) What conclusions can be drawn from the aggregate of 28 trials 
of the experiment?^ Could such a conclusion be drawn from a single 
experiment? 

(e) Is there reason to suspect from the data that some students 
have better laboratory technique than others? Explain. 



2.7 Measures of the Spread of Data 

Figure 2.2 shows. In histogram form, three sets of data all with the 
mean x = 9,9. Although they have the same mean, these sets of data are 
clearly of different characten they are progressively more and more spread 
out. The mean, being a measure of central tendency, Is of no help in de- 
scribing the spread. How can we measure tie extent of the spread of a set 
of data? Our approach will be to consider deviations from the mean and to 
apply an averaging process to these deviations. 
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Q 



8 10 
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20 



20 





















^^^^ 


S=4.36 


































n n 



20 



- (c) 
Fig. 2.2 



ERIC 



-40- 

tet us take an axample with a loroparattvely small number of data« 
so that the computations will not be unduly long. (Fortunately, automatic . 
computers are very well adapted to carrying out the types of calculations we 
shall describe and you will learn In Chapter 5 how to use a computer to 
handle larger and more realistic problems with comparative ease. 

Suppose that, over the course of a year and under various driving 
conditions, you ma^ 10 measurements of the jgias mileage of your car, with 
the following resultis shown In Table 2.6 (these data were taken for a 1962 
Volkswagen); 

TABLE 2.6 
GAS MILEAGE (ml/gal) 

25.7 30.1 

31.8 28.7 

24.7 ' 28.6 

25.8 27.1 
28.5 31.0 

The processing of these data so as to measure the spread Is shown In sys- 
tematic font, in Table 2.7 

TABLE 2.7 



I 


XI 






1 


25.7 


-2.5 


6.25 


2 


31.8 


3.6 


12.96 


3 


24.7 


-3.5 


12.25 


4 


25.8 


-2.4 


5.76 


S 


28.5 


0.3 


0.09 


6 


30.1 


1.9 


3.61 


7 


28.7 


0.5 


0.25 


8 


28.6 


0.4 


0.16 


9 


27.1 


-1.1 


1.21 


10 


31.0 


2.8 


7.84 


Column 
Sums 


282.0 




50.38 



48 
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The values are listed In the second column, and by summing this col- 
umn and dividing by N « 10, we learn that the mean Is If^ 28.2 ml/gal. 

In the third column the deviations from the mean « 3C are listed. 
Of course, some of these are positive and some negative, but their squares, 
listed in the fourth column, are all positive. 

The mean of the squared deviations Is called the variance . By sum- 
ming the fourtn column In Table 2.7 and dividing by N « 10, we obtain the 
value 5.04 for the variance. The variance is always non-negative, being 
computed by summln<g squares, so It Is reasonable to denote It by s^ as is 
the usual custom. The general formula for the variance Is* 

s2«^E^l-S)2 (3) 
" 1=1 

The square root s of the variance is called the root-mean-square de- 
viation (rms deviation); of the standard deviation . From Equation (3) we see 
that £ always has the same units as the original data. In our example s^ has 
the value n/S.04 = 2.24 miles per gallon. 

In Table 2.7 we have carried "guaro digits," even though they are 
often not significant, and have rounded off only at the end. In hand calcu- 
lations, especially when no desk computer Is available, to save time one 
often avoids carrying non-slgrilficant digits. However, automatic computers 
normally carry many oiaces at no additional expense In labor. This is desir- 
able because It prevents contamination of the final answer by round-off errors 
introduced during the calculations. 

The dropping of non- significant digits, as a technique for keeping 
track of uncertainties, is too crude to be of much use in long calculations 
like those we have just done. The uncertainty is best estimated here by 
making small changes of, say, +0.1 in the input data and recalculating to see 
the effect on the final results. If this is done for the above calculation, the 



*Some authors use (N-1) rather than N In the denominator, for a technical 
reason that need not concern us here. 
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flnal value of s. Is found to range from about 2.2 to 2 .3, so It becomes appar- 
ent that the answer should be rounded to two digits. 

It is apparent then that the standard deviation has the property that 
a measure of spread must have - namely that it is small when the data are 
concentrated about the mean, and large when the data are spread out. For 
when any value x, is far removed from the mean 5r, the corresponding term 
(X| - 3c)2 In Equation (3) makes a large contribution to the value of s^. Con- 
sider the fourth column of Table 2.7, containing the values (x^ - 3c)2 which 
are summed In computlhg s^ . We note that most of the contribution to s^ 
corresponds to the value far removed from 5E. In fact, the highest and lowest 
values, X2 and X3, alone account for over half of the value of s^ in this ex- 
ample . 

By modifying Equation (3) we can derive a shbrt method for computing 
the standard deviation that is usually preferred to the method used In Table 
2.7. Expanding Equation (3) we havfe 

s2 E t^l^ - 2xi3c + X ) 
" l«l 

N _ , N , N 



The first term in Equation (4) is the average value of X|2, which we shall 

— T * 
denote by x^: 

— , N ' *^ 

" l«l 

The second term In Equation (4) is a sum every term of which contains 
the constant factor (-250 . Therefore (-25c) may be factored out to yield 

N , N 



i Z (-2-150 « ^250 i Z Xi 

Iwl l«l 



But we recognize this as (-25c) times the mean x, so this term equals -23c^. 



The third and last term in Equation (4) Is the sum as J, ranges fiom 

— 2 

1 to N of the constant x . Thus It equals 

\ 7 2 2 1 _2 _2 

■jj(x X + . . . + X ) «= ~ (N X ) = X 

N times 

Collecting these results together, we see that Equation (4) becomes 

q2 - 25f^ + X 

§2 es - X (5) 

This states that the variance Is the mean of the squares minus tht square of 
the mean. 

Let us calculate £ for our mileage data by this so-called "short" 
method using Equation (5). Table 2.8 lists the values of Xj^ and we see 
that their sum is 8002.78. Dividing this by >J « 10 yields x2 « 800.28. If 
we subtract from this x^ = (28.2)2 = 795.24, we get s^ = 5.04, In agreement 
with our previous calculation. 

TABLE 2 . 8 



5^1 


X 2 
'^l 


25.7 


660.49 


31.8 


1011.24 


24.7 


610.09 


25.8 


665.64 


28.5 


812.25 


30.1 


906.01 


28.7 


823.69 


28.6 


817.96 


27.1 


734.41 


31.0 


961.00 


282.0 


8002.78 



If the data are available only in histogram form, then in order to Cal- 
culate approximate values of the mean and standard deviation, we assign to 
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each value its class marie. The resulting calculation of s, for the data pic- 
tured Itt 2 .2(b), IS shown in Table 2.9. Note that the mean and the mean 
of the squares are weighted averages of the class mailcs c^ and their squares 
Cj^, the weight factors f/N being the fraction of the total number of values 
in each class. ^ 

This type of calculation is also useful in the case of data which are 
"naturally classified" -that is, data which by their nature can take on only 
a relatively small number of discrete values. (For example, sample family 
sizes would be naturally classified data.) 

ft 

TABLE 2 . 9 

CALCULATION OF MEAN AND STANDARD DEVIATION Of CLASSIFIED DATA 



I 


Interval 


Frequency 
h 


Class 
Mark 

ci 




fjCi 


flC^Z 


1 


4-5 


I 


4.5 


20.25 


4.5 


20.25 


2 


5-6 


0 


5.5 


30.25 


0.0 


0.0 


3 


6-7 


2 


6.5 


42.25 


13.0 


84.50 


4 


7-8 


3 


7.5 


56.25 


22.5 


168.75 


5 


'8-9 


4 


8.5 


72.25 


34.0 


289.00 


6 


9-10 


6 


9.5 


90.25 


57.0 


541.50 


7 


10 - 11 


5 


10.5 


110.25 


52.5 


551.25 


8 


11 - 12 


4 


11.5 


132.25 


45.0 


529.00 


9 


12 - 13 


2 


12.5 


156.25 


25.0 


312.50 


10 


13 - 14 


2 


13.5 


182.25 


27.0 


364.50 


11 


14 - 15 


1 


14. 5 


210.25 


14.5 


210.25 


Column Sums 


30 






296.0 


3071.50 



^2„301L50_ ,9.87,2= 5.02 



Why is the sum of the numbers In the third column of Table 2.7 zero? 
Estimate how the means and the standard deviations of the two dis- 
tributions A and B In ^Ig . 2.1 compare. 

Hypothetical meanings for the three sets of data in Fig. 2.2 are given 
below. In each case discuss briefly the significance of the varying 
degree of spread, and state which set best fits the given meaning. 
The data sets represent 

(a) test scores of sample groups of students on three alternative 
tests covering the same material; 

(b) failure loads of samples of three different types of sash cord to 
be used inside vlndow frames; 

(c) sample lifetimes of three different types of automobile batteries; 

(d) trial shot-put distances of the members of three different track 



(a) In Table 2.7 approximate the standard deviation s by neglecting 
all values of (x^ - 5d^, except the four largest (that is, replacing the 
other six values of (x. - 5^2 by zero). Compare with the exact value 



(b) Dc the same using only the two largest values of (x| - )c)^. 
What point is this question trying to Illustrate? 
Ten students achieve the following scores on a test: 

8, 5, 7, 8, 6, 9, 4, 8, 2, 7 

(a) Draw a histogram for these data, and see If you can guess what 
the mean and standard deviations are . 

(b) Calculate the mean and standard deviations of these test scores 
by computing the mean squared deviation In the form given by Equa- 
tion (3). How close were your guesses? Which values contribute 
most heavily to the standard deviation? 



teams. 



of s. 
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(c) RBcalcuiate tba standartl deviation by the abort method by oomr 
putlng the s .m of the squares of the data and then using Equation (5) . 
Compare this with the value you found in part (b). What are the rel- 
ative merits of the two computational approaches ? 

6. Calculate the mean and standard deviation of the data of set (a) given 
in h&stogram form in Fig. 2.2. 

7. Figure 2.3 shows two sets of data. Set (a) might represent data on 
the daily number of customers entering a certain store. Let us sup- 
pose that set (b) represents age at the time of marriage. 

(a) These two data sets differ in a quality that is not directly related 
to their central tendency or spread. It is apparent from the shape of 
their distribution curves. Try to describe this quality, called "skew- 
ness, " in words. 

(b) In a set of data that is "skewed," as in Fig. 2.3(b), is the me- 
dian displaced from the mean?^ so, in which direction and why? 

8. Consider sets of data of the various sorts hsted below. In each case 
state whether you would expect the data set to be unskewed, as in 
Fig. 2.3(a), or skewed, as in Fig. 2.3(b), and why. 

(a) Ages at which people contract mumps. 

(b) Height of army recruits. 

(c) Wealth of adults . 

(d) Weight of new dimes. 

(e) Weight of old dimes. 

(f) Attendance at New York Mets baseball, games. 

(g) Number of home runs hit by members of the New York Mets in 
1973. 
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In the 1960 U.S. census, records were made of the number of chil- 
dren of women In the age range 40-44 years, with the following 
results: 



■ 


TABLE 2.10 


♦ 




of Children 


Proportion of 

Total Wnmpn 

in SamDle 


No. of Children 


Proportion of 

lOtai W 0(11(711 

in SdniDlfi 


0 


0.141 


7 


0.019 


1 


0.172 


8 


0.012 


2 


0.262 


9 


0.007 


3 


0.182 


10 


0.005 


4 


0.105 




0.003 


5 


0.056 


More than 11 


0.005 


6 


0.031 







(a) Commerjt on the degree of skewness of this data set, 

(b) Calculate the mean number of children of such women. 

(c) Estimate the uncertainty in your answer to part (b) due to the 
0,005 In the "more than II'* category. What assumption did you make 
about this category In answering part (b) ? 

(d) Determine the median number of children. When might we use 
this as a measure of central tendency? When would we prefer the 
mean? 

(e) If one were interested In population growth, why might the above 
data be preferable to, say. data on U. S. family sizes? Why do you 
suppose^ women in the age group 4\)-44 years were chosen rather than 
a younger or older age group? 



Of; 



In order to describe and compare data sets. It Is sometimes useful to 
employ the Idea of percentile , a generalization of the Idea of median. 
The median Is also called the 50 percentile , meaning that 50 per cent 
of the values fall below It. Correspondingly, the 25 percentile is a 
value below which 2 5 per cent of the values fall, the 90 percentile Is 
a value below which 90 per cent of the values fall, etc. 

(a) How might the Idea of percentile be used to obtain a measure of 
spread? 

(b) Use the method you propose to compare the extent of spread of 
the two sets of bulb lifetime data given In Table 2.4. 

(c) What are the pros and cons of this measure of spread versus cal- 
culating the standard deviation? 

In 1968 the American League winning baseball scores were as shown 
in Table 2.11 (source: Official Baseball Guide for 1969, published 
bv Sporting News , St. Louis). 



TABLE 2.11 



Score 


No. of Games 




Score 


No. of Games 


1 


38 




9 


21 


2 


101 




10 


21 


3 


131 




11 


12 


4 


159 




12 


10 


5 


uo 




13 


6 


6 


82 




14 


1 


7 


73 




i5 


0 


8 


44 




16 


1 




Total No. Games: 81 U 



(a) Comment on the skewness of this data set. 

(b) Give the 10, 25, 50^ 75, 90, and 95 percentile scores. 

(c) Calculate the mean and standard deviations of the 1968 winning 
scores. (Do this part only if you have access to a desk computer or 
equivalent.) Comment on the displacement between the mean and the 
median. 
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Mctft examples of sets of data we have discussed may be charaotar- 
Ized as having a single "hump," containing the majority of the data, 
with talis on either side. Sometimes data does not have such "nice" 
regular behavior. For example, the New England Board of Higher 
Education, In Facts about New England Colleges. Universities and 
Institutes. 1971-72 , reported tuition of such institutions In Maine 
(for state residents) as follows: 





TABLE 2.12 




$ 865 


$2350 


$ 400 


3525 


1020 


400 


1100 


445 


400 


1210 


1850 


400 


2795 


2000 


400 


2660 


1675 


550 


247 


287 


450 


1650 


1600 


550 


700 


1700 


400 



1530 

(a) Plot these data In a histogram, using an Interval of $200. 

(b) Are these sets of data well characterized by giving the mean and 
standard deviation, or would more have to be specified to convey 
their general characteristics? 

(c) Describe In words the nature of these data. See if you can think 
of any possible reasons for any of their characteristics. 
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13. According to the 1969 W orld Almanac and Book of Facta « published 
by the Boston Herald Traveler, the 1968 winning college football 
scores for 1173 games were dlstrlbutsd as follows. (These Include 
the scores of the winners of all games and the tie secures in tied 
games . , . 



TABLE 2.13 









Freausncv 


Score 


Frequency 


Score 


Frequency 


0 


5 


20 


48 


40 


17 


60 


3 


1 


0 


21 


70 


41 


22 


61 


1 


2 


0 


22 


18 


42 


34 


62 


2 


3 


2 


23 


32 


43 


9 


63 


4 


4 


0 


24 


45 


. 44 


10 


64 


1 


5 


0 


25 


14 


45 


13 


65 


2 


6 


7 


26 


29 


46 


14 


66 


1 


7 


25 


27 


51 


47 


20 


67 


0 . 


8 


3 


28 


76 


48 


16 


68 


6 


9 


7 


29 


18 


49 


12 


69 


2 


1 n 








50 


9 


70 


0 


11 


1 


31 


48 


51 


2 


71 


1 


12 


9 


32 


17 


52 


4 


72 


0 


13 


26 


33 


20 


53 


3 


73 


0 


14 


46 


34 


36 


54 


2 


74 


0 


15 


3 


35 


54 


55 


7 


75 


0 


16 


26 


36 


10 


56 


5 


76 


1 


17 


48 


37 


23 


57 


3 


77 


1 


18 


12 


38 


21 


58 


9 


• 




19 


13 


39 


10 


59 


4 


• 
• 


• 

• 














100 


1 



■\ ■ " ■ ■ 
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thls Is an example^df a data set exhibiting a good deal of "fine 
sti^ctura" -local peaks and valleys, etc. Descrlte some of these 
featui;<B8, and explain why these data are so much more complicated 
than the winning baseball scores of Question 11. Is there any simi- 
larity with the baseball scores data ? 
11. Sometimes data is tabulated in unequal interval sizes. Where age is 
concerned (Table 2.14) unequal interval sizes are common practice. 

TABLE 2.14 



Age 


Native Born 
PoDulatlon 


Death Rate 
oer 1000 


Less than 1 


3,414,000 


23.4 


1 - 4 


13,380,000 


0.9 


5-14 


29,505,000 


0.4 


15 - 24 


20,091,000 


1.0 


25 - 34 


18,842,000 


1.2 


35 - 44 


20,004,000 


2.6 


45 - 64 


28,561,000 


10.6 


65 - 74 


7,699,000 


36.1 


75 - 84 


3,181,000 


87.2 


85 and over 


'625,000 


210.6 



As can be seen from the death rates, the risk of dying in the first 
year of life is very different from immediatel/ subsequent years, thus 
it makes sense to consider that age range separately. Construct a 
histogram of the native bom population data using the age intervals 
given. (Hint: which should be proportional to the frequency, the 
height of the bars or their area?) Comment on the skewness of these 
sets of data . 
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Chapter3. NUMERICAL CAi^ULATIONS 

\ 

3.1 Large and Small Number Calculations 

In Chapter 1 we Introduced the use of powers-of-ten notation. This 
way of expressing a number Is also called exponent Idi notation because of 
the u3e of exponents of 10. Exponential notation Is very4jseful In perform- 
ing calculations with both large and small numbers. 

To make calculations Involvlr^ large numbers expressed In exponen- 
tial notation, recall that 10^ x iot» = 10^^. Thus, for example 

(15 X 10^) X (3.0 X 10^) « (15 X 3.0) x (10^ x 10^) « 45 x 10^^ 
In additions and subtractions the numbers given In exponential notation 
must be re-exprsssed, if necessary, so that the exponents are the same. 
For example, 

5.32 X 10^ + 2.11 X 102 = 5.32 X 10"^ + 0.211 x 10^ 

= (5.32 + 0.211) X 10^ 
= 5.53 X 103 

The more complex a large-numbe. calculation is, the more useful 
exponential notation becomes. How much water is used by New York City 
in a year? It has been estimated that a typical city uses about 1 .4 x 102 
gallons of a water a day for each of its residents. According to the 1970 
census, the population of New York was 7.89 x 10^. Therefore, the city 
used, in 1970, about (8.0 x io6)(1.4 x 102) gallons each day, or 
(8.0 X 106)(1.4 X 102)(3.7 x lo2) gallons every year. This is approximately 
4 X 10^^ gallons per year. 

Calculations involving very small numbers are also often best done 
using exponential notation. For example, given that 1.00 x 10^ g of copper 
contains 9.4 x 1024 atoms, what Is the mass of one atom? It Is given by 

the mass of the sample divided by the number of atoms in the sample. 

3 J q3 

mass of one atom = -^-^-^^-yp^ *= 0. 106 X g 
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10* K 

The rule for dividing powers-df-ten Is yjp ■ 10*"*' (easily verified by multi- 
plying both sides by 10^ . Thus we have 

mass of one atom « 0.106 x 10^"24 g 

« 0.106 X 10"21 or 1.06 X if 22g 

Questions 

1. What Is 10^? Justify your answer. 

2. Which of the following Is correct? For the ones that are Incorrect, 
explain how the person giving the answer went wrong. Change the 
right-hand side of the equation to correct the error. 

(a) 10^ X IqO b loO (d) lO'^ is larger than 10'^ 

(b) 10-3 X 102 B 10"^ (e) 10-4 x 10-3 „ iol2 

(c) 10"3 X 102 = 10-^ 

3. In each of the following lists. Indicate the numbers that are equal 
to each other. 

(a) 0.003 (b) 0.000028 

3 X 10"2 28 X 10"^ 

0.3 X 10"2 2.8 X 10'^ 

3 X 0.28 X 10-5 

4. Using exponential notation, calculate answers to the following: 

/ V n^y 4700 X 0.32 X 5000 
(a) 2300 X 4600 X 120 (b) 0.0046 

5 . In the text we found an approximate value for the annual water con- 
sumption of New York City. How many square kilometers of water- 
shed are needed to supply the New York City reservoirs? The annual 
rainfall in the New Yoric area is about 1.0 m. To visualize the 
amount of water falling on a square kilometer In one year, think of 

a rectangular volume whose b»se Is a square with sides measuring 
1 ,00 kilometer and whose height Is 1 .0 m. Assume that half of the 
rain that falls on tho watershed gets to the reservoirs. 
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6. The total Und area of the United States Is about 2 x 10^ square kilo- 
meters . If thfe land were distributed eveniy among the population 
(about 2 X 108), approximately how much land would each person 
receive? 

7. The decimal expansion of w Is 3.141592653589793 It has been " 

calculated by computer to 100,000 decimal places. This calculation 
took 8 hours and 43 minutes of computer time woriclng at an average 
speed of over 100,000 arithmetic operations (multiplications or addi- 
tions) a second. It has been estimated that the same Job using a 
desk calculator would take about 30,000 years. 

(a) Approximately how many arithmetic operations did the computer 
do altogether? 

(b) How many times longer would It take to compute ir to 100,000 
decimal places by desk calculator than by computer? 

8. About how many times does an automobile tire (outside diameter 
about 75 centimeters) rotate In traveling 10,000 kilometers? If a 
centimeter of tread Is worn off in going this distance, about how 
much thickness of tread is worn off during one rotation, on the 
average? 

9. The speed of light is 3.00 x 10^ meters per second. How long does 
It take light to travel 10. 0 meters? 

10. An ordinary land snail can move with a speed of 8 x 10"3 kilometers 
(5 X 10'^ miles) per hour. 

(a) At this rate, crawling steadily, how long would it take such a 
snail to cross the United States? 

(b) If the average life span of a snail Is five years, how many gen- 
erations would this journey represent? 
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3.2 Estimation 

Very often, one Is interested in getting the approximate magnitude 
of some quantity when the values of quantities tc be used in the calculation 
are not available. Sometimes a rough estimate. of the unknown values can 
bd obtained using related known Information. 

For example, suppose you are interested In estimating the totaPnum- 
ber of miles traveled by private cars In the United States each year. If you 
know approximately how many cars there are In the United States and how 
many miles each is driven durlnc a year on the average, then you could mul- 
tiply these two numbers together to get the answer. But you do not even 
have a rough Idea of the number of cars. However, It might be reasonable 
to suppose that, very roughly, the average family has four people In It and 
owns one car. There are about 2 x 10^ people In the United States and thus 

QljQut ^ ^ c 5 X 10^ such four-person families. Hence there are about 
4 

5 X 10^ cars. A typical yearly distance for a car to travel, from personal 
experience, might be about 10^ miles. Thus the total distance traveled by 
cars In the United States each year Ip about (5 x 10^) x (10^) « 5 x 10^^ 
miles. 

How can we estimate the uncertainty In this answer t We might 
judge that one car per every two people is definitely higher than the true 
figure. Similarly we might Judge that 25,000 miles is definitely high for . 
the average yearly distance per automobile. This would imply that the total 
mileage is less that lO^ x 2.5 x 10^ = 2 .5 x 10^2 mUes. By similarly mak- 
ing low estimates we can deduce that the total mileage Is probably greater 
than (2 x 10^) x (5 x lO^) « lO^^ miles. In other words, the true figure is 
probrbly not more than 500 per cent more, nor 80 per cent less than our es- 
timate oi 5 X lOll miles . We are not off by a factor larger than 5 or smaller 
than J. 

Perhaps surprisingly, though, such crude answers are frequently ade- 
quate. That is to say, frequently we want to know only the order of magnitude 
of a very large quantity such as this. We can say here with assurance that 

ii4 
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the order of magnitude of the United States private car annual mileage Is 
-5 X 10^1 miles. 

Sometimes a simple experiment helps one to arrive at a good estimate 
of some quantity. For example, about how many words are there In a book? 
To find out, you need to know the number of pages In the book and the aver- ~- 
age number of words on a page. To estimate the latter number, one might 
count the words In a line chosen at random, and then multiply It by the num- 
ber of lines on one page. 

Estimation and approximation are not synonymous. In an approxima- 
tion the numbers are given and only the calculation Is approximate. In an 
estimate one or more numbers entering Into the calculation are approximated 
by an educated guess or very rough measurement. 

C ^uostlons * 

1. About how many revolutions does the wheel of an automobile make 
in a trip from New York to Los Angeles? 

2. Estimate the uncertainty In your answer to Question I. 

3. In estimating the number of words In a book, why might It be bettc^r 
to count the words in 10 lines and divide by 10 rather than counting 
the words in a single line an suggested In the text? 

4. Estimate each of the following , and indicate how you arrived at your 
answer: 

(a) The total amount of gasoline consumed by automobiles In the 
United States each year. 

(b) . The number of words in an encyclopedia. 

(c) The number of words in an average half-hour news broadcast. 

(d) The number of tin cans used In United States homes each year. 

(e) The volume of concrete In wne mile of an Interstate highway. 

5. Estimate the uncertainty In each of your answers to Question 4. Ex- 
press each uncertainty In both absolute and relative form. In which 
case Is the result known only to within an order of magnitude? 
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6. Estimate the orders of magnttude of: 

(a) The number of shingles on a shingled roof. 

(b) The number of bricks In a brick house. 

(c) The numbecLof dwellings (Including apartments) In your city. 

(d) The number of classroom chairs. In a given school or college. 

7. Estimate the volume of a warehouse that would be needed to store a 
year's production of ping-pong balls in the United States. By how 
many orders of magnitude might your answer be off? 

8. How many seconds are there In an average human lifetime? 

3.3 First Order Approximations 

Consider the following numbers: 1 .0392 , 1 .OOSB^, or Q^g^. They 
have one property in common: they are the result of some oj^ratlon with num- 
bers which differ only slightly from 1 . These numbers are Just examples of 
a general class of numbers which can be written as (1 + c)^, (1 + c) , and 

— ^ — where the Greek letter e Is customarily used to Indicate numbers whose 
1 + € . 
absolute value Is small compared to 1. In mathematical notation this condi- 
tion is written as < 1 . The values of € m the three examples are 
3.9 X 10"2, 5.6 X 10'^, and -2.7 x 10"^ respectively. 

In this section we wish to show that there exist useful ways of find- 
ing approximate values for expressions of the type (1 + f)^, {1+ c)^. and 
7—^ — where | c| < < 1 • 

Let us start with the first two expressions: In general 

(1 + c)2 = I + 2€ + 
and Q 9 1 

For|c| 1» the term proportional to is much smaller than the term propor- 
tional to € m both cases. For example. If c « 10-2, then « 10'^, and the 
term c ^ bs» io~^ is, of course, still smaller. Hence for|€|<< 1 

(l-»-c)2»l + 2c U) 

and _ ■ , 

(1 + c)^ « 1 + 36 (2) 
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To see what error is Involved In making these approximations we 
subtract the approximate expression from the exact one. In the first case 
the error Is 

{l + €)2 - (l + 2c)««€2 
and In the second case n i n 

(1 + - a + 3c) « 3€^ + €^ ^£^{2 + €) 

The absolute value of the factor (3 + c) has an upper bound for|c|<< 1; we 

can state with certainty that under this condition |3 + c| < 4 . Thus the error 

Is never larger than 4c ^ . When the error In an approximation can be shown 

to be less than a constant times c^» we say that the approximation Is the 

first order approximation In e . Thus 1 -i- 2c Is the first order approximation 

for (1 + e)^ and 1 + 3€ is the first order approximation for (1 •♦• e)"* . 

Now let us find the first order approximation to fTT' 

slon (or by adding "the well-chosen zero"*, c - t In the numerator, twice) 



we find 



1 



I + c 



2 (3) 



Hence If we 



-0.9 9' 



Forl£l<< I, say|€l< 0.1 the absolute value 

approximate Y+J by 1 - e the magnitude of the error Is less than c 
Hence 1 - £ Is the first order approximation for YTJ' 

How good any of these first order approximations are depends on the 
degree of accuracy required in the particular application. As long as the 
factor multiplying is less than some known constant we can always esti- 
mate the error made in the first order ap roximation. 



Questions 

1. To appreciate the usefulness of the first order anproxlmatlons eval- 
uate the following expressions (I) to first ordei ..i c and (11) exactly: 

(a) (1 + €)2 fore « -0.007 

(b) (1 -f' c)^ - = 0*05 

(c) 4 c = 0.011 

1 € 



*See Appendix 2 



-60- 



2. Suppose the numbers given In Question I are physical numbers with 
an uncettfllnty of one unit in the last digit. Would you need to go 
beyond the first order appixjxlmatlon ? Would the first order approxi- 
mation suffice for (X + c)^ where f - 0.4? What is the relative error 
In this case? 

3. Find the first order approximation for U + c)^ and prove that it satis- 
fies the condition that the error Is less than €^ times a constant. 

4. For|e|<< I the number 1 + 5c is certainly an approximation for (I + c)'* 
(In fact It Is a better approximation than 1 + 2c .) Why does It not 
qualify as the first order approximation for (1 + c )^ ? 

5. ^ Find the first order approximation In c for \ 3^- for|e|<< 1 and use 

It to calculate ^ g^. 

6. Find the first order approximation for -jfTTjT- Use It to calculate 

TTl2^ 

3 . 4 An Extension of First Order Approximations 

In the prrcedtng section the expressions we approximated involved 
numbers close to 1 . Can we use similar approximations for expressions In- 
volving numbers close to a givert number othei than I ? For example, does 
our knowledge that 53 « 12 5 help us to find 5.073 ? To put the question in 
a more general form does the knowledoe of A 3 help us in finding an approxi- 
mate value of (A + a)3 where |a| <<|aI? 

Since A + a - A(l then (A+ a)3 - a3(1 + |)\ From|a|<<iA| it 



follows that 



<< 1 , thus the ratio ^ now takes the place of c in the preced- 
ing section, and we see that, to first order, (A + a)3 « A^d +3|). We can 
use this approximation whenever | << I, i.e., the relative difference be- 
tween the two numbers A + a and a Is much less than I . 

In applications the numbers A and A f a may be dimensional numbers 
and hence their values will depend on the units used (e.g., 2 meters or 
200 cm) . However the ratio | is always a pure, dlmenslonless number and 



hence the condition 



<< I Is independent of the units of A. 
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Qu j^sttons 

1. Using the first order approximations developed in the preceding sec- 
tion and the relations (A + a)2 « (1 + and « - • jT^ 
culate 5.152. 7.922, 100.32, .jJ_^ and ^j^. ^ 

2. What is the relative difference between the areas of two squares 
with sides 6.00 m and 5.24 m? 

3. Suppose you wish to apply a first order approximation to calculate 
10. 2^ using the value of 10^, and 20. 3^ using the value of 20^. m 
which case will the approximation be better? (Be sure to specify 
which criterion you are using for the quality of the approximation.) 

3.5 Relative Uncertainties in Multiplication and Division 

The first order approximations developed in the preceding sections 
for mathematical numbers can be applied directly to physical numbers that 
have small relative uncertainties. Consider a physical number A with an 
uncertainty +a. The square of this number will most likely lie between 
(A + a)2 and {A - a)2 . If |a| << A , it will suffice to calculate the square 

a 

to first order in — : 

(A ±a)2 = [A(l ±|)]2 « A^ ±2Aa = ^2(i +2|) 
Thus, for physical numbers with small relative uncertainties, the relative 
uncertainty In the square of the number is twice the relative uncertainty in 

the number itself. 

Let us now extend this result to the product of two different positive 
physical numbers: (A±a)(B±b). The product is most likely to be between 
(A + a) (B + b) and (A - a) (B - b) . 

Suppose that |^ |- Then it is convenient to choose a number e such 

that ~ = k,£ and - - k„c , where k, is of order 1 and k2 is of order I or less. 

A l B ^ .^{^ 

(For example, if |= 0.027 and | = 0.005. we may choose c = 10-2. ^hich 
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maker- = 2,7 and k2 « 0.5.) Then 

(A+a)(B + b)-ABa+f)(l+^ 

A B 

AB(l + kj€)(l + k2c) 
«AB[1+ (kj + k2)c +kjk2€2] 

Hence, to first order in c 

(A+ a)(B + b) « ABEl + (k^ + kg)^ 



AB| 

Following the same steps for the lower end of the interval yields 



Hence 



(A-a)(B-b)«ABji -(f + 1)] 

(A±a){B±b) «ABjl±^ + || (4) 



We see that In multiplication small relative errors add. 

Using the first order approximation for reciprocals will show that 
small relative errors also add In the case of the division of two positive 

A ^3 A 3 A €1 

physical numbers. The ratio of ^-=g Is between "gTb^ i'+T* ^9^^"^' 
setting ^ = k^c and ^ = k2£ , we have 



A + a iS^ + ki £ ) A 
A+a A i -^(1 + ,^ 



B-b 8(1 -kgc) B 
Multiplying out the right-hand side we get 

1 + {ki + k2)€ + 



/ {k2€)2\ 



A t J. - A 
B - b " B 



/ (k2)^ ki(k2)^€\ 2I 



Tne coeftlclent of in the last equation has an upper bound for J6|<< 1 . 
Hence to first order In c 

A + a ^ A 



B-b B 

Similarly 



(5a) 



B+b B(l + k2€) B 

■t['-(M)] 

This proves our claim. 



(5b) 



c 
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Questions • j 

1. For motion at constant speed, distance traveled equals the prod- 
uct ot speed and time. If the speed Is measured within 3 per cent 
and the time is measured within 2 per cent, what Is the relative un- 
certainty in the calculated distance? 

2 . Extend the proof given In the text for the relative uncertainty of a 
product of two physical numlaers to a product of three numbers. Com- 
pare _the special case where the three numbers are equal with the 
first order approximation for (A + a)^. 

3. The sides of a rectangular box are found to be 5.00 +0.01 cm, 
6.00 ±0.01 cm, and 2.00 +0.01 cm. 

(a) What is the relative error in each dimension? 

03) What Is the relative error in the volume of the box? 

(c) Would your answer to p^rt Oa) be different if the dimensions of 

the box were 5.02 ±0.01 cm, 6.13 ±0.01 cm, and 1.92 +0.01 cm? 

4. The density of a substance Is calculated by dividing the mass of a 
sample by its volume. Suppose the sample is a cube. The length of 
Its side is measured to +2 per cent; Its mass is known to ±1 per cent. 

(a) What is the relative uncertainty In density? 

(b) Suppose you have to know the density to a higher accuracy. 
Would it be better to improve the measurement of the length of the 
side to give a relative error of +1 per cent or reduce the relative 
error tn the mass to 0.2 per cent? 

3 . 6 Finding Square Roots by an Iterative Proems 

Square roots come up frequently in numerical calculations. Most 
square roots of mathematical numbers such -n cannot be written as exact 
decimal numbers. However, in this section we shall show how to calculate 
an approximation to any square root witi* as great an accuracy' as desired. 

A natural way to get an approximate value for n/? Is to try possible 
values. Since (1)2 = I and (2)2 = 4, >/2 must be between 1 and 2. We might 
therefore try 1.3 as a first crude approximation. To see how good our guess 



« 
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2 

Is , we divide 2 by this guess and get = 1 . 54 . Thus we know that 

1.3x1.54*2. It is apparent that 1 .32 < 2, whereas 1.542 > 2. There- 
fore ^/5 lies between 1.3 and 1 . 54 . We now take a value halfway between 
these two values as our next approximation: ^ ' ^2 0 ' 1.42. The dlffer- 
erence between this approximation to ^/2 and the upper and lower bounds, 

1.54 and 1.3, is 0.12, which means that tne relative error Is no greater 
0 12 

than ' , . « 0.08 or ±8 per cent. 

We can repeat this procedure a second time and thereby reduce the 
'difference between the upper and lower bound for>/2. Dividing 2 by the last 
guess gives - 1.41. Thus 1.41 < n/I < 1.42, and the average of these 
two values, 1.415, Is not more than + 0.5 percent In error. This process 
can be repeated until the desired accuracy has been obtained. A process 
such as this, In which successively better approximations are obtained by 
repeating the seme step. Is called an Iterative proces s. 

An Iterative process requires a way of starting the procedure and the 
existence of a clear Instruction of how to proceed from step k to step k + 1. 
In the case of finding the square root of a positive number N, we have, start- 
ing with the Initial guess xq 

X3=i(x,.iL) (6) 



X-j = t(Xo + — ) 
3 2 2 X2 



^k+i '^i^^k^^^' ^ = 2, ... 

ThU is called the Iteration formula for this iterative process. In Chapter 5 
we shall use it as an example of automatic computation by a computer. 

Note that there is only a positive square root of a positive number, 
and by convention we mean this square root when we write For example, 
<s/T= 2, not -2. To Indicate the negative Square root we must write -n/x, and 
to indicate both positive and negative square roots we write iyfx-. 
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Questions 

1. (a) Find >/rO to within 0.5 per cent. 

(b) When £ and a are non-negative n umbers , v/pg = ^ *x >/q . Use this 
relation to calculate >/ID, n^I^, and ^ x 10^. 

2. Find nHTI to within 1 per cent; 

3. find •J'TO to within I per cent. 

\. An Iterative process is said to be self-correctl'iy If It approaches 

some number even if a mistake Is made at some point In the calcula- 
tions. Is the square-root Iterative process self-correcting? Explain. 

5. Devise a method for finding cube roots, similar to the Iterate method 
for finding square roots. (Hint: If Xq were the cube root of N we 

would have = Xn. But of course —y equals some other number jr. 

^0 0 
Where must the cube root of N be with respect to and How 

would you calculate the next approximation x^?) 

3.7 The First Order Approximation for \/l + t 

The iterative process for finding square roots which we developed in 
the preceding section can be used to find a first order approximation for 
N = v/T+l where je j < < 1 . We know that \[l + t mus^ be close to 1 . so we 
choose as our first guess Xq = I . The next step gives 

This tells us that 

i < N/m ^ 1 + 1 

To be jure that 1 + ~ is the first order approximation for sJTTl , we- 
must show that v/T+l - (l + |) < constant times e 2 . To do that we proceed 
to the next step in the iteration 
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Applylng long division to the third term gives 
Substituting In Eq. (7) gives 

a 

Hence, by the same reasonlr^ used In Section 3.3 



e2 



For € li say c = 0.1, we can^be sure that 

< 0.12 



18 \1 + 6/2j 



Thus we have shown that the magnitude of the difference between Vl + £ and 

1 + ^ is less than a constant times e^. Therefore, the first order approxlma- 

2 

tlon for VI + £ Is . 

-sTm w 1 + c/2 C8) 

Questions 

1. Could you choose Xq = 1 + € as your starting point In generating the 
first order approximation for VI + £ ? 

2. Use the first order approximation to calculate VI .04. Give an upper 
bound for the error. 

3 . Use the relation s/A+l = \fK to calculate an approximate value 
of s/IO. 

4 . Use the relation Vpq = n/p x Vq and the first order approximation to find 
n/i.OS X 10^ and \/2.6 x lO'^ 

5. A Jet plane is 20 miles from the control tower of an airport and at an 
altitude of five miles. 

(a) Use the first order apprdxlmations for VA + a to find the line-of- 
sight distance from the control tower to the plane. 

(b) What was the per cent error in your answer for (a) ? 



/ '1 
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Chapter4. SLIOT RULES 

It is not at all tedious to add two 3-dlglt numbers, but multiplying 
them together Is a chore. Although In most cases an exact answer Ig not 
required because the original quantities are themselves not known exactly, 
we often need a more exact answer than can be obtained by mental approxi- 
mation. A slide rule fills this need admirably. It Is nothing more than two 
pieces of wood, plastic, or metal with scales engraved on them. Joined so 
that one slides on the other, but It can be used to multiply and divide quickly 
and with considerable accuracy. For example, a mental approximation ap- 
plied to the following problem may yield 

112 X 17 X 45 X 87 ^U2^17^45^Q 4xixix80 = 80 
32 X 43 X 72 32 43 72 2 2 

This calculation, worked out on a slide rule in about one minute, gave 75.1. 

The answer, worked out more precisely with a desk calculator, Is 75.24. 

4 . 1 Multiplication and Division of P owers of Two' 

In this section we shall put scales on a simple slide rule which will 
enable us to multiply powers of two together. Then, in later sections, we 
shall see how this slide rule can be made Into one which can deal with any 
numbers . 

The slide mle you need has unlabeled, equally-spaced lines on the 
backC There are two sets of 13 lines on the "fixed," outer part and two 
identical sets on the movable, mner part. To make reference to the differ- 
ent sets of lines or scales easier we shall artjitrarily give them names. We 
name the upper scale on the fixed part of the slide rule, the E scale, the 
upper edge of the sliding inner part, the F scale; its lower edge, the C scale. 
The lower fbced scale we shall name the D scale. Write the appropriate 
name at the extreme left end of each scale on your sJlde rule. 
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Label the center marks on the E and F scales with the number 0, the 
marks to the right of 0 on each part with Increasing integers and to the left 
of 0 with decreasing integers (Fig. 4.1). 
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Now suppose we wish to use the slide rule to add 3 -i- 2 . In Fig. 
4.2(a) the two scales are arranged so that 0 on the F scale coincides with 
3 on the E scale. With this setting we can add'a number to 3. To find 3 -i- 2, 
for example, we find 2 on the F scale and read the answer, 5, directly above 

5 , 

Fig. 4.2(a) • , 
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Fig. 4.2(b) 
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on the E scale, riciure 4.2(b) shows the addition of a negative number and a 
positive one. If you look above -4 on the F scale you will find the answer to 
3 + («4) . Note that without moving the E scal^ we can add to 3 any number 
between -6 and +3. In effect, what we have done in adding the two numbers 
is to add two displacements, the arrows in Fig. 4.2(a) and 4.2(b), to get a 
total displacement which Is the sum we ar6 seeking. 
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Now consider scales C and D. We shall associate each Integar on 
the E and F scales with the value of 2 raised to that Integral power and label 
the C and D scales with these powers of two. This gives what Is called a 
logarithmic scale . For example, we place Ae number 4 at the marks on the 
C and D scale directly below the 2 mark on the F scale (Fig. 4.3). Now each 
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Fig. 4.3 

time you perform an addition, using the E and F scale, you are adding the ex- 
ponents of 2 on the E and D scales. Thus you are performing a multiplication 
of the corresponding numbers on the C and D scales. To see why this is so, 
recall that 10"^"^" = 10"^ x 10" and just as with powers of ten, it is true that 

2m+n - 2^^ 

for all integers m and n, both positive and negative, and s'.ero. 

For example, 1 on the F scale coincides with the mark for 2 on the C 
scale and 3 on the E scale coincides with 8 on the D scale. Therefore, wht 
we add 1 and 3 using the E and F scales to get 4, we are, in fact, adding the 
exponents of the numbers 2^ = 2 and 2^ = 8. This is equivalent on the C and 

D scales to multiplying 2x8. 

2I+3 s= 2^ = 16 

2^ X 2^ =^ 2 X 8-16, 
As you can see, 4 on the E scale coincides with 16 on the D scale. 

When we add a negative number to a positive one, using the E and F 
scales as in Fig. 4.2(b), we are at the same time dividing one power of two 
by another on the C and D scales. This is true because if m and n are in- 
tegers, • " 

2m-K-n) ^ 2"^'" = 2"^ x 2"'' = fn 
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Thus In Fig. 4.2(b) we performed the division 2~* = j. Any displace- 
ment to the left of a number in a subtraction and Is equivalent to a division. 
For example. In Fig. 4.4 we have done the subtraction 5-3 = 2 uslr^ the 
E and F scales which is equivalent to 2^"'' = = 4 . 

i _ 3 
Fig. 4.4 ■ * 
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Questions 

1 . Draw rough diagrams showing the relative positions of the E and F 
scales on your slide rule after performing the following additions: 

(a) 1 + 4 (c) 2 + (-3) 

(b) -3 + (-1) (d) 0+2 

2 . Give the multiplication problem solved on you'' slide rule correspond 
ing to each of the additions in Question 1. Write these multiplica- 
tions both in exponential form and without exponents. 

3. Write the following multiplications in the form 2"^ x 2" where m and 
n are integers. Do each of the multiplications . using your slide 
rule. What addition is being performed in each case? 

(a) 8x-^ (c) 1X16 

(b) |xi (d) J^XGA 

4. Use your slide rule to do the following divisions; 

/ > 64 , . 1 

(a) Yg (0 2 

(b) - ^ (d) \ 
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4.2 Non-integral Powers of Two ^ 

The numbers on the C and D scales you have lal^led range from 
to 54. With these scales you can easily multiply any pair of these numbers 
(numbers which are integral powers of two) 3s long as the product is between 

— and 64 . But what if we wish to multiply and divide numbers that are not 
64 

integral powers of tv.'o? It seems reasonable that numbers between Integral 
powers of two on your slide rule can be represented by points between the 
ones already marked. But how are these intermediate marks to be determined? 
On a centimeter rule, marked off only in centimeters, if you wish to indicate 
where the half-centimeter marks should be placed you put marks halfway be- 
tween the centimeter marks. We can do this, because the centimeter marks 
are equally spaced. On a slide rule, however, such is not the case. The 
numbers Increase more and more rapidly for equal distances on the rule as 
one approaches th right-hand end. The interval on the left end corresponds 
to an increase of - ~ = ~. while an equal Interval on the extreme rights 
hand side corresponds to an increase of 64 - 32 - 32. What number does the 
point halfway between 1 and 2 on your slide rule correspond to? Mark off 
the point halfway between 1 and 2 on both the C and U scales. Now set the 
1 on the C scale at this halfway mark. If we multiply this unknown number 
by itseH as shown in Fig. 4.5, the result is 2. 



Fig. 4.5 

C SCALE [ 



New mork 




D SCALE 



The number which when multiplied by Itself yields 2 is Nr2. This is the un- 
known number we are looking for. The square root of 2 is close to 1.41, so 
label this point as 1.41 on the C and D scales. 
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Now that wo know that the point halfway between I and 2 on the C 
and D scales should be labeled 1.41, we can find the values of the points 
halfway between the other markings. For example, U we multiply 4 by 1.41 
uslnq the slide rule, we find that the answer Is at the point halfway between 
4 and 8. Qut we also know that 4 x 1 .41 » S. 64 so this point should be 
labeled 5. 64 . 

We have found the value of the mark halfway between 1 and 2 on the 
C and D scales to be -s/J. What about the corresponding mark on the E and F 
scales? This corresponding mark lies halfway between 0 and 1 on these 
scales and since the numbers on the E and F scales Increase uniformly, the 
midpoint has the value ^. We have labeled our slide rule so that the num- 
bers on the E and F scales are the powers to which 2 must be raised to get 
the values of the corresponding points on the C and D scales. Since thus 
far we have studied only Integral powers, we have written something new, 
namely >/2 = 2^. That this Is reasonable is borne out by the fact that we 
can use a" x a*" to get 2^ x 2^ = 2^^+^ = 2^ = 2. Just as we 

can continue to f<nd values of points on the C and D scales, we can extend 
our Ideas about fractional powers of two to many fractions by considering 
points halfway between known values. This will be seen in the following 
questions . 

Questions 

1 . (a) Find the value on the C and D scales of each point halfway be- 
tween the original marks on thft slide rule. 

(b) To what number on the E and F scales does each correspond? 

2 . Use the method described in Section 3.6 for approximating square 
roots to find the number halfway l^tween 1 and 1.41 on your C and 
D scales. 

3. Now that you know the value of the point halfway^ between T and 1.41 
{Question 2), r .ultlply It by other known values on your slide mle to 
find the values of some other unknown points. 

er|c . 



4. How many points could be labeled, using the half values on your 
slide lule and the answer to Question 3 ? 

5. (a) How can the cube root of 2 be written in terms of fractional ex- 
ponents? 

03) How is each of the following obtainable by taking square and 
cube roots 

2l/4^ 2^/3, 2^/^, 2^/^, 2^/^2 

1.3 A Power-of-Ten Slide Rule 

As you have just found out, the apparent limitation of our slide rule 
of being able to treat only those numbers which are Integral powers of two 
can be overcome. Another llmltatlc n Is that It can handle only multiplica- 
tions and divisions between t7 and 64. By making a sufficiently long slide 

64 

rule we can deal with numbers as large as or as small as we wish, at least 
in principle, but since the slide rule Is supposed to be convenient and easy 
to use, this would defeat the whole purpose of the Instrument. 

The solution to this problem lies In the fact that any multiplication 
or division can be divided Into two parts, one Involvlno numbers between 1 
and 10 and the other Involving only powers of ten. For example, 
(1.65 X 106) X (1.21 X 102) = (1.65 ^ 1.21) x 108. Thus we need only mul- 
tiply and divide numbers which are between 1 and 10. It turns out, there- 
fore, that we need only that segment of the slide rule containing the num- 
bers between 1 and 10. The rest is superfluous. 

It Is not clear that this Is enough. If we have a slide rule which In- 
eludes only the numbers from 1 to 10 and try to multiply, sey, 6 x 6 by the 
method we have described, then the answer will not appear on the slide rule; 
it would lie beyond the end of the rule. Similarly, If we try to divide 2 by 9 
the answ*»r will not appear. However, a slide rule including the numbers 
from 0.1 to 100 will take care of such contingencies. This is because the 
product of any two numbers between 1 and 10 is less than 100 and the quo- 
tient of any two numbers between 1 and 10 Is greater than 0.1. In fact, as 
you will see later, we can eliminate the need for this extended range of num- 



bers, but first, we shall construct a sU«te rule covering three decades, from 
0.1 to 100. from 10"^ to 10^, to see how we can use a slide rule with a range 
of 1 to 10 to handle any numbers. 

Era 36 all the numbers you have put on your slide rule. The two new 
scales you wlU construct will also be called C and D. Label the first mark 
at the left on both the C and D scales with the number 0.1 . Label the fourth 
mark to the right I . Thus, adding the distance between the first and fourrh 
mark ^lll correspond to multlplylnc, 0.1 by 10. The fourth mark to the right 
'A 1 shou.'d therefore be labeled 10 and the twelfth mark labeled 100. The 
resulting C and D scales are shown In Fig. 4.6. 
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Questions 

1. (a) If we multiply the value of the point halfway between 1 and 10 
by itself we get 10. Use this fact to find the value at this point. 

(b) Use the answer to (a) to find the values corresponding to the 
points halfway between the ends of the other two decades. 

(c) Find the value of the point one-quarter of the way between 1 and 
10. Use this value to find values corresponding to all the rest of the 
marks on the C and D &::ales. 

4.4 Divi sion and Multiplication Using Only a One- Decade Slide R'lle 

With the new C and D scales we have marked off, we can divide and 
multiply any pair of numbers between 1 and 10. Now we shall use this set 
of scales to show that in fact one can do the same thing using only the mid- 
dle portion of a thrtio-decade slide rule. 
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Fig. 4.7 

First, let us see how we can perform divisions using only the middle 

Is indicated on the slide rule shown In Fig. 4.7. 



decade. The division 



5.62 



FUst, 1.78 is located on the D scale and the 5.62 on the C scale positioned 
directly over it-to^eTiafele one to go back by the length corresponding to the 
number 5. 62 . The answer>close to 0.316, can be read directly under the 1 
on the C wCale. However, notice that if we multiply the answer 0.316 by 10 
(we do this by reading the number on the D scale directly under 10 on the C 
scale) we see from Fig. 4.7 that the 10 on the C scal^ls almost directly 
over 3.16 on the D scale. What about other divisions? Clearly, either the 
1 or the 10 of the C scale must be over the central decade of the D scale in 
any division involving two numbers between 1 and 10. If the 1 is over this 
portion of the D scale, the correct answer can be read under it without fur- 
ther ado. If not, then the 10 of the D sc ale is over a number which is ten 
times the desired answer. The feet that this is ten times too \<^Tqe Is unim- 
portant, because we can easily find the location of the decimal point by es- 
timation. It is clear, for example, that tne answer to the divi:.lon described 

above, —7- lies somewhere between 0.1 and 1. 
5 . 62 

In multiplication problems, as in division problems involving two 
numbers between 1 and 10, the answer does not always fall within the 1 to 
10 decade. But again, as in division, there is a simply way to get the an- 
swer. To multiply 3.16 by 5.62 we set the C and D scales as shown in Fig. 
4 . 8(a) . The answer falls beyond tne end of the center decade of the D scale 
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As you can see from the figure, It is close to 17.8. However, If we start 
over again and divide 3.16 by 10 as shown in Fig . 4 .8(b) , you can see that 
th^^actor 5.62 falls directly over 1.78, which is just one-tenth of the an- 
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swer. Again, we are not concerned about the decimal point because we al- 
ways find it by estimation. The important thing Is that by reversing the end 
of the center decade of the C scale that we place over one of the factors, 
we can find In the center decade the correct digits of the answer. Thus we 
can do any multiplication of numbers between 1 and 10 using only the parts 
of the C and D scales between 1 and 10. First we try the usual procedure 
for multiplication. If the second number, on the C scale, is not over the 
center decade of the D scale, we move the 10 of the C scale over the first 
number and then the digits of the answer will certainly appear beneath the 
second factor in the multiplication. We can, therefore, dispense with the 

4 

other two decades . 
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Questions 



Which Of the following division problems would have answers lying 
under the 1 of the C scale and which would have answers beneath 
10? 

5.62 



(a) 
(b) 

(c) 



3.15 

1.78 
5.62 

1.00 
1.78 



Perform the following divisions, using the slide rule only to find the 
digits, use only the center decade of ,the C and D scales. Find the 
correct placement of the decimal point by estimation. 

0.0178 (t,) . 

5.62 o,n^ 5'i 



(a) 
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3. Perform the following multiplications, using only the center decade 
of your slide rule, 
(a) 0.00178 X 0.0178 



(c) 17.8 x 0.0552 

4.5 Commercial Slide Rule Scales 

Not every division on a ruler Is marked with a number. Usually the 
numb^ marks correspond to Integral numbers of inches ^r centimeters. The 
subdividing marks, being equally spaced, have values that can easily be 
determined by inspection and heed not be labeled. In the Interval between 
0 and 1 cm on a centimeter scale there are ten subdividing marks, each mark 
corresponding to 0.1 cm. The numbers you placed on your power-of-ten 
slide rule you found by taking successive square roots of 10 and are not 
succ^sive whole numbers, and do not make a decimal scale; It Is therefore 
awkward to use. To locate the points on a power-of-ten slide-rule scale 
corresponding to any numbers we first make a table (Table 4.1) of the dis- 
placements* and the corresponding numbers using the information on the 

scales from 1 to 10 in Fig. 4.7. 

• TABLE 4 . 1 



(b) 




Displacement 



Number 



0 



2.5 



1.78 



5.0 



3.16 



7.5 



5.62 



10.0 



10.00 



*In the table, a displacement of 2.5 units equals 1 cm. 
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Then we make a graph using the data In this table, drawing a smooth curve 
exactly connecting all the points as shown in Fig. 4.9. (For better accu- 
raoy we could calculate intermediate points to add to the Information in 




0 



Fig. 4.9 

i 3 4 5 6 7 8 9 10 

Displacement 

Table 4.1 and make a larger graph than that in Fig. 4.9.) We then use the 
graph m Fig. 4 .9 to read off the displacements for the numbers we wish to 
put on the slide rule and make a second lable (Table 4.2 Is an abbreviated 
form of such a table) which we can use to make a power-of-ten slide rule 
having convenient numbers and subdivisions. 

TABLE 4 . 2 
Number Displacem ent 

0 



.1 
2 
3 
4 



5 



6 
7 

o 

9 

10 



3.01 
4.-77 
6.02 
6,99 
7.7B 
8.45 
9.03 
9,54 
10.00 
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Or your slide rule you will find an "L" scale (used for finding log- 
arithm., of numbers) marked off w>th equal divisions. This scale ooes from 
0 to 10 and IS the same length as the C and D scales so you can use it to 
measure displacements and cl.jck the values in Table 4.2. 
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A slide rule made commercially has points marked pn It which cor- 
respond to convenient numbers. Look at the engraved points on the C and D 
scales on the other side of the slide rule with which you have been working 
corresponding to the integers labeled 1, 2 . 3, etc. Each of the Intervals be- 
tween these numbers is subdivided. However, these intervals do not have 
the same number of subdivisions. The Interval between 1 and 2 is divl.ded 
into ton labeled parts. 1 . 1 , 1 . 2 , 1 . 3 , . . . 1 . 9 . and each of these Ih turn Is 
divided into ten parts by unlabeled marks so the smallest divisions corre- 
spond to 0..01. The space between 2 and 4 is also .divided into ten parts, but 
since there is less space each of these ten is divided Into only five parts. 
Thus the smallest subdivision in this range corresponds to 0.02. Between 4 
and 10 the intervals between Integers are divided into 10 large intervals, but 

4 

the distance between integers is so short that each of these intervals is 
divided into only two small intervals, each equal to 0.05. As you can see, 
one must be careful in reading the scales on a commercial slide rule. 

Questiona 

1 . Use the graph in Fig . 4 . 9 to find 

(a) the number on a slide rule corresponding to a displacement of 

3.5. 

(b) the displacement corresponding to the number 6.5 on the D scale. 

2. Perform the following multiplioationa on a commercial slide rult . 
Use exponential notation In locating the position of the decimal 
point. 

(a) 31.7X45.6 ic) 863 X749 

(b) 0.37 X 7.44 O.OC0845 x 0.000079 ' 

3. Perform the following divisions on a commercial slide rule: 

0.00000 049 /_x 362 

(a) ^ ^ 0.0043 

4.3 X IQll .^v li07 

(b) 4070 
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4.6 Multiple Multiplication and Division 

The slide rule is ideal for long series of calculations. The sliding 
crosshair can be set to the result of intermediate calculations to keep track 
of them, but there is no need to read the answer for each multiplication or 
division. For example, consider the product 22 x 2 . 3 x 8 . 9 x 4 .8 . First, 
you mu! .ply 22 by 2.3 starting with the left end of the C scale over 22, 
setting the sliding crosshair over the answer on the D scale. Then, with- 
out bothering to read the answer, set the right-hand end of the C scale so 
that coincides with the crosshair. You are now ready to multiply the prod- 
uct 22 X 2 .3 by the next factor, 8.9. To do this you simply move the cross- 
hair to 8.9 on the C scale. The answer lies directly below on the D scale, 
but you do not bother to read it; you just move the right-hand end of the C 
scale to this point and then move the crosshair to 4.8 on the C scale to 
complete the calculation. Now the answer can be read from the position of 
the crosshair on the D scale. The digits are 216. 

To find the decimal point you make a simple approximation: 
22x2.3x8.9x4.8««« 20 X2x9x 5 = 1800 

Thus the correct answer is 2160. 

A series of divisions is even easier to do. Take, for example, the 

calculation of 2,Zx4,QxS.r ^^"^ ^"^'^^ ^^^^^^ 

out bothering about intermediate answers, you first move 2.2 on the C scale 
over the left end of the D scale to divida Placing the crosshair o /er 

the answei^at the end of the C scale, you can now divide by'4.8 by mov ng 
the C scale so that 4.8 on this scale coincides with -the crosshair. Ijlext 
the crosshair is moved to th answer under the end of the C scale. The 
final division by 5.2 can n w be made by moving 5.2 on the C scale to co- 
incide with the crosshair. The final answer is then read on the D scale be- 
low the end of the C sea 1.3. The digits in the final answ.- u-e 182. Making 



*Follow each step in the examples in this section with your own commercial 
slide rule. c ^" 
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a rough approximation of the problem we get 

1 = A: « 0 . 02 

2X5X5 50 

so the correct answer Is 0.0182. 

The tricks discussed In the two examples above are particularly use- 
ful m solving calculations that are a combination of both multiplication and 
division. Suppose you hav to calculate 

3X7X2.5 
5x4x1.9 

- The easiest way to do the calculation is to divide 3 by 5, multiply 
the result by 7. then divide by 4, multiply by 2.5 and finally divide by 1.9 
without reading any answer except the final one to get the digits 138. Ap- 
proximation places the decimal point and the correct answer is 1.38. 

A vast amount of arithmetical drudgery can be saved by using a slide 
rule to perform multiplications and divisions and the results are accurate 
enough for nearly all purposes. Once you have lenrned how to do different 
kinds of calcuiatiops, the only source of error is in reading the scales. Af- 
ter you have had sufficient practice In reading the scales, you will find that 
you can calculate very rapidly with a slide rule and make very few errors. 

Questions 

Perform the following calculations without reading any of the inter- 
mediate products. 
1. (a) iH X 2.5 X 13 X 13 

Od) 1.55 X 2.37 X 110 X 226 

(c) 7.8 X 197 X 2.00 X 7.13 
^ (d) 11.7X9.83X10-^X3.05X10'^ 

i 
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2- 173^ gle^ 127 



3^ 4.006 ^7!l . 



1 1 
6.1 X 10^ ^ 5.2 X 10-3 

3.06 X 104 X 2.14 X 10^ 



3. (a) 



(b) 



37.6 X 12.4 X 8.3 
2.7 X 3.78 X 4.11 

63.4 X 4.73 X 7.79 
21.2 X 2.86 



/ 



8,72 X 103 X 3.64 x IQ-? x 11.2 x 10^ 
11. ix 106x 2.34 x 6.38 x 10-^ 



(d) 



(e) 



0.0X)37 X 6.5 X lO^P X 873 
41.3 X 18 X -j—x 8.81 

2.718 X 3.00 X loQ 
3.14 ^ yIy^ 9.80 X 0.667 X 4 



4. On the C and D scales of a 10-lnch slide mle, what is the relative 
uncertainty in reading a number between (a) 1 and 2? (b) 3 and 4? 
(c) 9 and 10? 



4.7 Constant Factors, Ratios, and Uncertainty 

Many times in making calculations we encounter situations in which 
we have to multiply a series of numbers by the same constant factor . For 
example, in making a map we h^ve to multiply a large num.ber of measured 
distances by a scaling factor to get the correct lengths to put on the map. 
This is easy with a slide rule. All we have to do is set the;end of the C 
scale once (or at most twice) directly over the constant scaling factor and 
then Just move the crosshair t(. perform each successive multiplication. 
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For example. If we set the 1 on the C scale over 3 on the D scale v/e can 
multiply 3 times any number from 1 to 3.33 merely by moving the, crosshair 
to the number on the C scale by which we wish to multiply by 3 (Fig . 4 .10) , 
and then reading the answer on the D scale. For numb^s greater than 3.33 
we simply set the other end of the C scale over 3 on the D scale. 

.„.,.... 

Fig. 4.10 

Similarly, if we set the 7 on the C scale over 3 on the D scale, as 
shown in Fig. 4.11, the ratio of any number (from 1 to 4.28) on the D scale 
to the number directly above it on the C scale is f - 0.428. For numbers on 
the D scale between 0.428 and 10 we set the left end of the C scale over 
4 .28 on the D scale. 

D i I t I « » < » 

Fig. 4.11 

The uncertainty in reading any scale is a fix.3d small distance along 
the scale. For example, one might be able to read a centimeter scale to with- 
in 0.02 cm. This uncertainty in a length reading matters much more for short 
lengths than for long ones when we are concerned with relative uncertainty. 
Consider two extreme cases; a length of 0.50 cm with an uncertainty of 
0.02 err. nas a relative uncertainty of X 100 = 4 percent; a readin. 

of 20 cm with the same uncertainty of 0.02 cm has a relative uncertainty of 

Q'Q^ X lOO - 0.1 per cent. 
20 cm 

On a "lO-mch" slide rule, the C and D scales are about 25 cm long 
and. reading from the left end, 1 cm corresponds very nearly to a factor of 
1.1. Since the divisions on the scale between 1.0 and l.l are almost equal. 
0.02 r-n represents a factor close to 1.002. Suppose you m.ve the left end 
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of the C scale to aCiy position along the D scale- An uncertainty of 0.02 cm 
In the reading on the D scale still corresponds to a factor of 1 .00? . Tlius the 
fract«onal uncertainty In reading a slide rule Is constant, and all -readings on 
th4 C and D scale have an uncertainty of about 0.2 per cent. 

Questions 

1. To what multiplication factor does a distance of I cm on the C and 
D scales correspond? 

2. If you move the 1 on the C scale to a point directly above l.SO on the 
D scale, 

(a) what Is the ratio of any number on the C scale to the one directly 
below It? 

Od) what is the ratio of any number on the D scale to the number 
directly above it? 

3. On a commercial slide rule there are two adjacent scales labeled A 
and B. Each of these is a iwo-decade scale and the decodes are 
just half as long as the J and D scales. What Is the relation be- 
tween a number on the A scale and the number directly below it on 
the D scale? Can you explain why there is this relation? 

4. Problem with student? 
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Chapter 5. AUTOMATIC COMPUTATION 

In the previous chapter you have learned a number of techniques for 
calculating effectively. We now turn to the problem of calculating effectively 
when the task involves repetition in one form or another. For this purpose U 
Is often convenient to use a computer. 

Our motivation for "programming" a computer (writing Instructions 
that tell the computer how to carry out a calculation) Is similar to the motlva- 
tlc>n for building a machine to mass-produce a product: the time and money 
required to build a machine to stamp out "widgets" Is greater than the cost 
of making one widget by hand; but after the initial investment, widgets can 
be produced cheaply In quantity. Once a program has been prepared. It Is 
easy to have It executed many tlmas by a computer. Although computers can 
calculate many times faster than the human brain, speed alone Is not the 
essence of the power of computers. No matter how fast a computer can cal- 
culate, doing a one-shot job on a computer is a wast6 of time if it is easier 
to punch keys on an electronic calculator (or even do pencil and paper calcu- 
lations) than to write a program to get a computer to do It. Her.ce. a single 
calculation, however Involved, seldom requires the uss cf 2 computer pro- 
gram if it is to be used only once. 

There is a further benefit that derives from learning how to program a 
computer. A computer has a small "vocabulary" and cannot make the subtle 
judgments of the meanings of words and symbols that human beings are cap- 
able of. Therefore, to write a program for a computer, one must leam to 

i 

think carefully In order to give the precise instructions to the computer that 
It needs in order to carry out the desired calculations. 

5.1 Programs 

I Suppose you are asking another person to average five numbers, using 

a desk calculator. The request "Please average these fivt^ numbers" will 
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suffice if the other person Is knowledgeable In mathematics and competent 
m the operation of the desk calculator. "Add up these five numbers and di- 
vide by five" is a bit mote explicit. However, suppose one Is dealing with 
a very inexperienced helper who Is going to use a certain desk calculator to 
find the average. If the computation Is a one-shot Job, it would be easiest 
to do it oneself; however, suppose it Is to be carried out a great many times. 
One might then have to spell out this task In detail as follows: 

1 . Press the "clear" button* 

2 . Punch the first number In the keyboard and press the button 

3. " " second 

4. " third " 

5. fourth " 

6. " fifth 

7. Punch 5 in the keyboard and press the button 

8. Record on paper the number displayed. 

Such a set of instructions Is called a program . This very s ^ple pro- 
gram has many of the features typical of programs for mathematical calcula- 
tions, including: 

(a) Numbers are entered. This is re.'erred to as input. 

(b) Computations are performed and Intermediate results stored. 

(c) Results are recorded. This is ^f^rto^Sv2Ut£Ut (in the above 
example the output consists of a s indie number). 

(d) The instructions are to be carried out in order, starting at the 
top. (At the end of each step the affl5^"and proceed to the next 
step" is implicit.) 

(e) The program can be applied not only to one specific set of input 
numbers, but to arbitrary sets; therefore, it may be repeatedly useful 



*This erases from " t he computer any numbersllt Is storing as a result of carrying 
out a previous program. | 
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Note that this program, though more specific than the original state- 
ment "average these five numbers," still has meaning only In a specific con- 
text, Involving a given type of desk calculator. It is necessary to understand 
the context before a program Is completely intelligible. 

Though we usually do not refer to them as such, the recipes in cook- 
books are, In fact, programs. There the context assumed Is a properly 
equipped kitchen, plus a cook familiar with the elementary techniques and 
vocabulary of cooking. Similarly, the Instructions one might give a stranger 
for getting to one's house are. In effect, a program. One usually assumes 
then a driver who can count traffic lights, recognize landmarks, etc. 

In computer programs the context which Is assumed Involves such 
thlm s as memoiy storage locations, conventions about how storage locations 
are named, and how numbers are entered Into them an^retrlevsd from them, 
conventions as to what arithmetic operations are available, how the Input and 
output of numbers can be handled, etc. Rather than listing all of these con- 
ventions at the outset, we will let them emerge as we proceed. 

Let us re-express our program to average five numbers In language 
that refers less specifically to a desk calculator. We need the Idea of a 
device in which a number can be stored. The common neme for such a device 
is storage register , or simply rr^ ster . Here we wlil need tv^o registers, 
which we will name X and S. Register X will correspond to the keyboard of 
the desk calculator, and register S to the "display." 

Generally, in computers, a numb*?r can be retrieved from a register, 
with the number stored remaining Intact in the register (this Is called "non- 
destructive read-out"). When a number is read Into a register the number 
previously stored Is, of course, lost. 

Using the storage registers X and S our program which we will refer 
to as Program 1 might be as follows: 
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PROGRAM 1 

I . Store 0 In S. 

2\ Read the next Input number and store it in X.* * 

3. Compute xfs and store the result In 

4. Read the next Input nurnbtsr and store it In X. 

5. Compute X + S and store the result in S. 

6. Read the next input number and store It in X. 

7 . Compute X + S and store the msult In S . 

8. Read the next input number and store it in X. 

9. Compute X + S and store the result in S. 

10. R»2ad ths next Input number and store it in X. 

11 . Compute X + S and store the result In S. 

12. Compute S/5 and store the result In S. 

13. Write S. 

Note that at the end of Jach step all numbers are left in registers. This Is 
fundamental In computer programmlnc,'; numbers can never be left in Umbo, 
and It would be Incorrect to replace steps 11 and 12 by 

II. Compute X 4 S 

12. Divide the result of step 11 by 5. 
Obviuusly a statement such as "compute X + S" must mean "compute 
the contents of X plus the contents of S. " For the sake of brevity, we prefer 
not to incessantly include the words "contents of." Thus a symbol such as 
X does double duty, serving both as the name of a storage register and as a 
symbol for the contents of that r3gister. Which meaninc, is Intended Is for- 
tunately almost always clear from the context. 

Now assume, for example, that Program 1 is executed using the Input 

data 20 

10 
45 

15 

60 

*As we will see shortly when we discuss Input number conventions, In this 
program the first input number Is read In on this step. 
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Such a list of input numbers Is always entered Into the computer In order, 
starting at the top, as Input Is called for by the program. Therefore In step 2 
"the next" Input number Is the first, namely 20. on step 4 "the next" Is 10, etc. 
Table 5.1 shows the contents of registers X and S after each step. 



Step 


TABLE 5.1 

Contents 
of X 


Contents 

Ox b 


1 


? 


A 
U 


2 


20 


U 


3 


20 


1 n 
2U 


4 


10 




5 


10 


30 


6 


43 


30 


7 


45 


75 


8 


15 


75 


9 


15 


90 


10 


60 


90 


11 


60 


150 


12 


60 


30 


13 


60 


30 



The final answer, written out on step 13, Is, of course, 30. Any horizontal 
line in Table 5.1 gives a "snapshot" of the numbers stored at the correspond- 
ing intermediate point in the computation. Such a record of the history of 
the execution of a program with specific Input data is called a trace. 

Note very carefully that whereas S is. always the same storage register, 
its contents (also referred to as S in Program 1), changes during the calula- 
tlon, Just as the reading of the desk calculator display changes. The dis- 
tinction between a register and Its contents, and the fact that the value of 
the latter depends on what point has been reached in-the program, must al- 
ways be clear when one Is dealing with programs. 
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Questlons 



1. 



Do e trace for Prog rem 1 appliec to the following Input data: 

(a) 14, 7, 3, -1, 8 

(b) 25, 10, 0, 6, -7 



2. 



Write programs similar to Program 1 which do each of the following: 



(a) Compute the average of four numbers . 

(b) Compute the average of six numbers. 

(c) Compute the product of five numbers. 



(d) Compute the sum and the sum of the squares of five numbers. 



4. 



3. 



Write an (English language) program tor changing a flat tire. What 
context are you assuming ? 

What explanation can you give for the question mark on step 1 In 



Table 5.1 ? 

5.2 Loops and Branches: Flow Charts 

An obvious Inefficiency of Program L is that the same pair of steps is 
repeated five times. If we modified the program to average, say, 100 num- 
bers, this inefficiency would become painful indeed. 

Of course, in dealing with a human helper we could say something 
like "repeat thus-and-such steps until all input numbers have been taken 
care of . " However, such a statement is not sufficiently explicit when one 
is dealing with an automatic computer. How can we make a program in which 
a certain portion is repeated many times? 

If step 1 is to perform a desired operation and the instruction step 2 
is to go back to step 1, the operation will be performeo many times, but we 
have made no provision for determining how many times. This is an example 
of an infinite loop , obviously to be avoided in practice. Such a program is 
frequently diagrammed as a flow chart , in which arrows indicate the "flow 
of control": 




2 . Go back to itepjj 
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As our next attempt we might try: 





1 . Perform desired operatlonj 


1 


i 


2 . Go back to step 1 the first 
four times step 2 Is reached, 
but thereafter go on 





X tl 



hi" {« a correct program, and could correctly guide a human capable of doing 
the counting called for In step 2. However, computers unaided by programs 
cannot count. The program must Include some explicit device for counting. 

Therefore we Introduce another storage register, which we arbitrarily 
name K, In which to store a count of the number of times the "desired opera- 
tion" has been executed. This adds a good deal of complexity to the logical 
structure of the program, which now appears as follows In Program 2: 

PROGRAM 2 



1 . store 0 m K 








2. Perform desired operation 



3 . Compute K + 1 and store 
the result In K 



K< 6 



4. If K < 5 go to step 2; otherwise 
go on to the next step as usual 



K 6 

5. Continuation cf progra^ 

The first time step 3 Is reached the contents of K are changed from 
0 to 1 , following which K stores the number 1 , corresponding to the fact that 
the "desired operation" has been performed once. On the second pass through 
step 3, the contents of K are incremented to 2, etc., so that each time step 3 
is completed K stores the number of times that step 2 h-is been executed. 
Thus register K does function correctly as a "counter." 
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Step 4 is a branch: two paths of control lead out of sttp 4 on the 
flow chart. (We l ave j»dopted the convention of drawing oval-shaped blocks 
around such branch points.) The "If K < 6" test In step 4 Is a test of which 
computers ar« capable, and this " If statement " operation Is very fundamental 
m computer programming. Between steps 2 and 4 we have a loop, which is 
cycled through five times during the running of the program. 

Step 1, which sets the counter to zero, is essential; without it the 
contents of K, required on the first pass through step 3, would be undefined. 
The operation of step 1 is called Initialization , which means the setting up of 
initial values in registers used in later computations. 

We have in Program 2 the essence of the most Important way In which 
computer programs take advantage of repetitive features of calculations. The 
point Is that the instructions for the operations in step 2 need be written only 
once, even though they are performed many times. 

Now let us go back to our original Program I which averages five num- 
bers. Reorganizing it Into the form of Program 2, we obtain Program 3. 

PROGRAM 3 

I , Store 0 in S. 
2 . Store 0 in K. 

3. Read an input number and store It in X. 

4 . Compute X + S and store the result in S. 

5. Compute K + 1 and store the result in K- 

6. If K < 5 go to step 3. 

7. Compute S/5 and store the result in S. 

8. Write S. 

9 . Stop 

Let us abbreviate such statements as "store 0 in S" as **S -0." Our 
program then can be written in a briefer form (which Incidentally is quite close 
to a program written in the BASIC or the FORTRAN computer language). 
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1. 
2. 
3. 
4. 
5. 
6. 
7. 



PRCX3RAM 3 (Abbreviated Notation) 

S-0 
K -0 

Read Input -X 
S -X+ S 
K *" K + 1 

If K < 5 go to line 3 
S-S/5 

8. Write S 

9 . Stop 

A program that computes the mean of precisely five numbers Is not of 
much general usefulness. However, we can easily generalize our program so 
as to calculate the mean of an arbitrary number N of values. Let us assume 
that the mpnt consists of the value of N followed bv the N values to be av- 
eraged, we shall need an additional register to store N; In fact we may as 
well call this new register by the name N. as our aid In remembering what It 
is used for. This time we give the program (Program 4) In the form of a flow 
chart. 

PROGRAM 4 





1. 


S 0 




2. 


K -0 




3. 


Read Input — N 




T. 




Read Input -►X 




5. 


S *-X + S 




6. 


K -^K + 1 








7. 


If K < N go to 4 





K = N 



9. Write S 
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Note that only a s^nall part of the program embodies the mathematical 
operations of averaging - In fact, only lines 5 and 8. (We will henceforth 
refer to the steps of programs as lines .) The business conducted in the rest 
of the program is referred to by the picturesque name of housekeeping - 
initializing, counting, getting Input data Into the right places, etc. This is 
essential in computer programs because, like the very inexperienced helper, 
computers don't know enough to do any of this without being told. Often 
there are many different ways of organizing housekeeping operations but no 
matter what way is ured considerable ingenuity Is required to keep the house- 
keeping free of "bugs, " just as In real life.* 

Questions 

1. Which lines of Program 4 are examples oi each of the following: 

(a) A loop 

(b) A branch 

(c) Initialization. 

2. In Program 4 

(a) How many times is the loop traversed? 

(b) How many times is the "K < N" path, returning from line 7 to 
line 4, traversed? 

3. What is the result of applying Program 4 to the following sets of 

input data: 

(a) 5, 6.1, .T.6, 6.3, 6.4, 6.1 

(b) 7, 1, 2, 3, 4, 5, 6, 7 

ic' 4, 1.3, 2.0, 3.1, 0.4, 5.1, 7.6, -1.2 

(d) 8, 1.1, 2.3, 4.6, 5.1, 6.2 

(e) -2.5, 6.1, 1.5, B.3, 9.11 



'in computer and electronic jargon "bugs" are errors in writing a program (or 
wiring a circuit) and "debugging" is the process whereby they are located 
and corrected. 

I i f'^ 
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4 . In our development of programming, the choice of register names Is 
to a large extent arbitrary. I.e. a matter of free choice for the pro- 
grammer, (Often names with mnemonic significance are chosen, as 
"N" m Program 4, and also "S" for "Sum." This, however. Is op- 
tional.) To Illustrate this, write an alternate version of Program 4, 
m which the names "Q5," "12," "J9/' and "A7" are used In place of 

"S," "K," "N." and "X." 

5. Let the Input data to Program 4 be 3, 1.2, 2.6, 3.4. Do a trace as 

In Table 5.1, showing the history of the contents of registers K, X, 
and S. 

6. Modify Program 4 so that It will compute the variance of the Input 
data as well as the mean. The variance Is the average of the squares 
of the values, minus the >-quare of the mean. (Use another register, 
named S2, for the sum of the squares of the values read on line 4.) 

7. Do a trace of the program you wrote In answer to Question 6 using as 
input data 3, 2, 3, 5. Does the result convince you that your pro- 
gram Is free of bugs ? 



ERIC 1 i , 
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8 



Program 5 is designed to find the largest of a set of N numbers: 

PROGFiAM 5 




1 . Read Input -* N 

2 . Read Input - B 

3. K -^1 



T 



4 . Itead Input — X 



i 



Q 5. If X< Bgoto7 ^X£JL 

i 



K < N 



7. K *-K + 1 

T 



8. If K < li go to 4^ 



9. Write "THE LARGEST IS" 
10. Write B 



11. fSTOPj 

(a) What Is assumed about Input data? 

(b) Do a trace for the Input data 3, 5, 4, 6. 

(c) How many branches does this program have ? 

(d) Explain the "bypass" from line 5 down to line 7. 

(e) How many times Is the return path from line 8 back lo line 4 
traversed? (Let the first Input number N be arbitrary.) 

(f) Hov/ many times Is the "bypass" from line 5 to line 7 traversed? 

(g) How should the program be modified If It Is desired to compute 
the smallest of the N numbers? 



ERIC 
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A very common type of repetitive computation, In which a simple 
calculation Is repeated over and over on different sets of data, is 
Illustrated by Program 6. Assume that each member of a class of 
N students has taken an experimental measurement of the volume V 
and the mass M of a sample of a certain substance. Let the Input 
consist of the value N followed by the N pairs of V and M. What 
does Program 6 then calculate? 

PROGRAM 6 




1 . Read Input — N 

2. K - 0 



1 » 


3. 
4. 


Reed input — v 
Read Input — M 




5. 


D - M/V 






6. 


K + 1 
















7. 


Write K, D 




K < N/ 












If K < N go to 3 



K = N 



9. 

Now suppose we have a slightly more complicated situation In which 
each student reports a lower bound VI and an upper bound V2 for his 
volume measurement, and a lower bound Ml and an upper bound M2 
for the mass. Modify Program 6 so that it will compute for each stu- 
ci3nt the lower and upper bounds for the density implied by that stu- 
dent's data. 

What does your program assume about the input data? 

1 liij 




-98- 



(a) Write a program which will make a table showing n, , and n** 
for integral values of n from 1 to 100. 

(b) Why does this program apparently have no input? 

n 

Write a program which will make a table showing n# k and 
n k=l 
^ k2 for integral values of n fn^m 1 to 20, 

k«l 

Construct a program which will, like Program 5, find the largest of 
N numbers, but which will also produce an integer indicating which 
of the numbers has the largest value. This Integer should equal 1 ii 
the first is the largest, 2 if the second is largest, etc. In casfe of 
ties, the Integer should Indicate the first of the largest values. 
Construct a program which will find the largest and the second largest 
of N numbers. Hint: After reading N, read the first number into reg- 
ister Al and the second into register A2. Then, If Al < A2, interchange 
the two values, so that It is known that Al > A2 (be careful to do the 
Interchange correctly!). Then read the next number into X. If then 
X £ A2, that value is unimportant and the process may proceed to the 
next input number. If X > A2 , then X can replace A2 . An- Interchange 
of Al and A2 may now be necessary, as we want Al always to contain 
the largest number read to date, and A2 the second largest. 
Use a register named K to count the number of values that have been 
read In to date. To what v'alue should K be set when It Is initial- 
ized? 

A table of loan payments (such as house mortgage payments) Is to be 
prepared. The table Is to have five columns: The first Is to be the 
month M (numbered 1 to 12) of each payment, the second the year Y, 
the third the amount of payment A due at that time, th^, fourth the 
Interest charge C accrued over the past month, and the fifth the prin- 
cipal P of the loan after that payment. 

The input Is to be the month and year of the loan, the total amount of 
the loan (equal to the principal over the first month), the annual per- 
centage rate R and the amount to be repaid each month. Assume that 
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the same amount Is paid each month except In the last month, when 
a lesser payment equal to the entire remaining principal Is made. 
Construct a program to prepare this table. Assume that^each month 

D 

an Interest charge equal to yjX P is accrued, and that the monthly 
payment A is always greater than this. Note that you will have to In- 
crement M until it reaches 12, but on the next step M will have to be 
reset to 1 and Y Incremented. 

5.3 Basic BASIC 

So far we have been discussing how to construct and organize pro- 
grams. We now consider how to express or "code" a program in a computer 
language. The candidate languages include BASIC, FORTRAN. ALGOL, 91 A. 
APL, and perhapc others. We have chosen to use BASIC because it was spe- 
cifically designed to be used by non-specialists on a time-sharing system,* 
and as a result is probably the gasiest computer language to handle at the 
start; moreover, computers using BASIC are widely available. 

As an example of how to code a program in BASIC we Will code Pro- 
gram 4 which computes the mean of N arbitrary numbers. We recall that the 
input was assumed to consist of the value of N followed by the N numbers to 
be averaged. Table 5.2 shows this program written both in the symbolic ab- 
breviated English form we have been using, and in BASIC. 

You can probably infer most of the rules and conventlon| of BASIC by 
examining BASIC programs such as this one, in analogy with learning a nat- 
ural language by the Berlitz method. However, at the risk of spoiling the 
fun, we will explain the conventions and rules of the grammar of BASIC. 



*A time-sharing system Is one which has a central computer connected to a 
number of terminals located at different, convenienL places. Each terminal 
can be used to run programs and a number of terminals can be used simul- 
taneously. 

ERIC i'^ 
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TABLE S.2 

(Program 4 In Symbolic Form and In BASIC) 

BASIC 



Symbolic Form 

1. S *-0 

2. K *-0 

3. Read Input -N 

. * Read input —X 

5. S + S 

6. K *-K + 1 



YES 7 



8. 

9. 
10, 



Is K < N? 

|no 

S -S/N 
Write S 
Stop 



10 LET S = U 

20 LET K = 0 

30 READ N 

40 READX 

50 LET S =^ X + S 

60 LET K = K + 1 



ERIC 



70 IF K < N THEN 40 

80 LET S = S/N 
90 PRINT S 
100 STOP 

110 DATA 3, 1.2, 2.6. 3.4 
120 END 

BASIC was created with a certain teletype keyboard In mind, and as 
a result uses only symbols available on that keyboard: letters, numbers, and 
a few punctuation marks and special signs. No distinction Is made between 
upper and lower case letters. Spaces carry no Information and may be In- 
serted for legibility or omitted as one wishes. 

In BASIC lines can be numbered with any numbers from 1 to 9999, 
(from 1 to 99999 on some systems). Notice that In Table 5.2, In the BASIC 
column, the lines are numbered in Increments of 10. The reasons for this cu- 
rious custom of incrementing line numbers In steps of 10 rather than steps of 
I will be explained when we discuss the secretarial aspects of BASIC time- 
sharing systems, In which line numbers play an important role. 

Now let us discuss each line of Table 5.2. First we have the assign- 
ment statement . The first line "S - 0" translated Into BASIC reads "LET S = 0." 
This means "store the number 0 in register S." Similarly, "S -X+ S" trans- 
lates into "LET S = X + S," which means "compute the contents of X plus the 
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contents of S and store the result in S." Thus, the apparently self-contra- 
dictory statement op line 60, "LET K = K + 1," has the perfectly sensible 
meaning "add one to the contents of K and store the result back in K," or 
more briefly "Increment the contents of K by one." It a common complaint 
thut this Is* a mis-use of the equal sign, but no more suitable sign was svall- 
able on the teletype keyboard for which BASIC was designed. 

Symbols for arithmetic operations may appear to the right of the equal 
sign in assignment statements, as In lines 50, 60, and 80. Multiplication 
must always be Indicated by an asterisk {*), division by a slash (/), and ex- 
ponentiation by an arrow pointing upwards (t), while addition and subtraction 
are, as you see from Table 5.2, indicated by the usual symbols. 

Parentheses may be used as Is customary in algebraic expressions. 
Suppose, for example, that 

The contents of A equals 2. 

The contents of B equals 3. 

The contents of C equals 4 . 
Then the following BASIC coding lines: 

220 LET X = Bt2-4*A*C 

22 5 LET Y = I/A + B 

230 LET Z = 1/(A+B) 
result in the storing of the numbers 

32 _ 4 (2) (4) = -23 in X <on line 220), 

j + 3 = 3 .5 In Y (on line 22 5), and 

—L— = 0.2 in Z (on line 230). 
2 + 3 

^ Output may^'be handled as on line 90 in Table 5.2, where the instruction 

"PRINT S" incJigates that the contents of register S are to be typed out. One 
may have several numbers typed out in one PRINT instruction; thus 90 PRINT S, 
X, K, -N would cause the final contents of registers S. X, K, and N to be writ- 
ten out. Note the use of commas to separate the names of registers. 

The Input numbers are Included as part of the BASIC program, on line 
110, fc • .vlng the word DATA and separated by commas. These numbers are 
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taken In order, starting at the left, as READ Instructions are encountered In 
the execution of the program. 

READ Instructions occur on lines 30 and 40. On line 30, In the sec- 
cond column of Table 5.2, "READ N" means "read the next input number and 
store it in register N." (In this program the number read In by this Instruction 
is the first of the Input numbers, following "DATA" on line 110, namely the ' 
integer 3.) "READ X" means "read the next Input number and store it In reg- 
ister X. " If the input data does Aot fit on one line, several DATA lines are 
used. 

As another example of data Input, which Incidentally Illustrates how 
several numbers can be read In by a single READ Instruction, consider the 
example 

1250 READ A, B, C 

1260 I^T X = Bt2 - 4 * A * C 

1270 READ A, F 

1300 DATA 2, 3, 4, 8.5, -9.2, 2.1 

From line 1300 we see that the Instruction on line 12 50 stores 2 In A, 3 in B, 
and 4 in C. On line 1270, 8.5 is stored in A {erasing Its previous contents, 
of course), and -9.2 is stored in F. At this point one more number remains 
ready for Input, namely 2.1. 

Branching is done with the IF statement. Line 70 "IF K < N THEN 40" 
means "If the contents of K are less than the contents of N, then transfer 
control to line 40; otherwise continue as usual to the next line," 

Other relations can be used in IF statements. A complete list is given 
in Table 5.3. Thus "IF W < = Q TPIEN 850" means "If the contents of W are 
less than or equal to the contents of 0 go to line 850, otherwise continue." 



f 
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TABtE 5.3 


<- — " — 

es 




> 


ofp^ter than 


< 


less than 


>- 


griater than or equal to 


<= 


less than or squal to 


< > 

I . - 


TiOt aqual to 



The "END" statement marks the last line of a BASIC program, and 
"STOP" Indicates a point at which c^omputatlons are terminated.* 

One point which, however, needs further comment Is the matter of 
register names . In BASIC these must either be single letters {as A, S. X, 0), 
a single letter followed by a single numerical digit (as A5, XO, B9, Q4). or 
a single letter followed by an Index enclosed In parenthesis such as A(5) or 
B(212). 

Within these limitations one may name and use a large number of 
registers in BASIC - thousands, if necessary. However, the first operati-^n 
involving any register must be to store a number in it usually by a LET or a 
READ instruction. Otherwise, one has a "bug" in the program, which involves 
asking for the contents of a register whose contents have not yet been defined. 

This completes our survey of basic BASIC . and covers perhaps one- 
third of the total vocabulary of BASIC. This is enough to express quite a large 
class of programs. 

Questions 

1. A trace of Program 4 was done In Question 2 of Section 5.2 . Does this 
trace apply to the BASIC version of Program 4 shown in Table 5.2? 

2. What change Is necessary in order to make Program 4, in Us BASIC 
form, average the numbers 4.1, 5.3, 6.7, 9.r#? 



"How to actually run a program in BASIC on a time-sharing terminal will be 
discussed briefly in the next section. 
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What does each of the following BASIC programs do? (Hint: When In 
doubt, do a trace.) 



(a) 



(c) 



(e) 



(g) 



LET A = 2 (b) 
LET B = 5 
LET C « 12 
LET X « B*B-4*A*C 
PRINT X 
STOP 
END 

LET K = 0 (d, 
READ A,B,C 
LET X = Btr2-4*A*C 
PRINT X 
LET K = K + 1 
IF K < 5 THEN 40 
STOP 

DAIA 2,3,4 
DATA 5,8,10 
DATA -2,6,-3 
DATA 8,9,1 
END 

LET K = (f) 
LET K2 » K*K 
LET K3 « K*K2 
PRINT K2, K3 
LET K = K -I 1 
IF K < 101 THEN 110 
STOP 



10 
20 
30 
40 
50 
60 
70 

20 

40 

50 

60 

70 

80 
100 
110 
111 
112 
114 
200 

100 
110 
120 
130 
140 
150 
160 
999 END 



40 LET X •= 0 

50 LET Y = 1 

70 LET Z « X + Y 

80 PRINT Z 

90 LET X = Y 

100 LETY=Z 

110 IF Z < 10000 THEN 70 

120 STOP 

130 END 



10 
20 
30 
40 
50 
60 



20 
40 
50 
60 
70 
60 
100 
110 
111 
999 



10 
20 
30 
40 
50 
60 
70 



READ A,B,C 

LET X = Bt2-4*A*C 

PRINT X 

STOP 

DATA 2,5,12 
END 



LET K = 0 

READ A,B,C 

LET X « Bt2-4*A*C 

LET K = K + 1 

PRINT K,X 

IF K < 5 THEN 40 

STOP 

DATA 2,3,4,5,8,10 

DATA -2, 6. -3, 4, 11, -7, 8, 9,1 

END 



LET K = 1 «^ 
LET F = 1 
LET K K + 1 
LET F = F*K 
PRINT K,F 

IF K < = 10 THEN 30 
STOP 



100 END 



1} 
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Flnd any bugs present In the following programs, all of which are 



supposed to compute 2*5 times (-1.3): 



(a) 


10 


iJST A 2 . 5 


iD; 


1 n 


TPT & C 9 Si 


20 


LET B = -i .3 










30 


LET C « AB 






X D ^ — 1 • O 




40 


PRINT C * 




25 


PRINT C 




50 


STOP 




30 


STOP 




60 


END 




00 


p vn 


(C) 


19 


LET A - 2 . 5 




CI 
01 


T PT AQ a£ 9 S 


20 


LET B = -1.3 


• 


06 


TPT Al n =: -1 3 




25 


LET C/B '= A 




oo 


T PT riY = A9 *Al 0 






DDTMT 
rlvLIM i 




54 


PRINT CX 




30 


STOP 




55 


STOP 




95 


END 




56 


END 




H U 




ff) 


210 


READ A. B 








212 


LET C = A*B 




A Q 

Ho 






215 


PRINT C 








*1 


216 


STOP 




20 


PRINT C 




9 1 ft 


T^ATA 9 S -1 3 1 3 




90 


STOP 




219 


END 




100 


END 








(g) 


40 


READ A, B 










250 


LET C = A*B 










900 


PRINT C 










1221 


STOP 










1222 


DATA 2 . 5 










1223 


END 









Code the program of Question 6 at the end of Section 5.2 in BASIC. 
Include input data such that the program will compute the mean and 
variance of the 1 C numbers 1,2,3,4,5,6,7,8,9,10. 
Code Program 5 in BASIC, using N = 10 Input numbers of your choice. 
(The program Is to find the largest of these 10 numbers.) Note^: The 
BASIC for line 9 Is 'PRINT "THE LARGEST IS".' (THE LARGEST IS must 
be enclosed by quotation marks. If It Is not, you have a byg because 
the computer reads this as a four word instruction: PRINT THE 
LARGEST IS, which is not part of the BASIC vocabulary.) 



1 

1 1 
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7. Code Program 6 In BASIC « supplying Input date as follows: 



Student 


VI 


V2 


Ml 


M2 


1 


47 


52 


112.1 


112.6 


2 


49 


54 


112.5 


112.8 


3 


46 


51 


111.9 


112.4 


4 


48 


50 


112.2 


112.5 



8. Code the prograr.i of Question 13 at the end of Section 5.2 In BASIC, 
using Input data of your choice. 

9. Code the program In Question 14 at the end of Section 5.2 In BASIC. 

10. Code the program In Question 15 at the end of Section 5.2 in BASIC. 

U, Program 5 Is a trot giving a program In two different languages. Dis- 
cuss whether this can be considered analogous to a trot giving the 
Gettysburg Address in English and in French. What are the points of 
similarity between the computer language example and the natural 
language example, and what are the points of difference? 

12, Below is Program 4 expressed In FORTRAN, another very much-used 
computer language. The more cumbersome way in which input and 
output is handled In FORTRAN, and the fact that FORTRAN distinguishes 
between two types of numbers, called "Integers" and "real numbers," 
are two of the factors that make FORTRAN somewhat harder to handle 
than BASIC at first. 

Without trying to understand everything about this FORTRAN program, 
see, by comparing It with the other versions of Program 4 if you can 
identify some ways in which FORTRAN is similar to BASIC and some 
ways In which the two languages differ. 



Hi 

ERIC 
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SUM= 0 
K « 0 

READ (5,99) NTOT 
99 FORMAT (13) 
10 READ (5,98) XNEW 
98 FORMAT (FIO. 5) 

SUM = SUM + XNEW 

K = K+ 1 

IF (K.LT.NTOT) GO TO 10 
SUM = SUM/FLOAT (NTOT) 
WRITE (6,98.) SUM 
STOP 
END 

/DATA 

003 

1.2 

2.6 
3.4 

13. The successive approximation process for computing the square roots 
(Section 3.6) of some number V generates the following sequence of 



iterates: 



Mx..:^) 



xi - 2 ^"0 X 



0 



1 ... . V 
'1 



'^k+i ? ^ 

Write a program for finding square roots by this method taking - 
as the initial guess. 

Use the fact that for each k, the value of n/V lies in the Interval 
between Xj^ and ZT" to obtain a criterion for terminating the Iterations 



by writing your program so that when 
the iterations will be stopped. 



V 

Xt - — 



becomes less than 10"^, 



11 
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5.4 Running BASIC Programs 

Let us assume that you have successfully "signed on" at a time- 
sharing system terminal, with the assistance of a friend or by following In- 
structions posted on the wall, so that you are confronted by a "live" terminal 
connected to a BASIC time-sharing computer system. Your activity henceforth 
will consist mainly of typing in "lines" and pressing the "carriage return" key 
at the and of every line (step). Each time you return the carriage the line of 
information you have typed In, encoded In some fashion, is ready to go to the 
computer. Being very fast, the computer Is able to look at each terminal 
several times a second (this is why it Is called a "time-sharing" computer), 
and take from your terminal a message, namely the encoded line of typing, 
whenever one is ready to be sent. 

Eventually you will have typed in your entire program, and the com- 
puter will execute it. But until that point is reqched, the computer system 
acts as your personal secretary, taking dictation and frequently putting In 
Its "two cents worth. " The computer will have assigned to you a portion of 
its memory to be your "work space, " in which It will record the lines you type 
in, appropriately encoded. (This will probably be a certain number of "tracks" 
on a "disk file, " which will be identified for you if you take a guided tour of 
the computing cente".) 

The computer, of course, is not really doing zny thinking on Its own - 
it Is slavishly following a very long and elaborate program, which has been 
written by specialists to control the computer during time-sharing operation. 
What you type in Is, in effect, input data for this "operating system" pro- 
gram, and by means of many branches - IF statements, In effect - the program 
can test each line you type In, send you an "error message" if a line violates 
certain conventions of BASIC, or store the line in your work space if it passes 
all tests.* 

*We are here describing a system "dedicated" to BASIC. BASIC Is also avail- 
able on some systems not fully dedicated to BASIC; In this case error messages 
do not occur as you type In each line, but only when you attempt to run your 
program. 
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After you have typed In your er.^ire program (or at Intermediate points 
on demand), the computer system sorts the lines by line number - that Is , It 
arranges them In increasing order of line nuiybers. This Is why every line 
must be numbered. (Try typing in a line without a number, and you will see 
that the computer rejects It, sending you a message of some sort to this 
effect.) If the same line number appears more than once, the computer saves 
only the last line typed in with that number. 

This Is, in effect, secretarial service, performed for you under con- 
trol of the operating system pnDgram. The implications of this service are as 
follows: 

If you want to correct or change a line, just type in the line you want, 
with that line number. That will replace the former version. 

You don't need to type your program in order from top to bottom. Just 

use line numbers correctly. 

If you want to insert one or more lines between two lines of your pro- 
gram, just type in lines with intermediate numbers. This is the reason for the 
custom of incrementing line numbers in steps of 10 as in Table 5.2 in Section 
5.3; unforeseen insertions are then easy to fit in. 

If at any point you want to see what is in your work space, type LIST. 
This will cause the system to sort the lines in your work spaces and then type 
them out for you to see. 

For example, suppose you type in 

10 LET A=5 
20 LET B 0 
10 LETA« 2 
30 LET C = A+B 
200STOP 
210END 
40PRINT C 
20 LET B ' 3 
UST 

Then the computer, under control of its operating system program, will clean 
up the contents of your work space, and type them out; the result will prob- 
ably look something like this; 

iiv 
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t 

10 LETA-2 

20 LETB«3 

30 LET C " P&B 

40 PRINT C 
200 STOP 
210 END 

Note that the lines have been sorted, the last version of line 20 has replaced 
the earlier version, and spaces have been Inserted according to a conventional 
pattern . 

When you are finally satisfied with your BASIC program, or when you 
feel like giving it a whirl, type RUN . The computer will thereupon attempt to 
execute your program. If all goes well, you will see your output appearing 
on the terminal typewrlten each time a PRINT Instruction Is encountered In 
the program, the register contents referred to are sent to your terminal, which 
types them out. When a STOP Instruction Is encountered (or when a bug is 
detected by the system), operation ceases, and you may continue typing Input 
to modify your program. When you are all done you may sign off by typing 
BYE . 

Questions 

1. Have someone show you how to use the terminal you will be using. 
Prepare a sheet for your own future use, which Includes notes on how 
to turn the terminal on, how to sign on, hovy to save and retrieve pro- 
grams, how to sign off, and other such useful information. 

2. Experiment with typing In a program. Type the lines out of order and 
observe how the system sorts them whenever you ask for a LIST. Ob- 
serve how lines may be changed simply by retyping them. 

C.5 Debugging a Bogram ' 

Now, how about bugs? In nature, these come in three families (the 
phylum is arthropoda , the class I nsecta , and the order hemlptera) . Computer 
bugs can also be classified into families. 

The first type of bug Includes those which are recognizable by examin- 
ation of a single line by Itself. These are the least pestiferous as the computer 

116 
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Immediately recognizes and rejects such lines, and asks you to try again.* 
For example, If you type 

100 LETY-X + W 

(accldently hitting the minus sign Instead of the equal sign), one of the tests 
which the system makes on each line of Input will fall, causing the operating 
system program to type out an error message rather than storing the line in 
your work space. 

The second family of bugs includes those which the system does not 
detect and tell you about until you try to run your program. Here are several 
examples; 

(a) 



(c) 



10 


LET i; - I (b) 


10 


LET A = 2 


20 


LET W = 1 


20 


LET B = 3 


40 


LET W = W + K 


25 


LET C = A + B 


60 


PRINT K, W 


40 


PRINT, A, B, C 


75 


LET K = K + 1 


50 


LET E = (A+D)*C 


80 


IF K < 10 THEN 30 


60 


PRINT E 


85 


STOP 


70 


STOP 


999 


:CND 


99 


END 


10 


READ A. B (d) 


100 


LET A = 10 


20 


LET X = A*B 


110 


LET K = 0 


30 


PRINT A,B,X 


120 


LET A = A - l 


40 


READ C ,D 


140 


LET B = 1/A 


50 


LETY'=X+C*D 


150 


PRINT A,B 


60 


PRINT Y 


160 


LET K = K + 1 


100 


STOP 


170 


IF K < 12 THEN 120 


110 


DATA 5.23,-18.7,2.3 


180 


STOP 


200 


END 


9999 


END 



In these programs every line by itself is a plausible BASIC line, yet 
bugs are present: In exampie (a) an IF statement refers to a non-existent 
line, while line 50 of example (b) refers to a register D whose contents have 
not yet been defined (because no number has yet been stored in register D). 
In exampie (c) insufficient data have been provided, and in example (d) divi- 
sion by zero occur-s on the tenth time that line 1^0 is executed. 

*As remarked earlier, this service is provided only on systems fully dedicated 
to BASIC. 
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In each case the execution of the program will be aborted at the {>olnt 
where the bug first causes trouble. An error message Identifying the trouble 
is sent to the terminal, and the terminal Is left m readiness to receive cor- 
rections or additions to the program. Just as If no RUN had ever been requested. 

In example (a) trouble comes Immediately; one of thp first things the 
BASIC system program does when you type RUN is to check the transfers of 
control, sp that in example (a) no calculations will be made. In the other 
three examples, however, some calculations will ta)ce place, and some output 
of the program will be obtained before the bug causes the computations to be 
aborted. 

Precisely what will happen in each case depends on the system. Some- 
times rather than terminating calculations, a wamlnq message is typed out, 
but the calculations are allowed to proceed. In this case you will have to 
deduce what the system did to get around the difficulty if you are to make use 
of the results of the computation. 

The error message one receives usually makes it easy to spot and cor- 
rect bugs. Sometimes, however, it can be quite difficult to locate them, and 
detective work is required. In that case temporary insertion of extra PRINT 
instructions, to yield a partial trace of the calculations, is often helpful in 
localizing the trouble. In this way the computer can be used to help in the 
debugging. 

The third family of bugs are those that produce programs which run, . 

but just don't compute what you want to compute. As a trivial example, sup- 

3 52 

pose you want to compute ^ ^ g g and to that end write the program 

10 READA,B,C 
ZO LET X ~ A/B-C 
30 PRINT X 
40' STOP 

50 DATA 3.52,7.71,1.98 
bO END 

The computer will compute - 1.98 rather than the result desired. In this 

case the bug, which was failure to use parentheses in line 20, cannot be 
detected in the compiling and running of the program. 
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Psrhaps the best protection against such biigs Is to '.nin test cases; 
that Is, to run your program with test values of the Input numbers, and com- 
pare the numbers the computer generates with Independently computed answers. 

Finally, to close this brief glimpse Into life with the computier, we 
should mention the other secretarial services provided by BASIC. These vary 
from system to system. However, there should be some means of storing 
programs In a users* library of the system, usually by typing SAVE . In order 
to do this you have to give your program a name — on some systems you will 
have that done when you start typing It In. Then later you can retrieve your 
program from the library and continue working with 'it. This Is obviously a 
big help if the program Is long, or you are a slow typist. Also, It allows you 
to use other people's programs. Finally, by typing In SCRATCH, or PURGE, 
or KILL followed by the name (find out which applies for your particular sys- 
tem), you may remove the program from the users' library; It Is Important to 
do this as otherwise the library becomes glutted with old programs. 

Some further important secretarial services come under the heading of 
EDIT operations. For example. It is possible to extract portions of a program 
In the library, or to delete portions. It is possible to combine together a num- 
ber of programs or portions of programs into one long program. It is possible 
to resequence line numbers. At first you won't need these editing services of 
the system, but later when you start writing long programs and combining sub- 
programs together, they will come in very handy. 

Questions 

1. Determine by experiment what your particular system does when you 
type in various incorrect lines of BASIC (line number missing. Inad- 
missible register names, missp'^lllngs of words such as LET or PRINT, 
etc.) 

2. Four examples of programs with Type "2" bugs were glvenlli the text. 
Determine by experiment what happens when you try to run these pro- 
grams on your system. Would the behavior of the system enable you 
to locate the bug In each case? 
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Type in and run selected BASIC programs you have prepared to date. 

(a) Type In and run the square root program you coded in Question 13 
of Section 5.3. 

(b) Test this program with several Input values V. For some values 
of V that you use, what Is the approximate jwr cent error In the square 
root whlcn the program computes ? 

(c) Modify your program so that It types out every iterate Xj,X2iX3, 
which it generates. Observe this sequence of Iterates for several 
test cases , and comment on the manner In which the sequence con- 
verges to the answer. 
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Chapter 6. GRAPHS 

6.1 Functions; Independent and Dependent Variables 

Some of the most powerful applications of mathematics are those 
dealing with change and with relatlonshlp.s between changing quantities. As 
an example consider Table 6.1 which Is a record of a temperature sounding 
taken at Washington, D.C. durlngs^e early morning hours of August 15, 1936. 

TABLE 6.1 

Elevation Temperature Elevation Temperature 

(ft) (Op) jit) en 

20 79 
1000 74 
2000 76 
3000 73 
4000 70 

The data are given In two corresponding columns. The numbers In the right- 
hand column refer to the atmospheric temperatures while those In the left- 
hand column refer to the corresponding elevations. Nelthe .f the two col- 
umns taken by Itself is at all useful. However, taken together they convey 
information about the relationship between changes in elevation and corre- 
sponding changes In temperature. A table such as the above is one way a 
relation may be represented. 

We may also state relations In words by describing the conditions we 
impose upon the quantities involved. Consider the following; "For each 
throw of a die record the value on the side facing up." This Is a perfectly 
good relation between the value on the face of a die and the ordinal number 
of the throw. 

Perhaps the most common way of describing a relation between two 
quantities is to write an equation connecting these quantities. For example, 
A « irr^ expresses a relation between the area A and the radius ^ of a circle. 
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6000 
7000 
8000 
9000 
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65 
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56 
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In words, It states that th© area of a circle Is equal to Us radius squared 

times the constant n . 

In the relation A = wrZ the symbols A and ± are called variables Since 
they are used to jepresent many numeric values. In practice whan we are 
dealing with a relation such as the above we usually choose a value for_r 
and then compute the corresponding value of A. That Is, we usually think of 
A as being determined by x» or dependent on _r. Therefore we call A the 
dependent variable and 2 Independent variable . More generally, the de- 
pendent varlabl^wls the variable whose values are obtained after values of 
the Independent variable are chosen. These values of the dependent variable 
may be computed as In the case of the area of a circle or they may be the re- 
sults of measurements as In the case of the data In Table 6.1. There, ele- 
vation, the Independent variable, was varied experimentally and atmospheric 
temperature was measured for the corresponding elevations. 

In many situations as described above. It is convenient to think of 
one variable depending on the other rather than the reverse. For example Ut 
Is more natural to think of temperature as depending on elevation than of 
elevation depending on the temperature. Consequently elevation Is choien 
as the independent variable with atmospheric temperature becoming the de- 
pendent variable. In other cases the relationship between two variables Is 
symmetric In nature and we may arbitrarily ^hoose th? Independent varla1>l^T- 
For example, it Is Just as natural to say that the area of a square depends on 
Its perimeter as to say that the perimeter depends on the area. 

When a relation between tWo variables Is such that for each value of 
the Independent variable there Is only one value for the dependent variably 
the relation Is called a fu nction or sometimes a functional relation. All the 
permissible values of the Independent variable comprise the dpmaln of the 
function whereas all the values of the dependent variable comprise the range 
of the funfctlon. Thus, for example. In the functional relation In, which the 
value on the side facing up on a die is a function of the ordinal number of 
the throwy^the domain consists of all positive Integers while the range is 
restricted to the Integers from I to 6. / ^ 
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Glvlng the values of the Independent and ^pendtent variables in 

numerical form Is nc* the only way of describing a function. The values of 
the two variables can also be described In graphical form using coordinates 
m a rectangular coordinate system. Figure 6.1 is such a graphical represen- 
tation of a typical electrocardl- ^' 
gram. It provides a cpmprehen- S § 2 
-^Ive view of the variations in 
voltage as a function of time, 
much more revealing than could 
be obtained from any tabulation 
of corresponding values. For 



16 




.6 A 10 12 1.4 1.6 1.8 
Time (secon(fe) 

Fig. 6.1 



this reason we shall discuss graphic presentations of functions Intensively 
in this chapter. 



Questions 

1 . If each of the following statements expresses a functional relation 
between the variables indicated, which of the variables would most 
logically be chosen to be the independent variable ? 

(a) The day of the month and the corresponding maximum outdoor 
temperatur^. 

(b) The atmospheric temperature and the position of the sun in the 

* sky on a sunny day. 

(c) The volumes of spheres and their corresponding circumferences. 

(d) The volumes of spheres and their corresponding surface areas. 

2. A useful categorization of variables is In terms of the values which 
they can assume. Sometimes the variables take on discrete values 
each separated by some finite difference. Often, however, they take 
oh all the values contained In an interval on the number line. 

(a) Can you give an example of a function whose Independent varl- 
(able takes on discrete values and whose dependent variable takes 
on all values In an Interval. 



. (b) Clve an example of a function whose domain consists of all 
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values m.an Interval and whose range has discrete values. 

t n; 
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6,2 Choosing Scales for Axes ^ 

When a function Is graphed we usually plot the Independent variable 
horizontally and the dependent variable vertically. Thus In Fig. 6.1 time 
appears as x-coordlnates or abscissas and Is the Independent variable while 
voltage appears as y-coordlnates or ordlnates and Is the dependent variable. 

If we are graphing data from a table, the first step Is to choose the 
size of the scales, that Is, how large an Interval will be represented by 
each pair of horizontal lines of tho graph paper and by each pair of vertical 

f 

lines. Figure 6.2 represents a graph of tlie data of Table 6.2. Each division 
on the vertical axis represents a five-year Interval. Obviously, this is not 
the only possible choice. The same data are plotted In Fig. 6.3 using dif- 
ferent scales; here one division on the vertical axis still represents five 
mlUlon people while one horizontal division represents a 10-year Interval. 
Neither graph Is incorrect, but the one In Fig. 6.2 has advantages over the 
other. If we use a scale like the one shown in Fig. 6.3, on a whole shaet 
of graph paper,the graph will huddle on a small part of the page, leaving 
most of the area blank and therefore devoid of information. A more expanded 
scale like that In Fig. 6.2 makes it easier to plot and read the graph accurately. 

TABLE 6.2 

Population of the United States, 1790 - 1950 
From the Statistical Abstract of the United States 

Population 
(millions) 

75.094 
83.820 
92.407 
100.549 
106.466 
115.832 
123.077 
127.250 
132.594 
140.463 
152.271 





Population 






(millions) 


Year 


1790 


3.929 


1900 


1800 


5.308 


1905 


1810 


7.240 


1910 


1820 


9.638 


1915 


1830 


12.866 


1920 


1840 


17.069 


1925 


1850 


23.192 


1930 


1860 


31.443 


1935 


1870 


39.818 


1940 


1880 


50.156 


1945 


1890 


62.948 


1950 
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Fig. 6.3, This graph pre- 
sents the same data as in 
Fig. 6.2, but plotted using 
a different horizontal scale 



t840 



IS90 



E940 



The population data run from 4.0 millions to 152.5 millions,* and 
the rulings from zero to 160, well below the top of the page. The graph 
could be made to cover most of the whole page by using 40 divisions of the • 
same size as those shown In the figure and letting each represent 

1 52.5 - 4.0 _ millions instead of 5 millions. Figure 6.4 shows a portion 

40 

*Slnce we cannot plot points on the graph to better than about the nearest 
half million, we have rounded off the population data from which we con- 
structed the graph. 
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of the graph of Fig. 6.2 but with each of the original vertical scale divisions 
representing 3.7 millions and starting from 4.0 millions. Such a vertical 
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Year 
Fig. 6.4 

is perfectly legitimate, but it makes plotting and reading the graph laborious. 
When the scale runs from zero to 160 millions, as in Fig. 6.2, in Intervals of 
5 millions, the date at which the population was 2 5 millions, for example. Is 
found easily. Since a graph is intended to be a clear visual display of data, 
an effort should be made to make it easy to read. Generally, one should 
choose the Interval represented by one division so that the graph has simple 
decimal scales on which decimal fractions can be plotted and read easily 
(the scales on a commercial slide rule are examples of this) . 

If zero on one or both of the scafes is not Included on a graph, the 
graph may be misleading if one does not keep in mind where a "missing" 
zero is (somewhere off the paper). For example, the pressure changes in 
Fig. 6.5(a) appear to be very large. Figure 6.5(b), however, which Includes 
zero pressure shows that these changes are. In fact, small. (The difference 
m the two graphs is analagous to comparing numbers by their absolute dif- 
ference and by their percentage differance.) 
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Fig. 5, 5. Highest 
recorded atmospheric 
pressure each month 
m New York City dur- 
ing the period 1869 - 
1963. 
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Whether one includes zero or not depends on the purpose for which 
the graph Is drawn; there Is no general rule. A graph like that In Fig. 6.5(a), 
for example, can be misleading to someone who sees such a graph for the 
first time. (A cllmatologlst, who is often concerned with small pressure 
changes, us9s such^'graphs all the time and Is not misled.) 

Sometimes there Is no question about what should be done. Suppose 
you are taking temperature readings once every minute of a substance as It 
cools to room temperature. You can start your graph at time equai to zero or 
at the actual time your watch shows when you start taking readings. But It 
would be pointless to start at temperature equal to zero, since you know the 
temperature will not fall below room temperature. In this case, room temper- 
ature is the best choice for the origin of the ordinate scale. 

Questlo rs 

1 . Figure 6.6 contains two graphs on one piece of graph paper. The 
lower curve Is a plot of the time of day that Venus rose throughout 
1968, and the upper curve shows the times Venus set. In the same 
year. 

(a) On what date did Venus rise earliest? 

(b) On what date did it set latest? 

(c) On what date was It above the horizon longest? 

2. (a) Use Fig. 6.4 to find the population In the years 1810 and 1840. 

(b) Repeat (a) using Fig. 6.2 . 

(c) Are the points easier to locate In (a) or (b)? 
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SETTING 




RISING 



Fig. 6.6. Rising and setting times for Venus In 1968. ("1" on the 
horizontal scale represents Jan. 1; "2." represents Feb. I, etc.) 
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3, Figure 6.7 shows three possible V ! ? ? ? 

I t I i i i I I i I I I I ^ 

scales for a graph. On each ^ 
one, locate the points: 0.25, 9 i ?...? 

1.7, 1.8, 2.5, 0.33. Are all 

three scales equally easy to ^^^^^{,^^ ^ f^,^^f 
use? If so, why? Fig. 6.7 

4, Label or describe scales suitable for graphing the following sets of 
data. Make sure, not only that all the data described can fit on the 
graph, b'-.t also that Interpolation Is made easy — that the smallest 
divisions coirespond to reasonable numbers. 

(a) Height between 2 and 6 feet 
Age between 0 and 17 years 

(b) Public debt between 240 and 380 billion dollars 
Years between 1950 and 1966. 

(c) Fahrenheit temperature between 32° and 212° 
Centigrade temperature between 0° and 100*^ 

(d) Day of year between 0 and 365 

Time of sunrise between 4:13 and 7; 39 » 

5, The table below gives the masses of steel spheres of different diam- 
eters . Draw a graph of the data . 

Diameter Mass Diameter Mass 

(cm) (gm) (cm) (g?) 

, 0.20 0.03 1.20 7.42 

0.40 0.27 1.40 11.76 

0.60 0.93 1.60 18.00 

0.80 2.20 r.aO 25.00 

1.00 4.30 
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The table below gives the masses of spheres (made of a more dense 
material than Iron) for different diameters. Plot these data on a 
graph . 



Diameter 

0.20 
0.40 
0.60 
0.80 
1.00 



Mass 

JaisL 

0.06 
0.54 
1.66 
4.40 
8.60 



Diameter 
(cm) 

1.20 

1. n 

1.60 

1.80 



Mass 

JassL 

14.84 
23.52 
36.00 
50.00 



Compare your estimates of (l) the absolute uncertainty and (U) the 
relative uncertainty In determining the change In maximum average 
pressure from February to June In both Fig. 6.5(a) and 6.5(b). 



6.3 Smooth Curves and Uncertainty 

Figure 6.8 presents the data of Table 6.1 in graphic form. The lines 
drawn between data points enable us to estimate the temperature at altitudes 
80 
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Eievotion in feet 
Fig. 6.8 f . 
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other than the ones at which measurements were taken. In choosing what 
sort of line to draw on a graph of known data points, one has a wide choice. 
Using straight lines, as In Fig. 6.5, Is a simple choice but not necessarily 
the most reasonable. Note that the lines Joining successive data points 
meet at angles, forming comers all along the graph. If the measurements of 
temperature had been made at altitudes other than those listed in Table 6.1, 
the data points would appear at other places on the graph than on the lines, 
and consequently lines between these points would meet at comers in places 
other than those of Fig. 6.8. The comers have no significance In the phy- 
sical relationship of the temperature to elevation, since the temperature 
changes in a smooth, regular fashion best described by a graph that is a 
smooth curve. 

By drawing a smooth curve that includes the points in Fig. 6.8, we 
can connect them so that there are no comers. This may be done freehand 
or with the aid of a French curve (a plastic template with many different 
curves which may be fitted against the points on the graph to make a smooth 
curve). A smooth curve, like that drawn in Fig. 6.9, is not unique, but de- 




0 1000 EOOO 3000 4000 5000 6000 700O 0000 9000 

Eievatlon in feet 
Fig. 6.9 
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pends on the Judgment of the person drawing the curve. The curve may or 
may not pass through the points that would result from additional measure- 
ments* but it is more likely to do so than a series of straight lines connect- 
ing the points as in Fig. 6.8. The question raised whenever a line Is drawn 
through a finite number of data points on a graph is how closely it approxi- 
mates the physical situation being represented. The greater the number of 
data points In a given interval, the more accurate the graph Is likely to be. 
That is, If the temperature had been measured at intervals of a foot instead 
of 1000 feet, the points plotted on the same scale as Fig, 6.8 (or Fig. 6.9) 
would run together and appear to form a continuous smooth curve on the 
graph, closely approximating the actual physical situation. 

So far, in discussing smooth curves we have assumed that the uncer- 
tainty in the data Is smaller than the uncertainty in actually plotting the data. 
If the uncertainty in the measurements for data points Is larger than this, we 
must take It into account In plotting a graph. In Chapter 1 we represented 
an uncertainty In a physical number by an interval on the number line. If we 
replace a point on each axis by an Interval, we replace a point in the plane 
by a rectangle. 

Figure 6.10 is a graph drawn without taking uncertainties into ac- 
count. It was made from a table of data for the mass and the corresponding 
volume of a metal. We have drawn a smooth curve through all the points just 
as we dfd in Fi^. 6.9. However, if we take into account the uncertainties In 
the measurements (the mass was measured v<2ry roughly with an uncertainty 
of ±5 gm and the uncertainty in the volume was +0.5 cm^), the data are 
consistent with a straight line, as shown in Fig. 6.11. Note that the straight 
line passes within the uncertainty rectangles whose sides are 10 gm and 
1.0 cm^. Of course, the wiggly curve in Fig. 6.10 is also consistent with 
the data. But whenever possible we try to fit data with the simplest possible 
curve. (Occasionally, however, more refined measurements show that an 
earlier and simpler curve is only an approximation of the relation between 
the quantities.) » 
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We do not always draw the uncertainty rectan^eson a graph, but In 
deciding how to draw a curve through a set of data points the approximate 
size of the uncertainty' rectangles must be kept In mind. * 

/ 

Questions 

1. The following problem is best solved using an electronic desk calcu- 
lator or computer: 

For those who watch the stock market, the Dow- Jones Industrial 
* Average is ,^Jt^l Information. From Issues of the Wall Street Journal , 
here are a few days' quotations: 

Dpv/-Jones Industrial Average {November 1969) 
■Open 11:00 12:00 1:00 2;00 Close 

*Nov.7 856.19 859.75 860.22' 8^0.61 860.94 860.48 

Nov. To 862.00 863.45 865.69 865.48 863.52 863.05 
Nov. 11 861.07 861.01 858.96 858.83 859.23 859.75 
Nov. 12 858.57 857.91 858.43 857.97 857.91 855.99 
Nov. -13 853.15 852.69 850.51 849.52 850.45 849.85 
*Nov. 14 849.19 864.88 846.55 847.45 849.06 ~ 849.26 
Nov. 17 846.36 844.24 843.65 843.26 842.99, 842.53 
Nov. 18 840.81 841.21 842.20 842.79 843.19 845.17 
Nov. 19 845.53 843.26 841.80 S41.00 840.62 839.96 



*Frlday 

(a) Take an average value of the Industrial Average for each day and 
plot It with the date. (Remember to Include week-ends when marking 
divisions on the axis.) From the spread of the numbers for each day, 
estimate an uncertainty and use uncertainty lines on the graph. Draw 
a smooth curve through the lines. 

(b) If November 15 had been a tradi^^^tiay, what m<n*** '<wre been the 
Industrial Average ? 

(c) Can you make a similar guess about the possible average for 
Novembers? Why, or why not ? 



The table below gives the masses of different volumes of an alloy. 

The uncertainties were: mass, ±5 gm; volume, +0.5 cm^. Draw a 

graph of the data Including uncertainty rectangles. 

Volume Mass Volume Mass 

(cm^) (gm) (cm'^) (gm) 

1 . 15 10 95 

3 25 12 115 

5 45 13 125 

7 65 IS 155 

8 85 ' 

The table below gives the volumes of spheres of different diameter. 

Draw a graph of the data. 



Diameter 


Volume 


Diameter 


Volume 


(cm) 


{cm3) 


(cm) 


(cm3) 


0.6+0.1 


0.2 +0.1 


2.1+0.3 


5.0+1 


0.8+0.1 


0.35+0.1 


2.5+0.3 


7.0+1 


1.0 +0.3 


0.45 +0.1 


2.7 +0.3 


8.0+1 


1.1+0.3 


0.8+0.1 


3 . 0 ±0 . 3 


12.5+1 


1.4+0.3 


1.0+1 






During an experiment with gases. 


air was allowed to flow 



heater In a tube, and the temperature of the air leaving the tube was 

measured at virious time ST. The data are tabulated below. 

TABLE 6.3 

Temperature Time 
(OQ (sec) 

23.6 30 

24.7 85 
27.3 210 

28.3 305 

29.4 370 
30.0 430 
30.6 490 




- * 

-132- 

The uncertainty in the temperature measurements Is tO.l degree. 
The time Is measured to within +5 seconds. PJot the data with un- 
certainty rectangles and draw a reasonably smooth curve through 
them. How distorted would the curve have been if you had tried to 
draw a ci^rve that exactly passed through all the points? 

6.4 Interpolation and Extrapolation 

You already have some experience interpolating on graphs - determin 
Ing the values of variables between data points or between division marks. 
JWe did this in Section 4 . 5 to make a convenient decimal scale for a power- 
of-ten slide rule and^you hsve Interpolated between divisions on the graphs 
in this chapter.) 

Sometimes linear Interpolation (Interpolating on a graph that has 
straight lines connecting the data points) is as good as Interpolation from 
a smooth curve, but not usually. Table 6.4 gives the distances that can be 
seen over the ocean from various heights above the water. These data are 
plotted in Fig. 6.12. 



• TABLE 6 


.4 


Height 


Distance 


(feet) 


(miles) 


0 


0 


10 


3,9 


50 


8.7 


100 


12.3 


150 


15.1 


200 


17.4 



Suppose you want to know the distances visible from heights of five 
feet and 120 feet. First, from the smooth curve you can read values of about 
2.7 miles and 13.5 miles respectively. T6 compare these numbers with inter- 
polation from a line graph, we can use straight lines between the points for 
zerD and 10 feet, and between the points for 100 and 150 feet (dashed lines 
on the graph)^ Using the lines for Interpolation, one gets 2.0 miles and 
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Fig. 6.12 



200 



13.4 miles. This linear Interpolation Is 2 6 per cen- low at five feet, and 
I per cent low at 120 feet compared to Interpolation on the smooth c'l-ve. 

The drawing of a smooth curve through or close to many data points 
allows us to take account of several adjacent points at once In deciding how 
curved to make the segments between points, while a stralght-llne segment 
Is determined by two points only. Thus, Interpolation by a smooth curve 
uses more than just two pieces of information. 

It Is worth noting that interpolation in decimal fractions is much eas- 
ier If it is done on a graph with a decimally divided scale, as you found out 
when you interpolated on th<^ graph In Figs. 6.2 and 6.4 in answering Ques- 
tion 2 of Section 6.2. 
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The Idea of *lnt. Tpolatlon can be extended to estimating values of 
variables outside the limits of the known points by extending the curve a short 
distance beyond those limits, and these can then be used to make estimates. 
This process Is called extrapolation . In Fig. 6.12, for example, the dashed 
line extending past 200 feet Is an extrapolation of the curve. The further one 
ventures from the known data, the more the curve deviates from the straight 

line, and the errors In extrapolation Increase. 

Both Interpolation and extrapolation should be applied with caution. 
Extrapolation involves venturing Into unknown territory beyond known points 
and should not be trusted far from the known data. Interpolation, finding 
values between known points, seems to be safer. Not all variables inspire 
this confidence, however. 

In fig. 6.13 the size of the U.S. Army plotted at 10-year Intervals 
gives the solid curve. The size seems to Increase smoothly with time. If, 
however. Intermediate points are plotted (x's), the dashe d curve results and 
the enormous effects of World War n and the Korean War become evident. 
In this case, 10-year Intervals are too large to provide an accurate graph. 
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Questlons 

1. In the third paragr&ph of Section 6.4 It Is stated that the "linear in- 
terpolation is 26 per cent low at five feet and 1 per cent low at 120 
feet.*' In terms of Fig. 6.1?, how are the figures 26 per cent low 
and I per cent low' arrived at ? 

2 . From a few calculations of the volume V » j of a sphere (where R 
is the radius) you can plot the volumes and the conespondlng radii 
and then use the graph to read the volume directly for any value of 
R. Table 6.5 gives a few values for V and R. 



TABLE 6.5 



R 


V 


Ft 


V 


(cm) 


(cm^) 




(cm3) 


0 


0 


1,25 


7.24 


0.25 


* 0.07 


1.40 


11.49 


0.50 


0.52 


1.60 


17.16 


0.75 


1.77 


2.00 


33.52 










1. 00 


4.19 







(a) ' Plot the points and draw a smooth curve. From this graph, read 
off values of the volume for radii of 1.10 cm, 1.50 cm, and 1.80 cm. 

(b) In which regions of the graph would linear Interpolation be rea- 
sonable ? 

3. Using the data points in Table 6.2 draw ^ graph of the population of 
the United States during the years 1920 thn^ugh 1950 and extrapolate 
it (using a French curve) to estimate the population in 1980 and 2000. 
How do your estimates compare with those of your classmates? 
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An experiment is done in which a container of water is heated, and 
the temperature read every 0.1 minute.. A table of the data is* 



Time 

/ml m i^on 1 


Temperature 

V 


Time 
(minutes) 


Temperature 
(°C) 


0.0 


29.4 


U • D 




0.1 


30.7 


0.7 


38.3 


0.2 


31.9 


0.8 


40.0 


0.3 


33.2 


0.9 


40.8 


0.4 


34.5 


1.0 


42.1 


0.5 


35.8 


1.1 


43.4 



(a) Make a ^raph of the data . Considering the accuracy to which 
the measurements are given In the table, estimate the size of the 
error rectangles. Are they large enough to be significant on the 
scale of your graph? 

(b) Connect the points with a smooth curve. Does one point appear 
to be out of line? ESraw a better curve through all the points but that 
one. If that point Is actually in error, how much is the smooth curve 
including It distorted In comparison with the curve not Including It? 
If the apparently "wrong" point Is discarded, what Is a reasonable 
guess for the temperature of the water at that time? 

(c) What would you expect the temperature to be at the end of 1 ,2 
minutes ? At the end of 2 . 9 minutes ? 

Most curves, viewed under sufficiently hlg-h magnification, appear 
to be straight-line segments over the field of the magnifier. A simi- 
lar magnifying effect can be obtained by plotting the part of the curve 
that was magnified on a graph where the divisions of the graph paper 
represent very small Increments of the variables. This can be demon- 
strated quite simply by plotting the squares of numbers for several 
choices of scale: 

(a) For numbers from 0 to 2 plot the squares of the numbers from 0 to 2 
on the vertical axis, choosing x-coordlnates (the independent variable) 
on the horizontal axis at Intervals of 0.20. 
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6. 



7. 



(b) Plot the squares of numbers from 0.4 to 0,6 with x-coordinates 
at Intervals of 0.02. 

(c) Plat the squares of numbers from 0.48 to 0.S2 with x-coordlnates 
at Intervals of 0.005. 

(d) Using a straightedge as a standard of comparison, see If any of 
the three curves can be approximated by a straight line for the entire 
length . 

(e) Plot on a magnified scale the squares of the numbers between 
0 and 0.2t and also between 0 end 0.02. Can these graphs be ap- 
proximated by straight lines? 

In 1973 the sK>stal rates for ftrst-class letters were 8 cents for 0 to 
1.0 oz, 16 cents for 1 .0 to 2 .0 oz, 24 cents for 2.0 to 3.0 oz, etc. 
Plot a graph of these pairs of numbers from zero to 5.0 oz. 
In an experiment/ a coin was tossed 300 times and the frequency of 
occurrence of runs of different length of successive heads or of suc- 
cessive tails was recorded. The results are plotted In Fig. 6.14. 
100 



u 
c 

% 80 
u 

o 

I* 40 
I 20 



*'0 I 2 34 5 6 7 8 9 10 
Number of successive heads or toils in a run 

Fig. 6.14 

This is an example of a graph where It makes no sense to connect 
the points or interpolate between them. Each variable can only take 
on Integral values, so that saying that a run of 3,5 heads or tails 
occurred about 16 times Is meaningless. 

(a) If the number of occurrences of runs of three successive heads 
or tails had not been reortted, how would yc i estimate it? 
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(b) The graph In Fig. 6.2 ha6 the population of the United States as 
the deperfdent variable. This variable, obviously, can have only in- 
tagral values. Why is each line connecting the (x^ints an. unbroken 
line and not a series of points representing integral values? 
Suppose you knew only the points shown on the graph in Fig. 6.15. 
At what additional values of x would you like to know the value of 
X before sketching the graph? Explain. 
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Chapter 7. LINEAR AND POWER FUNCTIONS 
7.1 Not^/cton 

In the preceding chapter we discussed ways of constructing graphs to 
display a function. We also pointed out that a graph Is not the only way of 
displaying a function and that. In fact, tables and rules stated verbally or 
algebraically may also be used. 

Whenever we can express a function In algebraic terms, we shall do 
so for compactness and ease of handling. There are no strict niles on what 
letters to choose for what purpose, but ther£ are some general conventions 
which are worth following since they reduce the need for frequent reminders 

of the meaning of symbol:* 

Suppose you want to express the rule "to find the value of the depen- 
dent variable, square the value of the independent varlabl^and multiply It by 
some constant." If instead it making this lengthy statepient you simply write 
a = bc2, without any further explanations, you are not guaranteed that It will 
be correctly Interpreted, the reader may actually understand It as "to find the 
value of the dependent variable a take the independent variable b and multi- 
ply It by some constant c squared." 

To minimize such misunderstandings the following conventions are 

useful. 

(a) Numbers which are not specified but are meant to have a fixed 
value for a given function are called parameters and are often ex- 
pressed by the first letters of the alphabet: a, b, c, d 

(b) Continuous variables are usually expressed by the last letters 
of the alphabet, such as r, s. t, u. y, w. x, jr. and z. In case of 
angles Greek letters such as a, 8, and 4> are also used. 
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Jc) Variables which are limited to non-neyative integers are usuaUy 
expressed by the letters ±, X, k, 1. n\> and n. Applying these con- 
ventions to the rule which we have just spelled out in words could 
yield any of the following "spellings" 

y « ax^ , s « bt^ , x cz^ 
and the chances of misreading this to have the second meaning, 
y = b^x, are very small. 

(d) Often we wish to pick out a number of specific values of a vari- 
able. These specific values need not be Integers, but they can be 
labeled Xg, Xj, or In general Xj or x^, with the corresponding 
values for the dependent variable Yq, y^ , yg / or in general y^ or y^^. 
The Integers serve only to distinguish values of a variable one from 
another, just as a route number on a bus serves only to identify It. 
Integers used In this way are called Indices . 

(g) Many properties of functions can be discussed without spelling 
out the detailed mathematical rule. Thus, a notation Is needed to 
Indicaf that one variable is a function of another. The most common 
one is a shorthand form of the statement is a function of x" and is 
written as y = f (x) read "y equals J. of x. " The notation f{ ) stands 
for a definite rule relating the dependent variable to the Independent 
variable. The Independent variable which Is placed In the parentheses 
in f( ) is also called the argument of the function. If we write y « f(x) 
and u « f(v) we call the variables by different names, but the under- 
standing is that tlie same rule relates y^tox and u to v. If we wish 
to indicate different rules, we use different letters such as y « g{x), 
y = F (x) , or we use Indices such as x «= f ^ (t) , x «= £2 (t) . etc. 
We can think of an equation such as f (x) 2x + 3 as an alternative 
notation for y = 2x + 3 , The power of the f (x) notation lies In the ease with 
which a value of the dependent variable can be specified for a given value 
of the independent variable; for example, the notation f{3) is used to repre- 
sent the value that the dependent variable assumes when the independent 
variable is equal to 3. If fCx) = 2x + 3, then f(3) = 2 • 3 + 3 « 9. That is, 

ERIC * ' 



-141- 



f (3) Is obtained by performing the same sequence of operations upon 3 that 
are performed upon x In thts rule defining the function. 

The argument of a function, the entity placed In the parentheses in 
f( ), may sometimes not be Identical with the Independent variable. For 
example, If y - f(x - 2), then x - 2 Is the argument of the function but x Is 
the Independent variable. To find ^ for a given value of x we first calculate 
x - 2 and then apply the rule IS^to x - 2. For example, when x = 7, 
y = f(7-2) = f(5). 

Questions 

1. Given the function f(x) = 3x + 1, find (a) f(lO), 'b) f(3), (c) f(-l). 

2. For f(x) = 5, find 

(a) f(0) 

(b) f(2) 

(c) What is the range of this function? 

3. Make up a function 1 such that f(3) = 7. Can you make up another 
function 2L such that g{3) = 7 ? 

4. Let p = f(s) be the perimeter of a square expressed as a function of 
the length of its side s. What is the rule forf{s)? Express in words 
the meaning of f (3) . 

5. Let f( ) stand for the rule "take the square of the argument." 

(a) What is f(x- D? 

(b) If y = f(x - 1) , what is the value of y. when x = 4 , 1 , -1 , -9 ? 

6. Suppose you have a function y = f(x) such that f (3) - 10. If z = f(x-2), 

for which value of x will z = 10? 

7.2 Homomorphic Curves » . • 

Suppose a certuin curve is the .graph lea I display of a function y ^ f{x). 
Supi ose further that v;e have another curve which has the same size, shape, 
and orientation as the first curve \Tig, 7.1). That is, we can conceive cf 
the second curve as being generated from the first by displacing each point 
of the original curve a fixed amounf vertically, and a fixed amount horizontally. 
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For example, In Fig. 7.1 the 
dashed curve could have been 
obtained by displacing the 
solid curve four units vertical- 
ly upward and three units 
horizontally to the left. When- 
ever two curves are related in 
this way, we say that the curves 
are homomorph ic . 



Fig. 7.1 

Let the functions describing two homomorphic curves be given by 
y = f(x) and y = g(x) respectively. How are the two rules f(x) and g(x) re- 
lated to each other? To find out, it is best to consider the two possible 
displacements in the plane separately. First, we take a curve displaced 
only vertically (Fig. 7.2). Since for each value of x the value of z on the 
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new curve i^s c units greater than the value of x on the original curve, we 
have g(x) » f(x) + c, where c > 0. Thus, .in words, to find a value of the 

new curve for a given x we use the rule of the original curve and add a num- 

\ 

here. Indicating the vertical displacement. We can therefore write the rule 
for the new curve as . • * 

' j , y = f(x) + c ' (1) 



/ 



y - c = f{x/ 

the homomorphic curve y = g(x) is c units below the original curve 
y = f(x) then, by an apgument similar to the above, the relationship between 
the two functions can be expressed as g(x) = f(x) - c, where again c > 0. 

id. J 

We can express both upward and downward displacements by writing only 
g{x) = f{x) + c and letting c have either positive or negative values. 

Let us now take the case of the horizontal displacement shown in 
Fig. 7.3, The original function is ex- 
pressed as y = f{y) and the function ho- 
momorphic to it as y = h(x), displaced 
three units horizontally to the right. 
Consider a given point on the curve 
y = h(x) , say, x = 7, for which 
h(7) = 5, For which value of x is 
f(x) ~ 5? Since the curve correspond- 
ing to y = h(x) was generated by dis- 
placing the curve corresponding to 
y = f(x), three units to the right , the 
value of X, for which f (x) = 5, will 
be three units to the left of 7 , i *e at x = 4 , 

\i\ general, If the curve y - h(x) is generated by displacing the curve 
y =^f(x) to the right by d units (d ^ 0) (Fig. 7.4), then applying the rule h( ) 




Fig. 7.3 



to any value of x will yield the same number as /applying the rule f( ) to 

y = f(x-d) ^^(2) 



x - d. Hence h(x) = f(x-d) and the rule for^the new curve becomes 




X 

Fig. 7.4 



Here again, as with the vertical displacement, our illustration js 
based on the homomorphlc curve being to the right of the original curve. 
However, just as with downward vertical displacements, by denoting dis- 
placements to the left by negative values of d we can use the equation 
y = f(x-d) for both types of horizontal displacements. 

We can now combine these displacements. Given a function y = f(x), 
the y values on a curve homomorphlc to it, displaced c units vertically and 
d units horizontally is 

y = f (x - d) + c (3) 

or 

y-c = f(x-d) 

Questions 

1 . Given some arbitrary curve . how many curves can be constructed 
which are homomorphlc to it? 

2. By use of vertical and horizontal displacements, find whether the 
curves given mfig. 7.5 are homomorphlc . 
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I TTT TTI (b) 



If a curve AB is homomorphic to a curve CD, and CD in turn is homo- 
morphic to EF, is AB homomorphic to EF ? Give your reasons. 
In plgne geometry one uses the congruence relation: Two plane fig- 
ures are said to be congruent if one can be exactly superimposed on 
the other. How is congruence different from homomorphism ? 
A curve is described by the rule y = x^. What Is the rule for the 
curve homomoiphic to it, displaced three units horizontally and four 
units vertically? 
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6. Each of the functions f(x) below can be dlsplaypd by a curve y « f (x) . 
For each case state the functions for the curves displaced by the 
amounts indicated. 

Horizontal Vertical 
Displacement Displacement 

(a) f (x) = l/(x+ 1) -2 10 

(b) f{x) - 2 3 -1 

(c) 'f(x) = x/{x+l). I 0 

7. Let n be the ordinal number of the throw of a die and t the value 
showing on the top face, I Is a function of n. Call it g{n). 

(a) What Is the domain and range of g(n) ? 

(b) What is the domain and range of h(n) = g(n+ 3) + 10? 

(c) How would a graphical display of h(n) be related to the graphical 
display of g(n) ? 

7.3 Direct Proportions ( 

A very common relation between a dependent and Independent variable 
Is that when the independent variable Is doubled or tripled so Is the depen- 
dent variable. In other words, their ratio Is a constant 

X 

Written in the form y = f(x) this says that 

f(x) = ax (4) 
This function Is referred to as a direct proportion and the parameter a Is 
called the constant of proportionality. 

Mathematically the domain and range for this function extends over 
the entire number line. However, if the variables are not pure numbers but 
are measures for definite quantities, practical consideration may restrict the 
domain. For example, the circumference of a circle as a function of Its di- 
ameter is given by f(x) = ttx. The diameter of a circle cannot be negative, 
hence in this case the function makes sense only for x 0. 

Figure 7.6 shows the graphs of several direct proportions for various 
values of the constant of proportionality. Note that graphs of direct propor- 
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tions constitute a family of straight lines ttirough the origin each of which 
can be generated by vanning the constant of proportionality. 

Y 

--I2 / 



Lines representing functions with positive constants of proportionality 
are directed upward to the right, while lines which are graphs of functions 
with negative constants if proportionality are directed downward to the right. 

The graphs in Fig. 7.6 could represent a multitude of real situations. 
For example, the two lines with a positive constant of proportionality, could 
represent the mass of a liquid as a function of its volume (for x > 0) or the 
position of a point on a line as a function of time. The line with the nega- 
tive constant of proportionality might represent the force exerted by a spring 
as a function of its stretch; the negative value Indicates that the force is 
opposite in direction to the stretch. 
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The steepness of the line Is related to the value of the proportionality 
constant. Functions having proportionality constants whose absolute value 
is larger have steeper graphs than functions with constants of proportionality 
whose absolute value is smaller. To obtain the constant of proportionality 
from the graph of the function we can choose any point on the graph and di- 
vide its y-coordinate by Its x-coordlnate . A note of caution Is needed here: 
the values of the corresponding coordinates must be obtained by reading them 
off the scales used along each axis. These scales, on the two axes may be 
different as In Fig. 7.6, thus finding the values of the coordinates by mea- 
suring along both axes.wlth a ruler would result in errors. 

When the dependent and independent variables have different units, 
then the constant of proportionality has th'* units pf a specific quantity ar- 
rived at by dividing the unit of the dependent variable by the unit of the In- 
dependent variable {see Section 2.4). Thus in the examples which we have 
Just mentioned, the constant of proportionality defined the following specific 
quantities respectively: density (mass £er unit volume), velocity (displace- 
ment per unit time) and the force constant (force per unit length). 

Questions 

1 . The relation between feet and yards is given by the equation y = 3x. 

(a) What does y represent? What does x represent? 

(b) Interpret 3, the constant of proportionality. 

2. Which of the foljowing functions are approximately direct proportions? 
For the cases which are, write the corresponding equation and indi- 
cate reasonable values for the domain and range of the function for 
which you expect the direct proportion to be valid. 

(a) The height of a building and the number of floors. 

(b) Age and weight. 

(c) Weight of a package and price of postage. 

(d) Number of telephone calls and telephone bill. 

(e) Weight of patient and amount of medication. 

(f) Age of tree and thickness of tree. 

o 
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For a certain' kind of paper one sheet Is 3 x 10' ^ cm thick; 

(a) Plot the thickness of a book m^de with this paper as a function 
of the number of pages It has. \ 

(b) What is the constant of proportionality? 

(c) What is the algebraic formula relating the number of pages and 
thickness? 

Figure 7.7 represents the masses of samples of some substance and 
the corresponding volumes. 

10 



8 




5. 



0 2 4 6 8 iO 12 14 16 

VOLUME (cm*) 

Fig. 7.7 

(a) What is the mass per cm^ of this substance ? 

(b) What is the function that corresponds to this straight line? 

(c) What Is the constant of proportionality? 

(d) On the same graph draw the line corresponding to mass vs. vol- 
ume of water. 

(e) Given two lines on a mass-volume graph, how can one readily 
see which corresponds to the denser substance? 

What is the equation of the straight line through the origin and the 
point (-3.6)? Through the point (100,1)? 
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6. A straight line passes through the origin and the point (c.d). How 
can one tell the sign of the Constant of proportipnality of the coire- 
spondlng relation by just looking at the signs of c and d? 

7. Often a constant of proportionality Is given as a rate . What propor- 
tion Is Implied by the statements: 

(a) the rate of exchange of Swiss francs is 0.32 dollar per franc? 

(b) the rate of flow of water over a dam Is 50 cm^ per minute? 

(c) the rate of Interest is 10 per cent? 

8. An electronics firm lists the following prlcesr for different quantities 
of a certain brand of capacitors as follows: 

Lots of 1-24 at 48<? each 
Lots of 25 - 49 at 35«? each 
Lots of 50 and up 27<; each 

(a) Plot the cost of the capacitors as a function of their number. 

(b) Would you order 23 capacitors? 

7.4 The Linear Function 

We have seen that the relation y = ax describes a whole family of 
graphs, straight lines passing through the origin, whose steepness is deter- 
mined by the value of a. We can, of course, construct lines that do not 
pass through the origin and are homomorphic to a line described by y = ax, 
by displacing each point on the line corresponding to y = ax by a fixed amount 
b in the vertical direction. Tnis procedure changes any function y «= f (x) into 
y = f(x) + b (Section 7.2). Therefore the function described in the graph 
homomorphic to the graph of y = ax becomes 

y = ax + b <5) 
Because the graph described by this equation is a straight line the function 
f(x) = ax + b is called a linear function . This function has two parameters 
a (a /O), and b. Note that forx = 0, y = b. Thus the line crosses the y-axls 
at y = b. For this reason the parameter b is called the y intercept . Figure 7.8 
shows several lines homomorphic to the line given y = O.Sx, which were ob- 
tained by varying b, the ^ intercept. 
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To Investigate the meaning of the parameter a In relation to the graph 
of a linear function, we graph some functions with the same value of b but 
different values of a (Fig . 7 . 9) . As was the case with the direct proportion, 

IX) ^ G«0.5 




Fig. 7.9 
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the steepness of the Una is determined by a which Is therefore called the 
slrr** of the llneeir function. 

If a = 0, Equation (5) becomes 

y = b 

that is, the dependent variable has the same value for all values of the in- 

# 

dependent variable. For this reason, y = b is sometimes referred to as a 
constant function . An example of such a function is the graph of the density 
of pieces of aluminum versus their volumes (Fig. 7.10). The constant func- 
tion is not considered a special ca-e of the linear function since a linear 
function by definition has a first degree term In Its independent variable. 



3.0- 



lO 

E 



2.0 



c 



10 



1.0 2.0 3.0 4.0 5.0 6.0 7.0 
Volumt In cm^ 

Fig. 7.10 



Questions 



1 



Lines homomorphlc to that given by y = ax can also be generated by 
moving each point a given amount horizontally: y - a(x-d). Does 
"his procedure yield any straight lines that cannot be generated by a 
vertical dlsplacemei.l of the form y = ax + b? 

Under what conditions does the function y - c = a{x- d) describe the 
same straight line as y = ax? ■ 
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3. The centigrade and Fahrenheit temperature scales are related as fol- 
lows: QOC is equal to 32°F, and each lOC is equal to 1.8°?. 

(a) Express the temperature In degrees Fahrenheit as a function of 
the temperature In degrees centigrade. 

(b) Plot the corresponding graph. 

(c) Is there a temperature which Is expressed by the same number 
on both temperature scales? 

4. The following table was taken from a Federal Income Tax Brochure: 

Taxable 

Income Tax 
Not over $500 14% of the Amount 

But not of Excess 

Over - Over - Over - 

$500 $1,000 $ 70+15% $500 

$1,000 $1,500 $145+16% $1,000 

$1,500 $2,000 $225+ 17% $1,500 

$2,000 $4,000 $310+19% $2,000 

What kind of function describes the dependence of the tax on the 

taxable income? Plot the corresponding graph. 

5. Write a computer program to calculate the income tax for taxable in- 
comes up to $4, COO. Use the information given in the preceding 
problem . 

6. A straight line parallel to the ^ axis does not describe a linear func- 
tion. Why? 

7. The equation of a straight line can also be written in the form 

- + ^ • 1 . What are the geometric meanings, of m and n? 
m n 
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7.5 Finding the Equation of a Straight Line 

Often the purpose of a scientific experiment is to determine If there 
exists a simple functional relationship between two quantities - for example, 
between the volume of a gas and Its temperature. To get a feel for the nature 
of the relationship, the experimental data are usually graphed. As you be- 
come familiar with the graphs of some simple fundamental functions, you 
will often be able to get an idea of what kind of functional relationship 
might exist between the two quantities by looking at the graph. 

A linear relationship Is the easiest to recognize because It is only 
necessary to decide If the points representing the experimental data (taking 
Into consideration the uncertainties of the measurements) lie close to a 
straight line (Fig. 7.11(a)). If they do, then you have to decide how to draw 
the line best fitting the points (Fig. 7.11(b)). To do this reasonably well re- 
quires practice, which Is best obtained by actually doing experiments in a 
laboratory and graphing the data. However, once the line is drawn, to find 
its equation, that Is. to determine the values of the parameters a and b In 
the expression 

y = ax + b 
is a purely mathematical question. 

Suppose we end up with a straight line like the one in Fig. 7.12. 
We rhoose two points, P and on the line (as far apart as possible), and 
note their respective coordinates (x^ .y^) and {x2.y2)' Since the points P 
and 9. are on the straight line their coordinates satisfy the equation 

^l ~ ^'^l ^ 

and 

y2 = ax2 + b 

We can solve these two equations for a and b in two steps. First we 
subtract the first equation from the second and get 

^2 " ^1 ^ a(x2 - x^) 



or 



a = 



X2 - 



(5) 
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Using the now known value of a we can calculate from 

b = - aX| 

If the slope a of a straight line pasglhg through the point (Xj.yj) Is 
given, then we can find the equation of the line simply by substituting the 
value bf b from the last equation In Equation (5): 

y = ax + y^ - ax^ 

or 

y = yj + aCx - x^) v7) 
In the precedtng section the parameter a was defined as the slope. 
As Equation (6) shows, it can be obtained by dividing the change In the de- 
pendent variable by the corresponding change In the Independent variable. 
Thus, the slope gives the rate of change of the dependent variable with re- 
spect to the Independent variable. Any two points on a given straight line 
yield the same slope. Therefore, the slope of a straight line Is a property 
of the whole line. We shall see In the next chapter that curved lines do not 
have this property. 

Since only the change In coordinates enters Into the calculation of 
a slope Equation (6) ^s often written as 

a ~ . ^ 
Ax 

Questions 

1. A straight line passes through the points (-2 , 3) and (~4. 4), 

(a) Draw the line. 

(b) What are the values of ax and Ay. 

(c) Use them to find the slooe and the y~intercept of the line. 

2. A straight line passes through the points with the coordinates 
(xj ,yj) and i^2'^2^ ' 

(a) Under what conditions will the slope be positive? Negative? 

(b) How would you describe in words a line with negative slope. 
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3. Suppose you plot the displacement of a moving point as a function of 
tlme^and find that the points fit a straight llna^of the form y = ax + b, 
where x Is given In meters and x Is given In seconds. What are the 
units of a and b? 

4. Find the equation of each of the lines In Fig. 7.13t 
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5. (a) What is the equation of the line throrgh (-1, 2) with slope -5? 

(b) What is the equation of the line through (5, 6) with slope -? 
5. Write a computer program which computes the values of the parameters 

a. and b given the coordinates of any two points on the line. 
7. The slope of a straight line is independent of the two points selected 

to calculate It. Yet the text suggests to choose these points as far 

apart as possible. Why? 
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Which of the tables below describe a linear fanction? 
Hint: The slope of the linear function (Vg - Vi^^^^i ' ^1^ ^ charac- 
teristic of the function and is the same for any values of and X2 
which are used to calculate It. 



(!) 



^2) 



^3) 



X 


y 


X 


y 


X 


y 




-3 


0.1 


^ 2.01 


I 


2 


0 


-5 


0.2 


3.01 


2 


4 


1 


-7 • 


0.3 


4.0L 


3 


8 


2 


-.9 


0.4 


5.01 


4 


16 


3 


-11 


0.5 


5.01 


5 


32 


4 


-13 


0.6 


' 7.01 


6 


64 


5 


-15 


0.7 


1 8.01 


t 





7.6 The Quadratic Function 

In this section we shall study functions of the form y = ax^ , where a 
is a constant. The curve corresponding to this function is called a parabola . 
FiqurG 7.14 shows a number of parabolas corresponding to different values of 
a. As you Ctin see, the parabolas corresponding to positive values of a have . 
their branches pointing upward, whereas parabolas corresponding to negative 
values of a have their bra nches pointing downward. Notice that all the graphs 
are symmetrical alo i*. t!" : y dxib; that is, the points on the curves to the right 
of the ^ C5X.: Mil idti directly on the corresponding points to the left of the 
- axio the graph paper is folded along the ^ axis. The axis of symmetry, 
the Y axis, is called the axis of the parabola, and the point of the parabola 
which lies on the axis of symmetry is called the vertex of the parabola. 

Any curve that is homomorphic to a curve whose equation «s y - ax 
is also a parabola. Figure 7.15 shows a parabola whose equation is y = ax^ 
and another parabola homomorphic to it with the equation 

y-n=a(x-m)2 ^ 
= ax2 - 2amx + am2 
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As In the case of the linear function, we can find a standard form for 
this equation. Because a, m, and n are constants, so are the combinations 
-2am and (am2 + n). and we shall call the first combination b and the second 
combination c; that is, -2am = b and am^ + n = c. Thus, any parabola whose 
axis Is vertical is described by a function of the form 

y = ax2 + bx + c 
vyhere a ^ 0. This Is called a quadratic function. 

Any parabola with a vertical axis Is the graph of a quadratic function. 
The converse Is also true: any quadratic function y - ax2 + bx + c describes 
a parabola with a vertical axis. This Is so because given a, b, and c we can 
always transform the equation y = ax2 + bx + c Into an equation of the form 
y - n = a{x-m)2, which describes a parabola with Its vertex at (m,n). To do 
this we solve the two equations 

-2am = b 
am2 + n = c 

for m and n. From the first equation we get m = From the second we 

get n = (c~am2) and substituting the value of m we have just found, we get, 
for the two constants {if a ^ 0), 

b 

and 1^2 

n = c - ~ 
4a 

Using these values of m and n In the equation for a parabola y - n = ai'x - m)2 . 
we have 

f ^ \ r f ^n2 

We h- ^ shown, therefore, that any quadratic equation of the form 

^ ax^ + bx + c describes a parabola with a vertical axis' and a vertex at the 
point — , c-;^^). 
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Questlons 

1 . Consider the function f (x) = irx2 . What Is Its domain and range 

(l) If the variables have no geoiretric Interpretation, and (ll) If they 
describe the area of a circle as a function of Its radius. 

2. Sketch the parabolas corresponding to the following functions. Try 
to guess the general shape of each parabola In the given domains 
before sketching It. Make each sketch on a different sheet of paper, 
(a) 



ib) 

(c) 
fd) 




for-4£x<4 and lOfxflS 



-1 < X < 5 



(e) y = x2 - 8x + 18 0 < X < 2 

3. Express the parabola y - 3 = 2(x - 2 )2 m the form y = ax2 + bx + c. 

4 . Express the parabola y = 2x2 - 4x + 9 In the fonn (y- m) ^ a{x- n)2 . 

5. Does the equation y = 2x2 4. 2x describe a parabola ? 

6. Describe the axis of a parabola when the constant b in the equation 
y = ax^ + bx + c is zero. 

7. What is the effect on the parabola of changing the constant c In 
y = ax2 + bx + J ? 

8. On a piece of graph paper mark off an x scale running from -3 to 3. 
Mark off a ^ scale from -10 to 10. Graph each of the following func- 
tions using these scales. 

(a) x2 - 50x + 100. 

(b) 0.05 x2 + 2x + 3 

(c) Give an equation for a parabola which is very nearly a horizontal 
line for this range of values of x. Plot the parabola. 
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7.7 Recognizing Quadratic Functions from Graphs 

In Fig. 7.16, three different functions of x, fj(x), fj^x). and fg'x) 
are graphed. The question Is: Do any of the graphs correspond to a function 
^>».,^f the type y = ax2 , describing a parabola with its vertex at the origin? This 
is the kind of question which arises when you have a curve passing through 
the origin with a shape similar to one of the curves In Fig. 7.16. 

A simple way to aofl4^ the question consists of calculating for a 



number of values of x and graphing ^ as a function of a new variable z = x^ 
Instead of as a function of x . If any*^of the graphs In Fig. 7. 16 Is, In fact, 
a graph of the type y = ax^ , then the graph of y = az must be a straight line 
with the slope a . Figure 7. 17 shows the results we get when we graph 
y vs . z = x2 using values for x and ^ obtained from Fig . 7.17. Only the 
graph in Fig. 7.17(c) Is a straight line with a. slope 0.6. We therefore Infer 
that fgCx) = 0.6x2 . whereas fj(x) and f2(x) do not express a function of the 
type y = ax2 . ^ 

Another way to find out if a set of data Is compatible with a relation- 
ship of the type y = ax2 is to calculate ^ for different points ^x,y) on the 
original curve and see If this fraction remains approximately constant. 

Table 7.1 gives the result of such a calculation made for values of x and ^ 

fgtx) 

taken from Fig. 7.16. As you can see, the ratio — 7- Is constant within the 
accuracy to which the graph can be read . 
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TABLE 7.1 



X 




f2(x) 


13 w 








0.0 


— 


— 


— 


0.3 


0.78 


1.78 


0.56 


0.3 


0.52 


1.44 


0.60 


0.8 


0.39 


1.13 


0.59 


1.0 


0.34 


1.00 


0*60 


1.5 


0.31 


0.82 


. 0.60 


2.0 


0.32 


0.71 


0-60 


2.5 


0.36 


0.63 


. 0.60 


3.0 


0.42 


0.58 


0.60 


3.5 


0.52 


0.54 


0.60 


4.0 


0.67 


0.50 


0.60 



If a graph does not pass through the origin. It cannot, of course, be 

described by a function of the form y = ax2 . but It could possibly correspond 

to the more general form y = ax2 + bx + c. If the graph clearly indicates a 

point that Is a maximum or a minimum and is symmetrical about a vertical line 

perpendicular to the curve at this point. It Is possible that this point Is the 

vertex (m.n) of a parabola and we can look for a relation of the form 

y - n = a(x- m)2 . We can do this by plotting y - n as a function of (x - m)2 

to see If we get a straight Una whose slope equals a . Or we can calculate 

y " " to see If this fraction remains very nearly constant for different points 
(x-m)' 

on the curve. If so, the fraction Is the value of a. We can then write the 
equation describing the curve, since we now know the values of the three 
parameters (a , m, and n) needed to specify the particular parabola with 
which we are dealing. 

If it Is not possible to determine the position of a possible vertex > 
other methods must be used. We shall Illustrate one of these methods which 
can be used to check whether a graph IS a parabola and. If so. to find the 
particular quadratic function which describes It. Consider Fig. 7. 18 {notice 
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that we have used different scales on the x and y axes to best utilize the 
graph paper) . The problem is to check If the function could be of the form 

y = ax2 + bx + c (8) 
To find the values of the three parameters a, b, and c, we need 
three equations. The coordinates of any three points on tha graph should 
satisfy Equation (8). Choosing three such points. A, B, and C on the graph 
{A and C near the end, and B near the center) with coordinates (xj^^yj^), 
(x2,y2)» and 0<3,y3)» we have the required three equations: 

- ax^^ + bx^ + c 

Y3 = ^^3^ + bxg + c 
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Here the values of (x^^y^), ^I'^l^' ^3*^3^ known and a, b, andc 
are unknown. They can be found by solving the three equations for a, b,and c. 

For the coordinates of the points A, B, and C In Fig. 7.18, the three 
equations become 

3 «= a + b + c 
7 «= 4a + 2b + c 
27*= 16a + 4b + c 

which have the solution* 

a = 2 , b « -2 , and c = 3 
Using these values for a, b, and c as coefficients In the equation 
y = ax^ + bx + c gives the function 

y = 2x2 - 2x + 3 

describing a parabola that passer through the points A, B, and C on the curve 
we started with. The question is whether the graph of this function will also 
pass through (or ai least close^to) the other points on the original curve. To 
investigate this we can proceed In different wayc. We can draw the graph 
corresponding to the equation directly on the graph oC the original curve or 
we can determine the position (xQ,yo) of the vertex of the p^-^bola by using 

b b^ 

the coordinates for the vertex (-~, ^ ' mentioned In Section 7.6, and 
se*» If — - — -TT is nearly constant for points alonci the original curve. In 

(X - Xq)^ 

practice we shall find pmall deviations, and we shell have to decide whether 
the deviations, whose size, in part, depends on the maynltude of the errors 
in the experimental data used in making the original graph, are sufficiently 
small to allow us to use the equation to describe the experimental data . In 
general, we cannot expect that the coefficients In an equation derived from 
a curve made from the experimental data will be represented by small inte- 
gral numbers, as in our example, so the actual work In calculating a, b, 
and c win be somewhat harder. 



i 

*The solution of simultaneous linear equations is dlscusse^ in the appendix. 
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Questlons 

I. Which of the curves In Fig. 7.19 to 7.21 are parabolas, and what 
are their corresponding functions? 
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2. What restriction Is placed on the parameters of a parabola if 

(a) one insists it go through (0.0) ? 

(b) one insists It go through (1,2)? 

(c) one insists It go through both (0,0) and (1,2)? 

(d) one wants It to pass through (0,0). (1,2), and (2,4)? 

3 . (a) Tiy to fit a parabola to three colllnear points (points lylr^ on 
the same straight line) by using the procedure of Question 2 on the 
points (0,0^ (l.l), (2,2K 

(b) What do you think happens tn general when one tries to fit a 
parabola to three colllnear points? 

(c) At how many points can a straight line intersect a parabola? 
What relation has this to your answer for (b) ? 

4 . How would you extend the method for recognizing a graph correspond- 
ing to y « ax2 to recognize a graph corresponding to y ax3? 

y = ax"? Are there any restrictions on the value of n? 

7.8 Inverse Proportions 

We saw m Section 7.3 that a direct proportion Is a relation betyveen 
two variables such that whe. the Independent variable Is doubled so Is the 
dependent variable. Another frequently occurring relation Is one where the 
effect of doubling the Independent variable is Just the opposite. In other 
words, when the independent variable Is doubled the dependent variable is 
halved, or In general 

f (X) = ' (9) 

This function Is referred to as an inverse proportion . Note that for any value 
of X > 0 or X < 0 the corresponding value of ^ Is uniquely determined, however, 
when X = 0 the function Is undefined and we do not have a value for jr. There- 
fore, the domain of the Inverse proportion consists of all values of x except 
X - 0. Just as with the direct proportion, however. If the variables are mea- 
sures of definite quantities, practical considerations may restrict the domain. 
For instance, the volume of a gas as a function of its pressure Is given by ^ 



r 
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f(v) = ^. Since volume carnot be negative, the function Is meaningful only 
f or V "> 0 . 

In Fig. 7.22 the graphs of y = ~, each called a rectangular hyperbola , 
are drawn for a - 2 and a «= -2. Notice that each rectangular hyperbola con- 
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Fig. 7.22 (b) 



slsts of two branches or parts. When a Is positive, the branches He in the 
first and third quadrants of the coordinate system (Fig. 7.22(a)), however, 
when a is negative they He in the second and fourth quadr-nts (Fig. 7.22(b)). 
Furthermore, for a 0 the line y = -x is tnu axis of symmetry of the whole 
figure while the line y = x is the axis of symmetry of the individual branches . 
For a 0 the two axes of symmetry are interchanged. 

a 

The family of rectangular hyperbolas described by the function y = - 
In Fig. 7.23 shows how the value of a affects the rectangular hyperbolas. 

In all cases, note that as x increases, y decreases and the curve 
gets closer to the x axis, but never meets it. This can be seen by consider- 
Ing the analytic expression y = - describing the curve. If we choose x "*> a 
(read "x much greater than a") ^ becomes much smaller than 1 and the curve 
Is close to the x axis. But we can always choose a still larger value for x, 
making oven smaller but still not zero. In fact, no matter how large we 
make x, the value of y will never be zero and the curve will never meet the 
X axis. The same behavior occurs for very large negative values of x. 
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Y 




A line which a curve approaches but never meets .s called an 
asymptote . As you can see from Fig. 7.22, not only Is a curve representing 
y = ^ asymptotic to the x axis; It Is also asymptotic to the ^ axis. To see 
this, consider the equation y = rewritten as x = -. -If x s taken as the 
Independent variable, Increasing positive values of ^ lead to decreasing 
values of x, but x never becomes zero ^.nd the curve Is asymptotic to the 
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y axis. The same is true for Increasing negative values of i^. The Intersec- 
tion of the asymptotes of a hyperbola (in this case the origin of the coordinate 
system) Is called the center of the hyperiaola. 

Since the function x - - never equals zero, no matter how large v is 
made, the equation of a hyperbola In the form y = - Is undefined for the par- 
tlcular value x = 0. We say that the function has a singularity at the value 
of X that lies on a vertical asymptote. 

Following the procedure developed In Section 7.2, hyperbolas homo- 
morphic to the one described by Equation (9) are given by 

y > c = f(x-d) =— ^ (10) 
' X - d 

All points on the graph displaying this function are displaced d units hori- 
zontally and c units vertically relative to the corresponding points on the 
graph of y = ~ (Fig. 7.24). 

Y 




X 



Fig. 7.24 
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Questlons 

The equation y ~Ji - ^^-^ can be rewritten In the standard form 

yx + mx + ny » g 

Find the relationship between the parameters a, c, d, and the param- 
eters m. n, £ of the two equations. 

(a) What are the equations for the asymptotes of the hyperbola given 



by y - c = 
y = -? 

X 



X - d 



which Is homomorphfc to the hyperbola described by 



(b) What are the coordinates of the center of this hyperbola ? 

(c) Does the value of a In the equation In part (a) affect the 

asymptotes? ^ 

3. (a) Write down thfe equation for a recta ngular^yperbo la with the 
following position of the center C and the following value of the 
constant a: 

(1) C = (-2,3) a = 1.5 

(2) C » (5,0) a = -3.4 

(3) C = (-4,-10) a = -17 V- 

(b) What are the asymptotes for each of the curves In ? 

4 . Show that the graphs of ^ versus x corresponding to the following 
relations are rectangular hyperbolas. Specify in each case the 
center and the asymptotes and then sketch the graphs: 

4 

(a) y + 3 2 

(c) xy = 3 

(d) xy - x « -2 



J" 



l6i 



I 
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3 

5, * For which values of x In the fiinctlon y » ~ will the vertical distance 

of the graph from the k axis be less than 

(a) 1 

(b) 10-25 

^c) 10-1 '000' 000 

H^nt: How are coordinates of points on the graph related to vertical 
distance from axes? / 

6. (a) For which values of x will the distance from the ^ axis be lers 
than > 

(1) 1 

(2) 10-5 

(3) 10-1 '000,000 

(b) What are the corresponding values of y_7 

7.9 The Inverse Square Function 

When the relation between the independent variable x and the depen- 
dent variable y is given by 



X 



we say that y Is proportional to the Inverse square of x. This means that 

I 

If X is made n times as large as some Initial value, y will be times the 
Initial value of 

Like the function y = the function y = — 5" defined for all values 
oi X except x = 0. Therefore, graphs of y = ^ fall In two parts separated 
by the ^ a^cls as an asymptote. Since the same value for^r Is obtained 
whether you Insert x or -x in y - -y , the two parts are symmetUc about the 

X*" 

y axis (Fig. 7.25). 



v.. 
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C 



Fig. 7.25 
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For larger negative or positive values of x the corresponding value of 
Y will get closer to zero, but will never equal zero, no matter hovir large x 
becomes. Therefore, the x axis Is an asymptote of the curve. Since the 
value of X Is equal to the dlstknce of the curve from the x axis, this dlst^ce 
can be as small as we wish If we just go to sufficiently large (positive or 
negative) values for^. It means that the _y axis is a'^asymptote of the curve 
- i.e., y = "% has a singularity at x = 0. 

Since x2^ls positive for both positive and negative values of x. }L 
will always have the same sign as a . Thus for positive values of a, the 

curve will lie above^^the jc axis and for negative values of a, it will lie below 

^ a 
the X axis. Figure 7.2 6 Is a family of graphs of y corresponding to dif- 
ferent values of a. 



Comparing Fig. 7.26 and Fig. 7.23, you can see that the graphs of 
y = - and y f ^ botl^ have the x axis and the x a?«ls as asymptotes, but the 
two parts of the graph y = - are symmetric with the line y -x (if a > 0) , as 
,the axis of symmetry, whereas neither part of the graf h of y - ^ Is symmetric 
by Itsel!. However, the complete curve l3 symmetric about the x axis. For 
a given ^afue of a , y = - and y « have the same x. value f or x = 1 , that Is, 
their graphs both pass throagh the point (1 ,a) . Fcr x> 1 . > x, and so ^ 
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graph of y - approaches the x «sci>s and the x same rate , but the 

graph of y = approaches the x axis faster than It approaches the x axis. 
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Flg. 7.27 



0 



6 



7 



The equation for a graph homomorphlc to that of y « -2 # where the 
intersection of the asymptotes has the coordinates (d , c) . Instead of (0,0), Is 
found by replacing x by x -\iand x by y - c In the equation Y = giving 



y - c « 



(x-d)2 



Questloj ^s 
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(a) How Is the circumference of a circle related to Its radius? 

(b) Suppose there s a source of particles at the center of the circle 
and the number of articles crossing a unit of length on the circumfer- 
ence of a circle of radius 1 is n. How many particles will CiXJSS a 
unit length on t|ie clrcamfer«nce of a circle of radius (Assume that 
no particles are lost.) 

(c) How Is the surface area of a sphere related to Its radUts? 

(a) If particles are emitted evenly in all directions from the center 
of the sphere, tiow will the number of particles passing through a 
unit area of a sphere depend on the radius of the sphere? 
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2. On the same graph paper sketch very roughVy the graphs of the func- 
tions y ^, y * y 3^' ^ 3?' ^ 3^' ^ detailed 
graph of the same functions for 0 < x < 1 . What do you predict will 

I 
x1 



be the general shape of the graph for y = ZTo^ 



7.10 Recognizing Hyperbolas ^nd Inverse Square Functions 

The most characteristic features of graphs corresponding to functions 
of the type y = — and y = — 2 asymptotes. The fact that the graphs 

have two branches is usually of little practical value since the relationship 
we are looking for often makes sense only for positive values of the Indepen- 
dent variable ,as In the case of pressure and volume. Therefore, the experi- 
mental data win all be on one branch of the siraph. If the graph In question 
seems to have the x axis and the x axis as asymptotes, you can distinguish 

between the two kinds of functions y = ~ and y = -9- by looking for symmetry 

X x^ 

about the line y = x or y = -x, depending on the sign of a (Section 7.8). 
Wh^n considering symmetry It Is, of course, Important that the same scale 
be used on the x axis and the y axis. 

If the graph is symmetrical abou| one of these lines you have reason 

a 

to believe that it is probably described by a function of the type y = This 

can be checked by evaluating the product yx for different points along the 

carve to see If it remains constant. The value of a is then just the product 

yx. Or you can calculate - for several valjes ol x and graph as a function 

of — to see if you get a straight line through the origin. If this Is the case , 

you can find the value of a by calculating the slope of the straight line. 

If the grapk is not symmetrical about the line y = x or the line y = -x 

you mciy check for a furctlon of the type y = by evaluating the product 

yx2 for different points to see If It remains constant. Or you can graph ^ as 

a function of -\ to see if you get a straight line through the origin. If so, 
x^ 

the slope will determl.ne the value of a . 

If the x axis and the y_ axis are n- t asymptotes to the graph, but some 
other lines y = c and x = d seem to be asymptotes, you can «xpect functions 
of the type y - c = ^ — ~ or y - c = ^^^ *and test If elth ;r type of function 
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describes the curve by plottli^ y - c as a function of ^ ^ of a function 
of ^ ^^^2 « Of by evaluating the product {y - d)(x - d) or (y - c)(x - d)2 for 
different points on the curve to see If the product remains constant. 



Questions 

1 . For the curves In Fig . 7 .28 decide If they are hyperbolas or Inverse 
square functions and If they are either, give their equations. 
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(a) 



Fig. 7.28 




d 

The general equation for a rectangular hyperbola y - c = _ . 

(a) What restriction on the constants Is made by requiring the 
■'^hyperbola to pass through (0,0)? 

(b) If we also require the hyperbola to pass through (1,1) and (2,4), 
the con^ants are uniquely determined. Find them. 

(c) Write down the equation of the hyperbola passing through (0,0), 
(1,1), and (2,4).. 

(d) Find the equation of the parabola which also passes through the 
three points In part (c) . 

Given that a curve has a vertical asymptote at x = 2 and passes 
, through the origin, list some simple algebraic equatl^s that it 
might satisfy. 

What is a simple algebiaic expression which yields a graph asymp- 
totic to the line y = 2x and having a singularity at x = -1 ? 
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Chapter 8. DERIVATIVES AND ANTIDERIVATIVES 

8 . 1 Function and Slope 

In the preceding two chapters, we have seen how a great deal of 
empirical Information can be represented In graphical form, and In some 
simple cases can be reduced to a mathematical rule In terms of power func- 
tions. In this chapter we shall show that. In general, when a function Is 
given In graphical or algebraic form, additional useful Information may be 
extracted from it. To Illustrate this point, we shall give the function de- 
scribed by the graph in Fig. 8.1 three different meanings and see what the 
additional Information Is In each case. 




Fig. 8.1 



(I) Consider a straight road going up a hill, and let the xy plane 
be the vertical plane that contains the road. Then the graph In Fig. 8.1 de- 
scribes the elevatjon of each point on the road as*a function of the horizontal 
distance. To find the elevation for any particular value of x, we simply 
read the corresponding value of ^ off the graph. Thus, for example, the ele- 
vation at X2 is greater than that at xj . Alternatively, the graph consists of 
three straight segments, each of which is given by an expression of the form 
y « ax + b. (The values of a and b are different for each segment.) To find 
the elevation at a given point Xj, we substitute the value of x^ into the above 
equation and calculate the corresponding value of y^ . 

Suppose no ; that the qu-.stion is "How hard is it to pi'sh a cart up the 
road?" ihe amount of push we have to exert does not depend on the elevation 
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but on the steepness of the road — that Is, Us slope. From Fig. 8. 1 it Is 
evident, kherefore, that it is harder to push up a cart at than at X2. The 
slope of the segment AB is greater than the slope of the segment BC. 

(ll) Let ihe horizontal coordinate in Fig. 8. 1 represent time, and 
the vertical coordinate represent position of a car on a road. Then the graph 
gives the position of the car as a function of time. We can also learn from 
the graph (or the equivalent expression y = ax + b) how fast the car is mov- 
ing at any moment. Since velocity is the rate of change of position per unit 
time, it ls*glven by the slope of the position-time graph. (See Section 7 . 5.) 
From the graph we see that the car moves faster at time X3 than at X2. and 
moves at some intermediate velocity at Xp The fact that at x^ it is farther 
away from the starting point has no bearing on its velocity; the slope or rate 
of change of a function contains Information different from that of the func- 
tion Itself. 

(ill) Now let the horizontal axis in Fig. 8.1 represent time and the 
vertical axis the cost of living {I.e., the cost of a specified list of goods 
and services). The graph then gives the cost of living as a function of time. 
If the cost of living is constant, It Is taken for granted. When it goes up, 
people begin to complain. When It goes up fast, people are likely to com- 
plain more. During which period do you think the population was most Irri- 
tated? Here again we have an example where a quantity of interest is not 
given by the function itself but by Its rate of change, which can be easily 
extracted from the graph if the graph is made up of straight line segments. 
Whatever the graph in Fig. 8.1 is meant to represent, *the slope of 

each straight line segment is given by the coefficient a in y = ax + b. As 

Ay 

was shown in Section 7.5, a = 
Questions 

1 , Give a possible set of units for the independent variable, the depen- 
dent variable and the slope of t..e graph in Fig. 8.1 for each of the 
three examples cited in the text. 
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2. The position vs. time graphs of two cars are given In Fig. 8.2U) and 
8.2(b). Which car is moving faster? 
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8,2 The Slope Function 

Most functions we encounter in applications are not linear functions, 
that is, they are not represented by straight lines. However, even in the 
case of curves we have an intuitive feeling for slope: Everybody will agree 
that the parabola y = x2 in Fig. 8.3 becomes steeper as x increases. What 




we need is a way to translate the intuitive feeling into a clearly defined mea- 
sure for the slope of a curve at a given point. 

Let us start with the point x = 0. 5. To characterize the slope of the 
curve at this point we look at the point and its vicinity with a magnifying 
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glass. This, In effect, Is done In Fig. 8.4(a), which shows the heavy portion 
of Fig. 8.3, for 0.40 £x £ 0.60, magnified by a factor of 5. Note that this 
segment of the curve looks much more like a straight line. Repeating the 
process, an additional magnification by a factor of 10 yields Fig. 8.4(b), 
which covers only the region corresponding to 0 .48 £ x £ 0 . 52 . This seg- 
ment of the curve now appears to be very nearly a straight line, which upon 

Ay 

Inspection turns out to have slope a = very close to l.O. 
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0.52 



'Therefore, It appears that an answer to the question "What Is the 
slope of the curve y = x2 at x = 0 . 5? " is to say: "It Is the same as that of 
a straight line of slope 1.0." 

This magnification process Is of course cumbersome, and It would be 
Inconvenient to have to carry It out In practice every time we wanted to know 
the rate of change of a function y = f(x) at some value of x. However, we 
are scared from having to do this by the simple observation that the magnified 
small segment of the curve has almost the Sv. me slope as the straight line 
which is geometrically tangent to "he curve at any point (xpy^). In 
Fig. 8.5(a), (b), and ic) we have ^dded the tangent lines to the sections of 
ths carve shown in Fig, 8.3 and .8.4(a) and (b) . We see that the curve does 
Indeed become le^^s and less distinguishable from the tangent line. 
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Therefore we define the slope of a «-mooth curve at a point (xj, , ) to 
be the slope of the tangent line to the curve at that point. This gives the 



rate at which ^ is changing with respect to x at x = 

If a function y = f(x) is graphed, a practical way of finding its slope 
at is to lay a ruler down on the graph and adjust its position until it 
touches the curve at the point (x^.fCxj)) at the correct angle, and then draw 

Ay 

the tangent line and measure a = for this line. Some error in n^.casurement 
will of ccarse be present, Its size depending on how carefully we draw and 
measure the tangent ifJVe, and of course on the accuracy to which the curve 
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Itself can be drawn from the given data; In Fig. 8.5(a), for example, we 
might Judge that the points (0.25,0) and (1.00,0.75) He on the line tangent 
at (0.5,0.25). This gl^fes a slope value of a = '^ = 577^'= ^-OO- 

We can repeat this process for any point on the curve. If for each 
point on the curve there Is only one tangent, then the slope of the tangent 
is a function of the independent variable x. Accordingly this function can be 
called the slope function . Frequently the notation f'(x) Is used to denote the 
slope function of f(x) . Since the slope function is derived from f(x) It Is more 
often called "the derivative of f(x)." 

A word of caution is In order on what is meant by the line geometri- 
cally tangent to a curve y = f(x) at some abscissa x = x^. Several examples 
of tangents are shown in Fig, 8.6. The tangent line is sometimes defined as 
the line '.vhlch touches the curve but does not cross It at the point in question. 



V fl«) Y 




Fig. S.6 
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This ts correct only In cases like those shown In Tig. 8.6(a) and'8.6(b). . 
However, Fig. 8.6(c) shows that the line tangent to a smooth curve can cibss 
the curve at the point of tangency. Figure 8.6(d) shows the necessity of 
specifying that the curve be smooth. At x = the curve has a corner, and 
hence no single tangent exists theje. 

j 

Questi0ns 

1. Figure 6.2 on page 119 4s a graph of the population of the United - 
States as a function of time. Use a ruler to draw the tangent to the 
curve at X = 1800, 1850, and 1900 and find the rate of growth of the 
population at these times. 

2. There me, of course, errors present in the growth rates you measured 
In Question -I . Investigate the error resulting from constructing and 
n.aasuring the slope of the tangent line for x = 18 50. (Assume that 
errors made In drawing the curve are negligible.) Draw a line that Is 
just barely too steep, and one that Is not quite steep enough, and 
measil^e their slopes. From this deduce the uncertainty In your value 
of the 184 0 growth rate. 

3. Repeat the work of Question 1 for the year 1850 only, on the alterna- 
tive version of the popu lation curve . Fig. 6.3 , where the horizontal 
scale has been compressed. Why Is it that the value for the slope 

. of the curve at x = 1850 comes out about the same as In Question 1 , 
when the curve appears much steeper at that place? 

4. In the case of graphs drawn from oata with errors present, special 
care is needed in measuring slopes. An example is shown in 
Fig. 6. 10 and 6.11 on page 129, where the data were obtained by 
measuring masses and volumes of various samples of a certain metal 

(a) Explain why the technique used by the person who drew the 
graph of Fig. 6.10 is very bad if slope information Is needed. 

(b) Does your intuition suggest anything about the slope the curve 
should have? Would this Information be helpful in drawing the 
curve ? 

/(y > 



9 
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5. By graphically measuring the slope of the function y = (Fig. 8.3), 

. plot the slope function. Can you guess from your result the algebraic 
formula for the slope function of this curve? 

6. By graphically measuring the slope at a number of points, plot the 
slope function of the function shown In Fig. 8.7. How Is the slope 
function of f'(x) related to the function f(x) Itself? 




Fig. 8.7 



7. Suppose you are steering a boat, trying to keep It on a steady course. 
There Is involved In this situation a function , namely the compass 
heading as a function of time. In what way do you make use of the 
\alue of this function, and in what way do you make use of the value 
of its slope? 

8. (a) Sketch a curve corresponding -o a function with the following 
properties! at x - , f{x^) > 0, for x > x^ the derivative gradually 
decreases. For X2 > Xp f'{x2) = 0, and f or x > Xg the derivative 
continues to decrease and is, therefore, negative. 

(b) Does the value of f(x2) have a special significance? 

(c) Must any point on a curve for which f'(x) = 0 have the same 
significance? 

9. (a; Consider two smooth functions f(x) and g(x) , and their derivatives 
f(x) and g'(x) . If i' (x) > g'(x) over the Interval. 0 £ x £ 10, does It 

Er|c Uj'i 
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foUow that,f(x) ^(y.) ovar the same Interval? Use a sketch to ex- 
plain mout answer. 

(b) In country X the rate of Inflation was higher than in country Y 
over the same ten-year period. Was the cost of living also h'guer 
In country X than In country Y? 

8.3 The Delta Process 

So far we have seen how to find values of the slope function by draw- 
ing tangents. If we know the algebraic rule (also called the analytical ex- 
pression) for a function, w^ can calculate the values of the slope function or 
derivative without drawing a graph at all. To see this we return to Fig. 8.5(c). 

There the slope of the tangent at x = 0. 50 was given by 

Ay 
a = , 
/ X 

where Ay = y2 - y^ , relates to any two points on the tangent, We can, in 
particular, choose for y^ the value corresponding to x^ =0.50, which Is of 
course the same as the value of the function y = at that point; that Is, 
y^ = 0.25. If we now choose a sufficiently small Ax, say Ax = 0.02, then 
the value of y2 on the tangent corresponding to X2 = 0.52 will be almost the 
s^e as the value y2 = f(x2) = on the curve. (See Fig . 8 . 5(c) . ) Thus, 

the slope of the tangent is given approximately by 

f(xif Ax) - f(xi) 

a as (I; 

Ax 

The value of the right-hand side of Equation fl) can be calculated directly 
from the algebraic rule defining f(x),* there Is no need to draw the graph first. 

To Ir prove the approximation we can reduce the size of Ax. As Ax 
decreases, the value of the ^ coordinate of the point on the tangent will ap- 
proach the value of the y coordinate of the corresponding point on the curve 
-as shown in Fig. 8.5. Thus, the error tl.at is Introduced by taking the y co- 
ordinate of the point on the curve instead of on the tangent will decrease to 
zero, and the value of the right-hand side of Equation (1) will approach the 
slope of the tangent. This process is illustrated in Table 8.1, for x^ =0.5 
and various values of A:<. 
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Table 8.1 may suggest to you that as Ax becomes closer and closer 

to zero the sl^pe w'll get closer and closer to 1.000 To put this In 

standard mathematical language, It Is likely that as Ax approaches zero, 
f{xi+Ax) - f(xi) 

the value of approaches a limit which gives the value of 



^1 f(x,+Ax) - fix.) 

r,/ \ _ llm^ k 1- 

The notation llm Is read "the limit as Ax approaches zero of . . . 
Ax-0 



(2) 







TABLE 8.1 




Ax 


f(xi) 


f(x^+Ax) 


f(xi+Ax) - f(xi) 
Ax 


0.1 


0.25 


0.36CO0OO 


1 .1000 


0.05 


0.25 


0.3025000 


1 .0500 


0.01 


0.25 


D. 2601000 


1 .0100 


0.005 


0.25 


0.2550250 


1.0050 


0.001 


0.25 


0.2510010 


1.0010 


-O.l 


0.25 


0.1600000 


O.9O00 


-0.05 


0.25 


0.2025000 


0.9500 


-0.01 


0.25 


0.2401000 


0.9900 


-0.005 


0.25 


0.2450250 


0.9950 


-0.001 


0.25 


0.2490010 


0.9990 



:RJC 



However, from the table alone it Is Impossible to be sure that the 
slope will not approach 1.00001, at least not without extending the table 
until we reach a value 'loser to 1.00000. What is needed now is a way to 
calculate this limit without resorting to a long table such as Table 8.1. 

Substituting Ax = 0 directly Into Equation (2) will not do, because it 
will yield the meaningless expression of ~. The way to do it, which iscalled 
the delta process , consists of three setps. 

The first step is to construct the ratio on the right-hand side of Equa- 
tion (2) for the specific function whose derivative you wish to find. In our 
case, where f(x) = x'^ , this gives 
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Ax 

The second step may consist of either of two operations* If possible, 
the form of the numerator is changed In such a way that a factor Ax can be 
extracted In order to cancel the Ax In the denominator. After the Ax is cai}- 
cfiled, wo are sure to avoid the meaning les:: expression ~ when Ax goes to 
zero. In this case, a third step is particularly simple: it cojislsts of setting 
Ax = 0 . * 

Let us now carry out the second step for f (x) = x^: 

{x^+Ax)^ - x^2 = 5j^2 + 2x^Ax + Ax^ - ~ Ax(2Xj+Ax) 

Equation (2) now becomes 

Axf2xi+A!:) / \ 

f ■ ("i' = ^i^o — -k; — = A'2o f ''1*'^) 

Now there Is no longer an obstacle to setting Ax = 0, which is the 
third step of the delta process. In this crjse we get f'{x^) = 2xj . For 
x^ = 0.5, we have f'(xj) = 1 exactly, as was Indeed suggested by Table 8.1. 

The delta process works for any value of the variable. Thus we shall 
omit the subscript and write in general that for f(x) = x^ the derivative, 
f'(x) = 2x, or, in short, 

[x2] • = 2x (3) 
where [ ] ' stands for the c^arivative of the function in the brackets. 

Questions 

1 . Using the delta process, find the derivative of f (x) = 5x2 - 6x. 

2. The derivative of f(x) = x^ is defined as 

f'{x) = lim, (x+Ax)3'- x3 
' Ax-0 Ax 

(a) Chcii.ge the numerator in such a way as to have a factor Ax in it. 
Cb) After canceling the Ax , what is the derivative of x^ ? 

*If o factor of < rannot'be ^>xtrarteri from the numerator, then the form of 
the nun-.erator must sometr.w be changed in such a way as to make it possible 
to find the limit of the idti') a.-: Ax ^- 0. Ir this chapter we shall look only at 
cases where a factf^r Ax can be oxtnicted. In the next two chapters wo shall 
see oxrimples when? rhe limit will be fcuiiH even though a factor Ax cannot he 
oxtracteH • 



1U7 
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3. Generalize the result of Question 2 to find the derivative of 

ffx) e x" where n is a positive integer. (Hint: When you multiply 
out (x + A>{)", you will get a term and terms with powers of Ax 
ranging from Ax to Ax". Why do you have to know only the coeffl- 
• clent of Ax?) 

4. Consider the function 



fx2 for X < I 



f(x) 



^3x for X > I 

(a) Sketch the function for 0 < x < 2. 

(b) Does this function have a derivative at x = 1 ? 

(c) What happens If you try to apply the delta process to find the 
derivative at x *= 1 ? 



3 . 4 The Derivative of - and n/jT 

?c _ 

The first step of the delta process can be applied to any function. 
However, the second step may not always be as straightforward as In the 
examples treated In the preceding section. We shall illustrate this by find- 
ing the derivatives of two common functions: ~ anr! n/x". 

As with any calculation, It is worth while to get some idea as to what 

I 

to expect. Figure 8.8 Is the graph of y " What can we tell about the de- 
rlvatlve of - from the graph? From the few tangent lines drawn in the figure, 
it is evident that all tangents slope downward to the right. Hence the deriv- 
ative of - is negative everywhere (except at x = 0, which is not in the domain 
of For large positive and large negative values of x, the tangents tend to 
become horizontal, i.e., ^^J approaches zero. For x near zero, the tangent 
points down almost vertically, hence the derivative is very large and negative, 

Now we apply the delta process to find th' function that has the fea- 
tures we just described. For f (x) - ~ the first step yields • 
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Y 




Fig. 8.8 



r 1 _ r 

Nx [x + Ax X 



Ax 

fFor ease of writing, we have put the In front of the bracket Instead of Ax 
underneath.) Carrying out the subtraction, using a common denominator, 
gives 

1 X - (x Ax) 1 -Ax _ _ I 

Ax ' (x + Ax)x ~ Ax * (x + Ax)x " " (x + Ax)x 



Now the third step can be taken by letting Ax = 0, which yields 



= -"7 



(4) 



The function - -K indeed has the properties which we predicted from 
x^ 

the graph In Fig. 8.8. 



i.'y.v 
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What can we predict about the derivative of v/Ffrom the graph of thU 
function shown In Fig. 8.9? The derivative is positive, but steadily decreas- 
ing as X Increases . 

To find the derivative of vfx, we start with 

Vx ■^ Ax - \/x" 
Ax 

To be able to get a factor Ax in the numerator requires replacing Vx + Ax - \!x 
by (x + Ax) - X = Ax without changing the values of the quotient. This is ac- 
complished by multiplying the numerator and the denominator by \lx + Ax + n/jT 

(see Appendix, page ): 

Vx + Ax - n/x" \/x ■^ Ax ^ n/x Ax - s/x 

Ax ~ n/x + Ax + n/x" * Ax 

^ (x 4- Ax) - X ^ 1 

^. (n/jH-^Ax + n^) Ax s/x + Ax + \^ 

This completes the second step of the delta process. The third step is 

straightforward: for Ax = 0 we have 




(5) 



X 



Fig. 8.9 

Questions 

1 . Although the derivative of s/x is not defined at x = 0, what can you say 
about the direction of the tangent to the graph ofy = «s^atx = 0? 
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2 . Suppose the graph of y = - Is drawn using the same scales on the x 

and ^ axes . For which values of x will the tangent of the curve make 
an angle of 135° v/lth the positive direction of the x axis? 
Notlna that - = x"^ and \^ « x^^^ . can you suggest (without proof) a 

X 

further generalization for the derivative of f (x) = x"^ for negative as 
well as non-mteger values of n? (See Question 3 In the preceding 
section.) 



3. 



8.5 Some Properties of Derivatives 

If wG had to apply the delta process whenever we wished to- find the 
derivative of a given function, it would Indeed be very tedious. Fortunately, 

* 

this is not necessary, as the following two theorems will show. 

(I) If the f'(x) is the derivative of f(x), the i the derivative of 

h(x) = cf{x) is h"K) ^ cf'{x), where c Is a constant. In words, the derivative 

of a constant times a function is the constant tlmen the derivative of that 

function. For example, [Sx^V = 5-3x2 = 15x2. 

To prove this theorem we proceed as follows: 

. X _ Urn h(x + Ax) - h(x) 
"^>^'-Ax-0 Ax 

In general, if h(x) = cf(x) , then 

. j^,.. hm cf(x + Ax) - cl(x) 
" ~ Ax-0 Ax 



_ li 
~ Ax 



m ^ /f.(x ^ Ax) - _f (xA 
-0 ^\ Ax / 



The factor c is a constant and does not depend on Ax. We can, 
therefore, apply the delta process to the ratio In the parentheses and then 
set Ax = 0 , which yields f (x) . Hence 

h'(x) = [cf{x)]' - cf(x) C6) 

(11) If h(x) = f(x) + g(x), then h'fx) = f (x) + g*(x). In words: the 
derivative of a sum of functions is the sum of the derivatives of the Individ- 
ual functions . For example: [x^ + v/xT = 2x + ^. 
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The proof proceeds along lines similar to those of the proof of the 
preceding theorem: 

By rearranging the two middle terms on the right-hand side, we have 

[f(x) . g(x)v = - qi'-^^-iw) 

We can now carry out the delta process separately for e^ch ratio, which 
yields the sum of the derivatives: 

[f(x) + g(x)l' = f'(x) + g'(x) * (7) 



Questions 

1. (a) Express the area of a circle as a function of Its radius. 

(b) What Is the rate of change of the area as a function of the radius? 

2. What Is the derivative of x, 7x2, ~x3, -xH (n ?^ 0) ? 

2 0 n 

3. (a) What Is the derivative of g(x) = c, where c is a constant? Give 
a geometric reason for your answer. Show that the delta process 
gives the same result. 

(b) Using the second theorem In this section, what is the derivative 
of h(x) = f(x) + c? 

(c) What can you say about two functions h(x) and f (x), If h*(x) = f ' (x) 
In a given interval? 

4. Using the two theorems in this section, prove that {af(x) + bg{x))' = 
af'(x) + b'g(x), where a and b are constants. (Hint: Apply the second 
theorem to the sum, and then apply the first theorem to each term.) 

5. Consider the function f(x) » x + - in the interval ~S < x < S (xj^O). 

^ 1 ~ 

(a) How is fCxj) related to f(x2) where ^^2 * x * 

(b) Sketch the graph of y = f (x) in the above interval . Is your answer 
to part (a) useful In this task? 

(c) At which point is the tangent to the curve horizontal? 

(d) Use the derivative of f(x) to check on your answer to part (c). 

ERIC 
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8.6 Antldertvatlvgs 

Suppose the function f (x) = 3x2 describes the rate at which water 
flows Into a container. What function will describe the volume of water in 
the container at different times? Or suppose that f(x) = 3x2 describes the 
slope of a curve as a function of the horUontal coordinate. What expression 
will describe the curve itself? 

The two questions which we have raised are examples of situations 
where a function f{x) Is known and we are looking, for another function F(x) 
whose derivative is f(x), i.e.. f(x) = F'(x). The function F(x) is called an 
artlderivativg or Integral of f(x). Prom the preceding sections we know anti- 
derivatives of a number of functions. For example, an antlderlvatlve of 
.f(x) = 3x2 js F(x) = x3. Similarly, an antlderlvatlve of f{x) = is F(x) = ~. 

The two theorems about derivatives discussed in Section 8.5 c-m be 
restated in terms of antidorlvatives and then used to find antiderlvatives of 
related functions. 

(I) If F(x) Is«an antiderivative of f(x) then cF(x) is an anciderivatlvo 
of cf(x) . For example, x^ is an antlderlvatlve of 3x2 , Hence -jx^ is an an- 
tiderivative of 2 • 3x2 = To show the general validity cl this theorem wo 
note that for f'Cx) = f(x) 

[cF{x)T = cF'(x) = cf(x) 
Hence cF(x) is an antlderlvatlve of cf (x) . 

(il) An antlderlvatlve of a sum of functions is the sum of the anti- 
derivatives. If F(x) is an antlderlvatlve of f(x) and g{x) Is an antlderlvatlve 
of g(x) then [F^) + G(x)]' ^ F'(x) + G'(x) = f(x) + g{x) which proves the theo- 



rem. 
' Questions 



1 . Find antt^ivatives of the functions listed in the table below. 



f(x) 


I 


X 


x2 


six 


I 

x2 


F(x) 
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2. Find antlderlvatlves of the following functions: 

3 

(a) 5x2 (c) ^ - X 

(b) 2>/r- 1 

3. Find 3ii integral (antlderlvatlve) of the following function 

f(x) = Kq + kjX + k2x2 
where kg, kj^, and k2 are constants. 

4. Find an integral of f(x) =xm. (Hint: first find the derivative of 
x"^"*"^, then use theorem (l) of thl3 section.) 

8.7 The Constant of Integration: The Initial C ondition 

We have been careful, so far, to speak of an antlderivative of a 
function f(x) and not the antlderlvatlve. The reason for this Is that a func- 
tion has a whole family of antlderlvatlves. Specifically, If F(x) Is an anti- 
derivative of f(x) so IS F(x) 4- C, where C Is any constant. This follows from 
the second theorem on derivatives: the derivative of a sum Is the sum of the 
derivatives, and from the fact that the derivative of a constant Is zero. Thus 
the antiderlvativGS of a given function form a family of homomorphlc functions 
dlsplo'ced vertically with respect to one another. For example: F(x) - x Is 
an antlderlvatlve of f(x) = 3x2, since Ix^' = 3x2 (Fig. 8.10). But so is 
x3 4. c for any value of C, since [x^ + CV = 3x2 . The constant C is called 
the constant of integration. 

We now recognize that the question we raised at the beginning of 
Section 8.6 has no unique answer. The whole farmlly of curves y = x3 + C 
has the slope function f (x) = 3x2 . Any of them could describe the volume 

of water as a function of time. 

To make the antlderlvatlve unique we have to know Its value it some 
point X x^ . In the case of the water flowing Into the container we mdy 
know that at x = 0 there was no water in the container, i.e., atx=0,y=0. 
Only the curve y = x^ fulfills this condition and, therefore, uniquely de- 
scribes the volume of water as a function of time. Similarly, if x i, y = 2, 
then only the curve y = x3 + I satisfies this condition (Fig. 8.10). In gen- 




Fig. 8.10 

oral, if we specify the value of on antiderivative for a given value of the 
Independent variable, we thereby select a unique member of the fafniiy of 
homomorphlc functions. This condition, known as the initial condition , de- 
termines the value of the *tonstant of integration. Let F(x) be any antideriv- 
atlve of f(x). Then the condition y^ ^T{x^) + C, that is y = y^ for x = x^, yields 
the equ^lon which determines the value of C. , 

In the case of f(x) = 3x2 yve have F(x) = x^ , and y = x^ + C for the 
family of antidert^atives . If wo look for the antiderivr ave that fulfills the 
initial condition that for x = 2, y = 10 we have the equation 

10 = 2^ + 0 or C = 2 
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Questions 4' 

1. (a) Find the family of antlderlvatlves of f(x) = 6x2 + 2. 

(b) If you choose the constant of integration to be zero, what Is 
the value of F(x) at X 0, i.e., F(0)? 

(c) What must be the value of C If you require F(0) 5? 

2 

2 . ta) Find an Integral F(x), of f (x) = 5x - ^ - 3n/x: 

(b) What Is the value of F(x) at X 1= 1, i.e., F(l)? 

(c) Give another integral of f (x) for which F(l) -2. 

3. . Two containers are being filled with water at' the same rate over the 

same time intarval. Do they necessarily have the same amount of 
water in them at the end of that tlr..e interval? Relate your answer 
to Fig. 8.10. 

4. The rate of growth of the population of two cities over a period of 
three years has been the same. Must the two cities have the same 
population at the end of the third year? ^ 

5. What function has the following properties: F'(x) = 3x and F(l) = -2' 

6. An astronaut on the moon throws a rock vertically upward. Suppose 
the rate at which the rock risJs (after leaving the astronaut's hand) 
is given v = 10 -""f. 5t where v is given in meters and _t in seconds . 
What will be the elevation of the rock as a function of time if at 

t = 0 the elevation was h = 2.0 meters above the ground? (Note: 
quite often a function and Its derivative are denoted by different 
'letters. In this case v(t) = h'(t). The "v" stands for velocity and 
"h" stands for height.) 

L 

8.8 Short-Ranqe Predictions 

Consider a smooth function f(x) and Its antldprlvatlve F(x), about 
which we have the following information: 

(a) f(x^) - F'(xp is known, and 

(b) F(x,) Is known. ^ 
What can you Infer about the values of F(x) In the vicinity of x^ ? In other 
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words, if we know the value of « function and Its antlderivatlve at a given 
point, what can v;e say about the values of the antlderivatlve nearby? 

Figure 8.5 has shown that near a given point the curve correspondli^ 
to a smooth function Is very close to the line tangent to the curve at tti.?t 
point. The tangent line pa^slno through the point {x^Ftx^)) has a slope 
a - F'(x|) = f{x^). Honce the linear function corresponding to the tangent 
line is (see Chapter?, Equc'*:lon f?)}: 

fix) = F(x,) + f(xj) (x-Xj) 
'■■.r, substituting ^ for x - x^, this becomes 

f (Xj + Ax) = F(x^) + f(x^)Ax 
For sufficiently small A?c, we have 

F(x| + Ax) « f (x^ + Ax) 
Hence, for any smooth. function 

F(x^ + Ax) « F(xp + f{xi)Ax (8) 
Independently of how the function behaves farther away from x^. (See 
Fig. 8.11). 

Fig. 8.11 




X,+AX 



How small "sufficiently small" is, will vary from case to case, but 
for any smooth function for which Its value and the value of its derivative 
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are known at one point, we can predict the va.'ue of the function near that 
point. This if? Illustrated for three different functions In Fig. 8.12. All 

Y rig. 8.12 I 




three curves pass through the point (1,1) and have a slope of 2 at that point 
(note that the axes have different scales). But otherwise they correspond to 
completely different functions. Nevertheless , near x = 1 they are very close 
to their common tangent line, and Equation (8) can be used to predict the 
values of any of these functions near x = 1 . 

This result has many practical applications. Forexarfiple, suppose 
an airplane is sighted. Its position and velocity (the rate of change of po- 
sition as a function of time) are determined at a given moment by radar. 
One can use Equation (8) to predict where that airplane Is golr^ to be a short 
time later. This is so because the airplane's position Is a smooth function 
of time, even when It changes speed, altitude, or direction. The trajectory 
of an airplane cannot have a gap or a sharp corner. 

') . ' • 
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Questions 

1 . At a given Instant an airplane Is exactly overhead and moving at 
250 m/sec due north. 

(a) In relation to Equation (8), what corresponds to fix^'i, F(x^)? 

(b) Where will the airplane be I sec later? 10 sec later? Are you 
equally sure of both answers ? 

2. A marker on Highway 20 Is at an elevation of 850 meters. At that 
point the highway has a slope of 0.08, rising toward the east. What 
will be Its elevation 150 meters to the east? 



8.9 A General Way of Calculating Integrals 

In the preceding section we saw that if we know the value of a func- 
tion and Its derivative at x^ , we can calculate the approximate value of the 
function at Xj + Ax (Equation (8)). Suppose the derivative Is known through- 
out its domain and the function Itself Is known at x^ . Then we can find an 
approximate value of the function Itself for some other value of x, say X2 # 
not necessarily rear X| . This Is done by a succession of steps , similar to 
the one expressed by Equation (8). Specifically from the approximate value 
of F(x^ + 2Ax). 

+ 2^x) « F(x^ + ^x) + f(x^ + Ax)Ax 

Substituting from Equatic (8) for F(x^ Ax) yields 

F(x^ + 2Ax) » F(xj) + f(x^)Ax + f(x, + Ax)Ax 
We can continue the process and calculate the approximate value of 
the function Itself at x^ + 3Ax: 

F{x^ + 3Ax) » F(x^ + 2Ax) + f (x^ + 2Ax)Ax 

« F(x^) + f(x^)Ax + f(xj + Ax) Ax + f(xj + 2 Ax) Ax 
2 

« F{x^) + ^ f(x^ + nAx)Ax 



n«0 
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find 



If we let « + NAx, we can generalize the process further to 



N-1 

F{x2) « F(xj) + J] f(xi + nAx)Ax 
n=0 



(9) 



Th.*s process is Illustrated in Fig. 8.13 for the function whose de- 
rivative is f(x) = X, andpthe Initial condition is that for x^ «= 0.4, ^ 
F{0.4) = 0.08^ For th!^ simple c^e, the exact answer is F(x) « ^ (Sec- 
tion 8.6). The Interval between Xj «= 0.4 and X2 = 1.6 Is first divided into 

X2 - XI 



three parts. I.e., N - 3 and Ax = 



N 



= 0.4. As can be seen from 



Fig. 8.13, the approximation becomes poorer as x Increases from x^ to X2. 
It can be Improved by decreasing the size of Ax, i.e., increasing the number 



Fig. 8.i3 




of steps into which the interval Xg - x^ is divided. In Fig. 8.14 the same 
Interval has been divided Into N = 6 steps with Ax = 0.2. The approxima- 
tion, as you can see, Is better. If we set Ax « 0,1, dividing the Interval 
Into 12 segments, the approximation is even better (Fig. 8.15). 
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By decreasing tha stze of Ax, we approximate the curve correspond- 
Ir^ to F(x) by an increasingly large number of straight-line segments which 
b<»come shorter and closer to the curve Itself. In the limit as Ax 0 {or 
N -cd) we get the curve itself. The endpolnt of the last segment Is then 
Exactly F(x2): 

N-1 

F(X2) = F(xi) + Urn J] f(xi + nAx)Ax. (10) 
^ n=0 

ihere is a generally accepted shorthand notation for the limit m 
Equation (9): the symbol J], is changed to a stretched "S"j since In the limit 
X| + nAx takes up all values of x between x^ and X2, It Is simply replaced 
by x: finally Ax Is replaced by dx. Thus, In shorthand 

F(X2) = Ftxj) + I f(x)dx (11) 

'^l 

which Is read as "Integral of f(x)dx from x^ to X2 . " 

If we can calculate the Integral In Equation (10) for any values of 
X2 , then we have solved the problem of finding a function F(x) whose value 
Is known for one value of x (e.g., x^) and whose derivative f(x) Is known In 
Its entire domain. The limit of the sum given by Equation (11) gives the In- 
tegral or antiderlvatlve of f(x) for which F(xj^) Is specified. The Initial con- 
dition is built into this method of finding the antiderlvatlve. 

Questions 

1. The derivative f(x) of a function F(x) is known for the values of the 
Independent variable given In the table below. 



X 


f(x) 


X 


f(x) 


0 


150 


2.S 


88 


0.5 


134 


3.0 


79 


1.0 


120 


3.5 


72 


1.5 


107 


4.0 


65 


2.0 


97 







(a) Calculate an approximate value for F (4) using Ax = 1.0, subject 
to the initial condition F{0) = 0. 

2 I 
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(b) Improve the approximation by using Ax = 0.5. 

(c) How would you compare the two approximations? 

2 . (a) Find an approximate value for F(l), the antlderivative of 

f(x) = T-r~T subject to the initial condition F(n) = 0, by dividing 
I + 

the Interval between «= 0 and X2 = I Into five parts. 

(b) Repeat part (a) dividing the Interval Into ten parts. 

(c) How do your answers compare? 

8 .% 0 The Area Under a Curve 

N-1 

The sum ^ f(xj + nAx)Ax In Equation (9) has a simple geometrical 
n=0 

Interpretation. Each term In the sum equals the area of a rectangle whose 
base Is Ax and whose height Is f(xj + nAx) . If we draw the graph of y = f (x), 
then these rectangles touch the graph at their left comer. This Is Illustrated 
In Fig. 8.16 for N = 4. Here the sum of the areas of the rectangles Is a 
rough approximation for the area under the curve. 



y = f (X) 




If we divide the Interval X2 - Xj Into a larger number of parts, then 

N-l 

f{xj + nAx)Ax becomes a better approximation for the area under the 

n«0 

curve y = f(x) between x^ and X2 (Fig. 8.17). This suggests that if we let 
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f^2 



-0 by Increasing N, the limit of the sum, I.e., the Integral^ f^)dx^ 

will yield the exact area under the curve y = f (x) between x^ and X2 . In 
X2 



shorthand 



f^2 
J 



x)dx = area under f(x) 
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Fig. 8.17 




We can. In fact, prove that this is the case. Tha sum of the areas 
of the rectangles in Fig. 8.17 Is less than the exact area under the curve 
y = f(x). However If we add the areas of the small rectangles shown by the 
broken lines in Fig. 8.18 to the areas of the rectangles of Fig. 8.17 we get 
an area that is larger than the area under the curve. Thus 

^2 N-1 

- J] f (x^ + nAx)Ax < sum of small rectangles 



Area under f (x) 



X| n«=0 

All of the small rectangles have the base Ax and their heights add 
up to f(x2) - f(xi). Thus the sum of their areas is Cf(x2) - f(Xj)]Ax. As 
Ax - 0, [f(x2) - f(xj)]Ax - 0 therefore 

^2 N-1 

- llm r f(x, + nAx)Ax -0 
. Ax-0 * ' 



Area under f Cx) 



n=0 



or 



Area under f (x) 



X2 
f(x)dx 

^1 



(12) 
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Rewriting Equation (11) as 

f(x)dx 



r 



I 



F(X2) 



and combining It with Equation (12) we conclude that area under a curve 
y = f(x) between x, and X2 is given by the difference of values of an anti- 
derlvatlve of f(x) at those points 



Area under f(x) 



F(x2) - FCxj) 



l 



It Is not at all Important whlcli of the family of homomorphlc antlderlvatlve 
we choose, as long as we use the same one for both X2 and x^. Thus, the 
antlderlvatlve provides a powerful tool for the calculations of areas under 
curves . 



Fig. 8.18 



y-f(x) 



r n%,) 




f(X2)-f(x,) 



— — f(x,) 



Questions 



The proof that j f (x)dx Is equal to the area under the curve y = f (x) 

between x^ and Xg makes use of the fact that the sum of the areas 
of the reclangles Is less than the exact area under the curve. This 
Is true only If the function y - f(x) Is Increasing over the Interval 
Xj to X2 . 



ERIC 



-208- 



(a) Sketch a function y « fix) which decreases over an interval 

xj^ to X2 . 

(b) Use rectangles touching the graph at their left comer to esti- 
mate the area under y = f(x) from x^ to X2 • 

(c) Modify the proof of Section 8. 10 to show that also In this case 

^2 



I 



f(x)dx = area under f(x) 
I 



Xi 



^2 

even If 



2. (a) From the description of Integrals as area under curves, show that 

r^2 f^3 

j f (x)dx + I f{x)dx = I f(x)dx 
-^xi ^X2 

^X2 

(b) Using part (a) argue that / f(x) dx = area under f(x) 

f(x) both Increases and decreases over the interval xj to X2. 

3. Consider a function f(x) > 0 lor xj^ < X < X2. Let g(x} = -f (x) . 

(a) How Is the curve y = g{x) related to the curve y = f(x)? 

(b) If F(x) Is an antlderlvative of f(x), give an antlderlvatlve of g{x). 
(c^ How is the area "under" y = g(x) related to the area under y = f(x)? 

4. Find the area under the curve y = x2 between X| and X2 . ' 

3 -J 

5. What is the area under the curve y = -f + 5x - 2x^ In the Interval 

1 < X < 2 ? 

6. A function is called symmetric If f(-x) « f(x) and antisymmetric if 
f(»x) « -f(x). (For example, f(x) = x2 is symmetric because (-x)2 «= 
and f(x) « x^ is antisymmetric because (-x)3 « -x^.) What can you say 



about the area under f{x) 



val -xj < x < + xj ? 



where f (x) is antisymmetric In the Inter- 



7. Under what condition will the area under a curve as calculated by 
Equation (12) be given In cm2 ? 
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8.11 The Area Function 

In Fig. 8.19 consider the point fixed and the point X movlnq along 
the X-axis. Then to every value X corresponds a value for the area under the 
curve between x^ and X. Or In other words, the area under a curve is a func- 
tion of the upper end of the Interval for a fixed lower end of the Interval. 
We shall denote this function by A(X) called the area function of f(x). 

x ix 



r 



f (x)dx = A(X) = Area of f (x) 



(13) 



I 



y=t(x) 




Now compare Equation (13) for the antlderlvatlve of f (x) and 
Equation (11) with replaced by X: 

:^)^/''fl 



TXX) = Fix, 



f(x)dx 



(ir) 



Equation (IT) reduces to Equation (13) for F(x^) = 0. Thus the area function 
defined by Equation (13) Is the particular antlderlvatlve ll f(x) that satisfies 
the Initial condition F(Xj) = 0. 

The connection between area function and antlderlvatlve is very use- 
ful for getting a general feeling for the behavior of an antlderlvatlve. For 
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example, what are the qualitative features of the antlderivatlve of the func- 
tion represented by the graph In Fig. 8.20 gubject to the Initial condition 
F(0) = 0? 

Y 

. Fig. 8.20 




Note, first of all, that for 0 < x ^ 1 the area under the curve Is pro- 
portional to X. Thus the antlderivatlve will start off as a straight line with 
a positive slope. Near x = 1 the function drops rapidly to zero and stays 
there up to x = 2. There is no change In the area under the curve In this In- 
terval, thus the antlderivatlve remains at its value at : =1. The general 
appearance of the antlderivatlve between 0 and 2 Is shown In Fig. 8.21. 

Y 




4- X 



0 1 2 3 4 

Near x = 2 the function drops rapidly to minus Its value between 0 
and 1 and stays constant up to x « 4. Since f(x) Is negative and constant in 
the Interval 2 ^ x *^ 4 the area "under" the curve is negative and will reduce 
the area accumulated from x = 0 at a constant rate. The overall appearance 
of the antlderivatlve for 0 ^ x < 4 Is Shown In Fig. 8.22. 

A comment about notation Is In order at this point. We have labeled 
the Independent variable of the area function by X rather than x. The reason 
for this change is to avoid coMuslon between the upper end of the interval 



-211- 

i ■ , ■ ' ■ " 

of Integration and all the values Inside It; when we write j f(x)dx, x takes up 

all values between and X. Where there Is no danger of confusion we can 
write F(x) for the antlderlvatlve of f{x) without resorting to an X. , 



Y 




Questions 

1 . It Is stated In the text the area function of f(x) = c, where c Is a con- 

> 

stant, is a straight line. What is the slope of this line? 

2. Sketch an antlderlvatlve of the function f(x) described in Fig. 8.23. 
Assume F(-2) = 0. Check your answer by finding the algebraic ex- 
pressions for the straight line segments and men c^'culatlng their 
antlderlvatives. 



Y 




3. By studying the area under the curve y = f(x) for 

find the general features of its antlderlvatlve subject to the Initial con 
dltlon F{0) = 0. What aspects of the behavior of F(x) can you deduce. 
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8.12 Numerical Integration 

N-1 " • r'^z 

Computing the sum f (xjT + nAx)Ax as an approximation to J f (x)dx 

n=0 XX 

can lead to long and tedious calc^tlons. Whenever possible, therefore. It 
Is desirable to have this work done by a computer. A flow chart for a computer 
program which can be used to do this Is shown as Program 1. The program re- 
quires that the values for , X2. and N be read In at Step 1. After Initializ- 
ing regl-^ters in Steps 2 through 4, th^^value for Ax, represented in the pro- 
gram by the register DX, Is calculated In Step 5. Steps 6 throi^h 8 calculate 
the.actual sum, using register I as the Index. Finally, the sum Is printed In 
Step 10. 

PRCX3RAM 1 




1 1. 


Readyf 


input- XI, X2,N 


4 




2. 
3. 


Sum - 0 






4. 


X -XI 1 


I 


5. 


DX - 


tX2-Xl)/N 






1. 6. 
7.. 
8. 


I 

Sum -Sum+f{X)*DX 
X -X+DX 



I 



^ - C T, If 1 1 N-l go to 6 y 

I > N-1 



{10. Write Sum 



11. 




] 
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A major limitation of this program Is that It provides no Information , 
about the accuracy the approximation to 1 flx)dx. To remedy this dlffl- 

culty we can add a routine to check on the exactness of the approximation 
and, If necessary. Improve it by Incrr.-asing the number of subdivisions. 

Program 2 is a version of the first program with these new features 
added in. The new prc^ram repeatedly doubles N until the approximation to 

f(x)dx differs from the true value of | f(x)dx by less than some prespec- 

Xi Xj 

ified number E. 



/ 



1 < N-1 



PROGRAM 2 




1 . Read input - Xl,X2, E 



I 



2. DH - f(X2) - f(Xl) 

3. DX * X2-X1 

4. Sum-f(Xl)*DX 

5. N *- 1 

6. ERR*'|DH*DX 



If ERR < L go to 18 ) 
I • ERR > E 



ERR < E 



18. Write-* Sum 



8. 


I *■ 0 


9. 


Sum - 0 


10. 


X *-Xl 


11. 


N *- N*2" 


12. 


DX *- DX/2 


13. 


I - I+l 


14. 


Sum *-Sum+ f(X)*DX 


15. 


X *-X+DX 




19. STOP 



<I6. If I r/.N-l go to 13 ) 



I > N-1 



17. Go to 6 



i 
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2. 



3. 



Programs such as Program 1 and Prt^ram 2 require that the rule for 
k) be specified. Therefore, If the function Is presented either graphl- 
or In tabular form such programs cannot be used. We can modify Pro- 
l to deal with tabular data but the approximation can no longer be made 



Code Program 1 In BASIC for f(x) = x2 + 4 . Use your program to ap- 
proxln.ate the area under y = f(x) from = 0 to X2 = 2 using four 
rectangles. 

Modify Program 1 to approximate the area of a function given In tabu- " 
lar form. (Hint: Yo.u will have to read In values of x and f(x) Instead 
of computing them.) 

Code Program 2 In BASIC for f(x) = x2 + 4 . Use your program to ap- 
proximate the area under y = f(x) from x^ = 0 to X2 = 2 to within 0. 01 
unit squares. 

(a) Modify Program 2 to print not only the final result but also the 



approximate value of / f(x) dx for each value of N. 

7x1 

(b) Use your modified program to approximate the area under 
f(x) - x2 + 4 from Xj = 0 to X2 *= 2 to within 0.01 unit squares. 

(c) What does the series of successive approximations tell you 
^bout how such approximations are related to the true area? 
Modify the program of Question 4 to compute various areas under 
f(x) = n/i - x2 (see Fig. 8.24.) 

(a) First compute the area under f(x) =/l - x2 from x^ * -1 to 

X « 0. Use your result to approximate ir to four decimal places. 
2 

(b) Next, approximate it to four decimal places by computing the 
area under f (x) « -s/l - x2 from = 0 to xj «= 1 . How do the two 
estimates compare? One would expect the two methods to agree. 
Do they? 



arbitrarily precise. 



Questions 
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* 

(c) Use your program to compute the arda under f(x> " JT^ from 
= -1 to « I. What happens? Why? 




8 



Fig. 8.24 

(a) For Program 2 describe how the accuracy of the approximation Is 
determined, 

(b) What are the limitations of the procedure used? (Hint: Consider 
the results of Problem 5.) 

(a) Modify Program 2 so that the criterion for accuracy Is based on 
the comparison of two consecutive approximations. That Is, If two 
approximations differ by less than E the program should print the re- 
suit and stop. Othenvlse, divide the Interval ortce again and continue 
the process. 

(b) How does this procedure compare to the one of Program 2 ? 

(c) Does this criterion work equally well for all integrals ? ^ 

(a) Modify Program 2 so that It can be used to compute AOC) = j f (x) dx 

Xj 

and print out a table of values of X and A(X) which could be used 
to graph the : unctlofl^OO . ^ 

(b) use the prooram of part (a) to print a table for AOC) = /^(x^ + 4) dx. 
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dx 

9. Use the program of Question 8 to print a table for A(X) « J . 

10, How could the program of Question 8 be modified to print out a table 
which could be usea to plot F{X) = F(x,) + / f(x)dx? 



. J f 
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Chapter 9 . THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

9 . 1 The Exponential Function y « 10^ 

In Chapter 4 you learned how to find Intermediate points on a power- 
of-ten slide rule by taking square roots of ten. For example, the number on 
the D scale represented by a displacement from I to a point halfway between 
1 and 10 Is ^JXU = 10^^^ = 3.162. By taking successive square roots you 
found still more Intermediate points. Thus, to find the number on the D 
scale lying halfway between 1 and 10^-^^ you calculated 
n/ioI/2= (iol/2]l/2 = io1/4. 

By taking successive square roots of 10 you were, in fact, raising 

10 to different fractional powers 10^/^^ 10^^^, 10^^^, iqI/^S _ _ Eg^h 

111 1 

of the terms In the sequence of exponents — , ~, etc., has the form ~, 

where n Is a positive integer. Using products of fractional powers of the 
form lo^'^^n^ vve can find the value of any fractional power of ten to any de- 

0 SIS 

sired accuracy. For example, If we wish to find the value of 10"*°'''^, we 

first search for a sum made up of terms from the sequence of exponents ~, 
111 

T, — , — that differs from the exponent 0.835 by only a little. The sum 
4 8 lb 

J + ~ - 0.75 Is close to 0.83 5, but we can easily get closer to it by add- 
ing and subtracting additional well-chosen terms from the series. Thus, 

+ i 0.875 erron 0.0400 
2 4 8 

1+ 7 + ^ - -i^V 0.8438 erron 0.0088 
2 4 8 32 
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To find the value of lO^-SSS ^ve now make use of the law of expo- 
nents, a"» • a" = a'""*^". and write 

n R-i^ ,n2 4 8 32 128 
]^q0.835 « 10 

ill ± -J^ 
. lO^.lO^-lO^.lo'^^.lO 

1 i 1 

2 4 8 
10^ « 10^ ' 10 

"~T X 

32 128 
10 • 10 



We can evaluate each of the fractional powers of ten In the above 
expression by taking successive square roots. If we do this {using a high- 
speed calculator to save time) , we get for the final result 

10O-835 „ 6,85 

Using this tedious but routine metho(|, we can find the value of any 
fractional power of ten to any degree of accuracy. There are other ways of 
calculating fractional powers of ten, but this is the method Invented and 
used (without the benefit of high-speed calculators) in the seventeenth cen- 
tury. 

What we have just done Is find the value of f(x) in the function 
f(x) = lO'^ for X = 0.835. This new function Is called an exponential func- 
tion . The rule for this function Is "take 10 to the x power, " which Is not 
hard to do for Integral values of x i but, as you have Just seen. Is not so 
easy for many non-Integral values of x. However, If we calculate a reason- 
able number of values of lO^f, we can draw a graph of this exponential func- 
tion, filling in the hard-to-calculate gaps with a smooth curve. 

The graph of the exponential function y = lO'^ Is shown In Fig. 9.1. 
It rises steeply, passing through the point (0,1), and as x assumes larger 
anj larger values, 10*^ Increases wlthout.limlt, but as x becomes more and 
more negative, 10^ asymptotically approaches the x axis. 
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Questions 

1. Using the law of exponents, a"^ • a" « a"^+", show that lO^/^n the 
square root of 10^^" where n = any Integer. 

2. Find, using successive square roots, the value of 

(a) 10^/4 

(b) 100-^25 

(c) 102-5 

(d) 10^-^25 

(e) 10-0.25 

3. What are the domain and range of the exponential function y = 10^? 
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4.^ Suppose you have a veiy long plec» of string which you cut into 10 
pieces, and you repeat this process of cutting each piece Into 10 
pieces several times. 

(a) Make a graph of the number of pieces of string N as a function 
of the number of times n you repeat the pro(;ess (start with n » 0 
when N = I) . 

(b) Are you justified In connecting the points you plot by a smooth 
curve? 

(c) What function gives N as a function of n? 

(d) What restriction must you apply to the Independent variable of 
this function? 

9,2 The Exponential Functions v = b^ and y ^ kb^ 

In the previous section we discussed the properties of the function 
f(x) = lO'^, which is a special case of the more general exponential function 
f (x) = b'^ where b is any positive number. 

We found that we could calculate 10^ for any x to any accuracy we 
wished by calculating the product of some "well-chosen ' successive square 
roots, starting with the square root of 10. In similar fashion, we can find 
the value of b^ for any positive b and any x by starting with the square root 
of b instead of the square root of 10. The domain of y = b>^ for any "allowable 
choice of b extends over the whole number line. The range, however, con- 
sists of only positive values. The graph of y = b^ for various choices of b 
is shown In Fig. 9 .2 . If b Is greater than I , then as x assumes larger and 
larger values, b^ Increases without limit, but as x gets more and more nega- 
tive, b'* asymptotically approaches the x axis. For values of b less than 1, 
the reverse holds true. 

The exponential function Is one which comes up very often. For ex- 
ample, let us say that the population of wild rabbUs doubles each year. If 
we start with k rabbits, then after one year we have 2k rabbits, after two 
years 2(2k) = 22k rabbits, after three years 2(22k) " 23k rabbits, etc. After 
X years, the same reasoning, there will be y = {2^)k rabbits. Here we 
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have a more general form -of the exponential function « namely 

y « kb^ 

The same function y = kb'* describes the total amount of money in a 
savings bank account, assuming a constant rate of Interest. Let us say thai 
we start with a principal of m dollars and that the annual Interest Is 6 per 




Fig. 9.2 

cent, or 0.06 of the principal. After one year we have 1.06m dollars In the 
account, after two years 1.06 x (1.06m), etc., and after x years we have 
(l.Oel'^m dollars. Of course, the balance shown in the account is not really 
a smoothly varying function of x, since Interest Is usually not credited con- 
tlnuously as It accrues, but is added as a lump sum at fixed intervals. Nev- 
ertheless, If the total time considered is large compared to the time between 
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interest dates, the function can for ail practical purposes be considered 
smooth. (See Fig. 9.3.) 
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Quesitot'.c 

1 . The exponential function y = kh^'^^ , where k, b, and Xq are con- 
stants, reduces to the form y '= k'b'^, where k' Is a constant. What 
Is k' In terms of k, b, and Xq? 

2. The exponential function y = kb^'*, where Ic, b, and a are constants, 
reduces to the form y = k'c^, where c Is a constant. What is c In 
terms of b and a ? 



9.3 Inverse Functions 

In Section 6.1 we defined a function as a relation such that for each 
value of the Independent variable there Is only one value of the dependent 
variable. We said that we could look at a function graphically, In tabular 
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form, or we could express a function In terms of a rule. 

It Is sometimes useful to think of a function as a rule by which we 
pair off certain numbers with other numbers; we may consider the function J[ 
as a rule that pairs off a number x with the number f(x). Certain of these 
rules can be inverted; that is, another function can be found converting f(x) 
bacif Into x. 

For example, the function f(x) = x + 3 pairs off 0 with f{0) « 3; 1 with 
fU) = 4, 10 with f(10) = 13, etc.. The function g{x) « x - 3 Inverts the rule 
of f{x) = X + 3 since it pairs off 3 with g{3) = 0. 4 with g(4) « 1, 13 with 
g(13) = 10, etc.. 

It is not always possible to find a function inverting the rule of an- 
other function. For examplv?, we cannot find a function that is the inverse 
of the function f(x) = x'^ . The reason is that f(2) = 4 and f(-2) = 4, so a rule 
g(x) which inverts the rule f(x) would have to satisfy both g(4) = 2 and 

r 

q(4) = -2. But if the rule g(x) defines a function, then g(4) must be a unique 
number; thus there is no function which is the Inverse of f(x) = x^ . 

Whenever we have a function g(x} which reverses the rule of a func- 
tion f(x), then g(x) (s called the Inverse function of f (x) . 

What is the graphical relationship between a function and its inverse? 
Let us first make the observation (Fig. 9.4) that the line y = x is the perpen- 
dicular bisector of the line segments connecting the points (a,b) and (b,a), 
(c,d) and (d,c). (m,n) and (n,m). Or, to rephrase the statement, the points 
(a,b), (c,d), and (m, n) are symmetric to the points (b,a), {d,c), and (n,m), 
respectively, about the line y = x. 




Fiq. 9.4 
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We know that to graph a function f(x), with values for f(d} = b7 
f(c) ~ d, f(m) = n, etc., we plot the points (a,b). (c,d), (m,n), etc. Since 
the Inverse reverses the rule of the function, we can graph the Inverse by 
plotting the points (b,a), (d,c), (n,m), etc. In view of our observation con- 
cerning Fig. 9.4, It Is now clear that the graph of the inverse of a function 
Is symmetric to the graph of the function with respect to the line y = x. 

Thus, for example, to sketch the graph of the inverse of f(x) in 
Fig. 9.5, even though we have no explicit rule that defines fix), we can se- 
lect a fpw points (Pj , ?2, ...» P7) on the graph of f (x) and locate points of 
symmetry (0 j , O2 . > • • , Qj) with respect to the line y = x . We then sketch 
the graph of the inverse by connecting these points. We can tell by looking 
at the graph in Fig. 9.5 that the inverse is a function even though we cannot 
write the rule for it In terms of algebraic operations. 



Y 




Fig. 9.5 

We stated earlier In this section that the function y = does not 
have an Inverse function. We can Illustrate this graphically (Fig. 9.6(a)). 
Note that the relation y ■ ±s/x reverses the rule y « x2 but It Is not a function 
since for any x In the domain of y « ±v^ there are two values of the dependent 
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varlable 2. It is possible, however, to get an Inverse function for f(x) = 
If we restrict the domain of f(x) to non-negative values only. The rule 
y - •Wx'then defines the inverse function of y = where the domain of the 
Independent variable in the function y = x^ has been restricted to non-nega- 
tive values of X, This is shown graphically in Fig. 9.6(b) where the solid 
portion of each graph shows the function and its laverse function.* The dot- 
ted portions are included just to show the complete relation between x and 



4 




Fig. 9.6 



*The function y = +Vx is usually written as y = n/x, where the positive sign is 
understood. \ 
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Questtons 



I 



(a) Figure 9.7(a) shows the function f(x) = 2x + I and Its Inverse 



g(x) . 



What Is the algebraic expression for g(x) ? 



r 



(b) Figure 9.7(b) show;6 f(x) = 2x + 1 and y = x. ,In this figure the 
scale on the x-axls/has been "stretched" so that the distance from 



the origin to 1 alon^the x-axis is twice the corresponding distance 
along the y-axls. ' 



f(x )'Z%*\ 




g(x ) 



Fig. 9.7 



(a)- 
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Lay oil, on graph paper, scales like those In Fig. 9.7(b} and 
plot the graph of f(x> = 2x + I and y = x. 

Now use the algebraic expression you obtained in part (a) to 
plot q(x). 

(c) Are f(x) and g(x) symmetric with respect to the line y = x? 

(d) Under what conditions are a function and Its inverse symmetric 
with respect to the line y = x? 

Is y = Wx the inverse function of a function? If so, what function? 

Sketch the graph of the Inverse of each function in Fig. 9.8 without 
writing any algebraic expressions but by using the graphical rela- 
tionships between a function and Its Inverse. 



Y 
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4. In Fig. 9.9 . the functions f(x) « x2 , g(x) ■ 2 , and h(x) • vT-ir 
are graphed . 

(a) Sketch the graph of the Inverse of each function. 

(b) Is the Inverse cf any of these functions a function? 




5. Given a graph of a function, formulate a rule which will tell you, 
without golr^ through the graphical construction of an Inverse, 
whether or not the Invertffe Is also a function? 

6 . Graph the function y « f (x) « 4 - jx and then choose a few points on 
the graph of f(x) to plot Its Inverse. Now, using the technique de- 
scribed In Section 7.5, write the equation of Its Inverse. 
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7. In Question 6 you graphed the function y « 4 - -x. Solve the equa- • 
tlon y = 4 - for x , and compare your solution with the equation of 
the inverse function that you de/lved In that example. Does this 
give you a method of writing the equations for Inverses of linear 
functions? Try some more examples. 

9.4 g(x) = log^QX: The Inverse Function of f(x) = 10^ 

Figure 9.10 shows the result of applying the geometric method for 
constructing the graph of an Inverse of a function to the function f(x) = IC^. 




As you can see, the Inverse of f(x) = IQX is a function because for each val- 
ue of the Independent variable there Is only one value of the dependent vari- 
able. It Is called a logarithmic function. There is no way to write the exact 
rule foi- g(x) using simple algebraic symbols, although we can find g(x) for 
any positive value of x frcn a table of values of the exponential function 
y*=10'^. Therefore, we write it as 

g(x) = log^QX 

237 
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where log^QX means '*find the exponent of 10 such that 1090c) « x** and Is 
read as "the logarithm of x to base 10." .Note that "locr^o" repre- 
sent a number. Like the symbol "nT" It specifies a definite operation. . 

* * 

From the definition of the loga'rlthmlc function It follows that 
log^O^ = 0 since 10® « l- 
logjolO * 1 since 10^ ^ 10 
logio^OO 2 since 102 = 100 



and for numbers less than 1 

* 

logjO°*^ 
log^QCOl 



-1 since 
-2 since 



10"^ = 0.1 
10-2 o.Ol 



Table 9.1 lists some of the overall properties of the two graphs In 
Fig. 9.10 and shows the close relationship between t;ie functions y « 10^ 
and y = log^QX. We see that one graph behaves In just the reverse way 
from the other. 



Domain 

Range 

Intercept 
Asymptote 



TABLE 9 . 1 

f(x) « I OX 

all numbers on 
the number line 

positive numbers 
on the number line 

(0, 1) with the y-axls 

x-axls 



g(x) 



« logipx 



positive numbers 
on the number line 

all numbers on 
the number line 

(1,0) with the X-axis 

y-axis 



The most characteristic property of the exponential function Is ex- 
pressed by the law of exponents. Specifically for base 10, 

lO'^l . 10''2 . lo'^l^^^ (I) 

r. 

What is the. corresponding property for the logarithmic function? 
/ Let 

yj « 10*^1 and y2 « lo''2 
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then by the definition of the logarithmic function* 

= logy^ and X2 ■» log y2 
Equation (1) can now be written as 

Again applying the definition of the logarithmic function we have 

+ X2 = log (yiy2) 

On the other hand 

xj + X2 = logy^ + logy2 

Hence 

log (yiy2) = log yi + log y2 (2) 
In Words, the logarithm of the product of two numbers equals the sum of the 
logarithms of the two numbers. 

Because of this relationship, a table of logarithms of numbers need 
include only the logarithms of numbers between 1 and 10. The table of log- 
arithms to the base 10 In the Appendix of this book, for example, gives the 
logarlthrrs of all three-digit numbers from 1 to 10 only, and the logarithms 
of these numbers, given to four digits, range from 0 to I . (For simplicity, 
the decimal points in the numbers and also In the logarithms are omitted.) 

To use ^uch a table for numbers greater than 10 or less than 1 , we 
express the number as a number between 1 and 10 multiplied by the appro- 
priate power of 10. We then use Equation (2). For example 

log 324 = log (3.24 x 102} 
« log 3. 24 + log 102 
= 0.5105 + 2 
» 2.5105 



*The subscript 10 Is generally omitted when we write logarithms to the base 
10. Thus, logy stands for log J ^y. 
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Similarly 

log 0. 0324 » log (3. 24X10-2) 
e log 3.24 + log 10-2 
= 0.5105 - 2 
«= -1.4895 

Questions 

1 . The law of exponents holds for any number of factors: For example, 
10''l.l0^2.i0'^3 = io'^l-''^2+^3. 

(a) Use this extentlon to show that 

logy^y2y3 ' logy^ + logy2 + logy3 

(b) Express this result In compact form for the special case 

yi = y2 = y3- 

(c) How would you generalize this result to any number of equal 
factors? 

2. In Equation (2) consider the special case y, = ~~. What does the 

1 'I 
result tell you about log — In terms of log y, ? 

yi 

3. The logarithm of the quotient - can be looked upon as the logarithm 

1 

of the product a - . On the basis of your answer to the preceding 
question state In a sentence the relationship between the logarithm 
of a quotient and the logarithms of Its numerator and denominator. 

4. How Is log (x-n^ related to logx? 

5. How Is log related to log to logx? 

6. (a) Graph y « logx for values of x between ICQ and 1000. 

(b) If you changed the x scale so that 100 became 1000, and 1000 
became 10,000, how would you have to change ihe labeling of the 
^ axis -so that the graph would represent logx In the new domain? 

7. Expand or slhipllfy 

(a) log {ax2) 

(b) log(;^) 

8. Use the table <rf logarithms In the Appendix to find the logarithms of 



-233- 



the following numbers: 

(a) 372 

(b) 0.50 

(c) 0.00437 



(d) 3.46xl0fi 
1 
367 
1 



(e) 
(f) 



0.021 

9. Use the table of logarithms to evaluate the quantities below: 

(a) (1.72)18 

(b) (2.63)1/^ 
ic) (143)-8 



9.5 The Functions e^ and Inx 

Figure 9.11(a) shows two curves of the form y = b^. They are y = 2^ 
and y = 4^. Both curves have the same y-lntercept, (0.1), and both are 
approximately straight lines for |x| << 1. They can therefore be approximated 

y = 4 
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by the function y « 1 + ax for |x| << I where a is the slope. As you can see 
from Fig . 9 . 1 1 (a) , at x = 0. y «= 4^ has a slope greater than 1 . and y ^ 2^ 
has a slope less than 1 . There must exist an exponential function, y = b'^. 
whose slope at x = 0 is a = 1. This exponential function will have the simple 
approximation y » I + x. The base of this function Is called e and the graph 
of y - e^ and y = 1 + x, close to x « 0, Is shown in Fig. 9.11(b). The figure 
shows that, Indeed, for |x| << 1, the function 1 + x Is a good approximation 
for e'^, so we write 

e3< « 1 + X <^ I 

' We can find the value of the base e by taking both sides of the above 

equation to the - power: 

(ex)l/x = e« (1 +x)l/^ |x| << l 

Since our approximation w l + x becomes better as x approaches zero, we 
expect that the approximation. e «« (1 + x)^/'^ becomes better as x approaches 
zero. Table 9.2 gives the calculated value of {1 + x)^/^ for a range of values 
of X approaching zero. 

TABLE 9.2 



X 


(1 + x)l/x 


1 


2 .000 


10-1 


2.594 


10-2 


2.70^ 




2 .71? 




2 .718 


10-5 


2.718 


10-6 


2.718 



The tabl2 shows that for |x| < 10-4 there Is no change, to four significant 
dlQlts, In the values of (1 + x)^^^. We can say, therefore, that e = 2.718 
to four significant digits. 

Exponential functions with the base e occur frequently and for this 
reason tables of e'^ and e"'^ are found In many textbooks and handbooks. 

2i- 



-235- 



The Inverse of the function y = e** Is also common. This logarlthmlo^p 
function y = log^x, Is commbnly written as y = Inx to dlstli^ulsh It from the 
only other commonly used logarithmic function, y = logx.* 




^Logarithms to the base e are called "natural logarithms," or sometimes 
"Naperlan logarithms" after their Inventor. (Logarithms to the base 10 are 
often called "common logarithms.") 
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« What Is the relationship between I09X and Inx? To find it, we take 

the logarithm to the base e of x for the case where x « 10 . Thus Inx = y In 10 

or y T^T^ and logx = y log 10 = y. Thus 
In 10 , 

Since 7-~r Is a constant, we see that logarithms to the base 10 are propor- 
In 10 

tlonal to logarithms to the base e. 

Another important property of Inx Is that we can readily derive an ap- 
proximation for in (1 + x) for |x| << 1 This Is a direct result of the approxi- 
mation ^ I + X. Thus, by definition of the logarithmic function, 

ln(l + x) « X |x| << l 

One should not forget that this approximation applies only to logarithms to 
the base e. It does not apply to logarithms to the base 10. 

Questions 

1. What Is the relationship between e*^ and lO'^? 

2. What Is the value of 

(a) el- 

(b) el 00 

3. Use a table of e'^ to find the fractional error in the approximation 
e'^ » 1 + X for 

(a) x = 0.01 

(b) x = 0.1 

(c) X = 0.5 

4. The expression logx = Inx makes it possible to obtain logx 
from tables of Inx. What Is the corresponding expression that allows 
us to obtain Inx from tables of logx? 

5. Using the table of logarithms In the Appendix find 
ia) In I 

(b) In 10 

(c) in 100 
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6. What Is the fractional error In the approximation In (I •» k) « x for 

(a) X =0.001 

(b) x«0.l 

(c) X = 0.5 

7. If a sum of money Increases by a fixed, small percentage at regular 
time intervals, then the amount A at time _t In years Is given by 

where m Is the amount when t Is zero, £ Is the Interest rate and n Is 
the number of times per year the Interest Is added to the principal 

(compounded) . 

(a) Express (l + ^ as e'^. 

(b) By making use of the approximation In (1 + x) « x for x <<^ I find 
the expression for A when the Interest is compounded continuously 
(n-'oo). 

(c) What is the difference between $1000 compounded annually at 
6 per cent and $1000 compounded continuously at the same rate? 
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9 , 6 The Derivative of y ■= e^; Exponential Growth and Decay 

The .exponential function has many applications. To study these ap- 
plications we need a knowledge of Its derivative. 

According to Equation (2) of Section 8.3, the derivative of the func- 
tion f(x) = e'^ is defined as 

„x+^x , 

C«*l' = ^'2o^— S 

Unfortunately we cannot write the numerator in Equation (3) in such 
a way that Ax in the numerator can be cancelled with the Ax in the denomi- 
nator. However we know from Section 9.5 that e^ w I + Ax when Ax « I 
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and that this approximation approaches an equality In the limit as Ax -*0. 
Therefore Equation \j) becomes 

The exponential function (with base e) has the Interesting property that it 

equals its own derivative! 

How is this- property modified for the more general exponential func- 
tion e^'*? ^Agaln, applying the delta process we find 

jekx]. = iim ^ ^= llm^^ — ^— ^ 

For'any^value of k we can choose Ax so small that also kAx will fulfill the 
condition kAx « 1 . Then we apply the approximation from Section 9.5: 

ekAx + kAx 

( 

and find 

Ax -♦OD 

In words, the derivative of e^^ Is proportional to the fujalp^tlonytself and the 
constant of proportionality Is k. 

What is the derivative of Ae*^^? From theorem (l) of Section 8.5, we 
know that the derivative of a constant times a function Is the constant times 
the derivative of that function. Hence 

[Aekx]* «,A[e^]' = Ake*^ ^'kAe^ (5) 

Thus the derivative of Ae^'^ Is proportional to A^?^'^- Itself and the constant of 
proportionality k Is Independent of the value of A. ThiyConverse of this re- 
sult is also tnie. We state It here without proof: ^ 

Any function f(x) which has the pnsperty t6^t_Jts^ derivative is propor- 
tlonal to Itself, Is an exponential function. Specifically, If 

f(x)«kf(x) 

then 

f (x) «= Ae^ 
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Note that f(0) = A. Hence, A can be specified by an Initial condition. For 
example, IfXx) « l,5f(x) and f(0) « 10. then fW = lOe^'^x. 

In many applications of exponential functions the independent variable 
Is time and dependent-variable Is the number of such discrete things as atoms, 
bacteria, people, etc. In such cases we speak of population functions , and 
designate the dependent variable by N. 

Population functions change by discrete amounts and therefore have 
the property that their graphs are not smcoih curves. But If over a short time 
interval, the changes In the slge of the population are small compared to the 
total population considered, then for all practical purposes we can consider 
a population function to be smooth and speak of a rate of change N' . 

In this notation, If a population function satisfies the equation, 

N' = kN 

then It is of the form 

N = Nge^t ((,) 
where Ng is the size of the population at t = 0. 

Questions * 

1. Find the derivative of Cdch of the following exponential functions: 

(a) SeX 

(b) 4e-x 

(c) 0.5e3x 

(d) 5e-0-^x 

2. Evaluate each of the derivatives in Question l f or x = 2 . 

3. For whicKof the functions in Question i does the value of the func- 
tlon increase with increasing values of x? 

4. Which of the following functions would probably be of exponential 
form ? 

(a) s(n), your annual salary n years afier beginning your lob if you 
have been promised annual pay raises of 5 per cent. 
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(b) f(t) , the temperature on a hot day at time ^. 

(c) n(t) , the number of people who have heard a rumor 1 days after 
It was started. 

(d) f(n) , your annual salary n years after I?eglnnlng your, job If you 
have been promised annual pay raises of $700. 

Figure 9.12 Is an Illustration of Equation (5). tt Is the graph of the 
decay of a sample of polonium. The atoms of this radioactive ele- 
ment disintegrate, changing into stable atoms of non-radtoactlve 
lead. The rate of this decay Is proportional to the amount of poloni- 
um present. It does not depend on the age of the sample. The func- 



Flg. 9.12 




100 200 300 



4(K) 500 600 7(K) 
TIME, t IN DAYS 



800 900 1000 



ERIC 



tlon giving the amount of polonium present at any lime ±, therefore, 
has the form of Equation. (6) where Nq is the number of polonium 
atoms present at time zero, and k Is negative. 

(a) Solve the equation j Nq « Noe"®*^^^^ for_t. The length of time 
required for a sample of the element polonium to decay to half Its 
present size Is called Its "half life." 

(b) What, approximately. Is the half life of polonium that you find 
graphically from Fig. 9.12? 

(c) How does the rate of decay when the sample Is reduced In size 
to one-half, compare with Us Initial rate of decay? 

The element uranium has a rate of decay given by 

N' -1 . 5 X 10~^^ N atoms per year 
Draw the graph of N/Ng as a function of ^, where Nq Is the initial 
condition. 

Sketch the graph of N/Nq = e"*'0-005t. is there an analogue of "half 
life" fpr exponential functions with positive exponents? (Perhaps 
the term would be "doubling time.") 

To answer this question, refer to Question 7(a) in Section 9.5. A 
large printing press used to print cardboard posters can print Just 
one color at a time. However, multicolored posters can be produced 
by running the posters through the press one time for each color. 
From past experience 'it has been determined that the percentage of 
rejects (blurred ink, torn paper^ etc.) on a single run Is never higher 
than 6 per cent. How many blank posters must one begin with If one 
needs to produce 

(a) 100 one-color posters, 

(b) 100 two-color posters, 

(c) 100 five- color posters ? 
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A population of wild rabbits (Section 9.2) m^y grow exponentially for 
some time. But clearly such exponential growth cannot continue In- 
definitely due to the limitations in the environment. Very often limit- 
ing factors cause populations which have appeared to grow exponen- 
tially for a while to "level off, " to begin to die out, or to exhibit 
other erratic growth and/or decay. 

Figure 9.13 shows the growth curve of a colony of bees. It Is 
very nearly exponential for a while and then begins to level off. 
The growth curve of Fig, 9.13 Is quite accurately described by the 
growth rate function 

where N Is the number of bees at time Jt and k and K are constants. 
The factor ^ represents the limitation on the rate of growth and 

Fig. 9.13 

100.000 I 1 I I I I 1 I I I I I I I t 1 I i I I 1 I I I I 




- 243 - 



on the ultimate size of the colony due to environmental factors. 
What Is the significance of K? 

t 

10. (a) Find the function that represents the growth. of lead formed by 

the decay of a sample of polonium initially containing 6 x 10^3 atoms 
and graph the function using data from th^ decay cuive for polonium 
(Fig. 9.12). 

(b) Is the time It takes for the lead formed to double In amount a 
constant? 

11^ A person hears a rumor and repeats It to three other persons In one 
day. Assume that each of these three persons pass pn the rumor to 
three other persons the next day ywho have not previously heard It. 
The rumor Is passed on In this way for 8 days. How many persons 
will have heard the rumor? Is the assumption reasonable? 

12. Look up the topic of Cj^ (carbon 14) dating. What Is the relationship 
between this section and C^^ dating? 

13. (a) Use the delta proceafe and the approximation ln(l + Ax) « Ax for 
X « 1 to find [inx]' . 

(b) What Is the deH votive of ae^ + b Inx? 

14. ' (a) Suppose b > 0. Find a constant k for which b'^ - e^'^. 
(b) What is the derivative of f(x) = b'^? 

What is the derivative otf(x) = logx (the logarithm to base 10 of x)? 

Compare the derivative of Inx with that of In(cx). Does this compar- 
ison contradict the statement of Section 8.7 that "the antlderivatlves 
of a given function form a family of homomorphlc functions displaced 
vertically with respect to one another?" Why? 

^f3i 



15. 
16. 
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9 .'7 Recognizing Functions of the Form v » (Jt^ 

\ Consider the functions whose grafts are shown In Fig. 9.14(a) and 
9.l4(bK How can we find If they are of the form 

y « Ctf' . (7) 

and what are the values of the constants C, and b? 

If we take logarithms of both sides of Equation (7) we get the equa- 
tion 

log y « log C + x log b (8) 
Now If we let z « logy we see that Equation (8) describes z as a linear func- 
tion of X, I.e. , z = (logb)x + log Cr. If the functions are of the form y « Cb^ 
a plot of 2 = log y as a function of x will be a straight line. Figure 9.15 Illus- 
trates an example of Just this situation. It is a graph of logy as a function of 
x for the function y «= 3(2)^^. 



Fig. 9.14 
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We have Included on the graph of Fig. 9.15 a second vertical axis 
representing the numbers y whose logarithms are marked off on the log y 
scale. The relative displacements the numbers on the ^ scale are the 
same as those on the C and D scale of a slide rule. 



Fig. 9.15 
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When plotting log y versus x It is tedious to have to look up the loga 
rlthm of each value of x plotted. There is a special kind of graph paper, 
called semi-log paper, which eliminates this problem. A sheet of semi-log 
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paper with x and y axes drawn on It Is shown In Fig. 9.16. Note that the 
scale lines along the x axis are equally spaced like those on ordlnaiy graph ^ 
paper. The scale lines on the ^ axis are not equally spaced, however. The 
' actual displacement from the intersection of the axes to a particular value 

Y Fig. 9.16 
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on the ^ axis, say Yq, Is proportional to the logarithm of Vq. In other words, 
equal displacements along the y axis are p^iroportlonal to differences In the 
logarithms of the numbers actually marked on the scale. For example, the 
displacement between I and 10 equals the displacement between 10 and 100 
since log 10 - log 1 = log 100 - log 10 = I . To plot the point (3, log 2) one 
Just goes to the 3 on the x axis and then moves up to .2 on the x axis. 

In plotting the labeled values of ^ versus x you are really plotting 
log y versus x. Semi-log paper Is a convenience to help you plot logy versus 
X without having to use log tables Just as a slide rule helps you multiply 
numbers by adding their logarithms without ever looking up the logarithms In 
a table. 

To Illustrate our method let us find the equation for the function In 
Fig. 9.15 whose graph Is drawn on semi-log paper In Fig. 9,17. Since the 
point (0,3) is on the graph we get from Equation (7) that 3 = Cb^ = C so C = 3 . 
Letting x - 1 In the equation y gives y = 3b so to find b we observe that 
the point on the graph with x coordlndte 1 has coordinate 6. From the equa- 
tion 6 = 3b we have that b = 2 . Our function therefore has as Its equation 

y = 3 X a'^. 

This method for finding C and b from the points with x coordinates 
0 and 1, respectively, will always work since the line representing the 
graph of y = Cb^ can always be extended so as to cross the vortical linos 
X = 0 nnd X = 1 . 

Thoro Is a limitation in using semi-log paper to plot exponential func- 
tions. One? scale division on the horizontal scale can have any value you 
choose but the range on the vertical scale is limited. The one in Fig. 9.17, 
for example, can cover only a range of three consecutive decades of y val- 
ues. Such paper is said to have three cycles. It can be used to plot values 
of ^ from 102 to 10^ or from 10"^ to 10"^ but not from 10 to 10^ or lO'^ to 
103, etc. If you need to plot with more than three decades on the vertical 
axis you can attach several sheets together or you can use sem»-log paper 
with more than three cycles. 
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Fig. 9.17 
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Questions 



1 



2. 
3. 



This question illustrates the fact that we have lost no generality in 
writing our exponential functions in this section in the form y = Cb'^ 
rather than as y = Ce^. 

(a) If 3^^ = e^^ for every x, what is k ? 

(b) If b'^ = e2x for every x, what is b ? 

Find the equation whose graph is sketched In Fig. 9.18. 

(a) Which of the graphs In Fig. 9.19 are graphs of a function of the 
form y = Cb^ ? 

(b) For those graphs In Fig. 9.19 which represent exponential func- 
tions find the values of C di!d b. 
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The table below represents £ as a function of sc . 









2 07 


-2 


2.22 


-I 


2.67 


0 


4.00 


I 


8.00 


2 


20.00 



(a) Plot the data on regular graph paper - the relationship should 
appear to be exponential. 

(b) Replot the data on semi-log paper. 

(c^ The result of part (b) was probably disappointing. Don't give up. 
Find a constant d so that the set of points (x, y-d) do give a straight 
line when plotted on semi-log paper. 

(d) Write an equation for these data. 

(e) Will a function homomorphlc to a function of the form y = Cb^ 
give a straight line when plotted on semi-log paper? 

The accompanying table gives the world population from 1650 to 1970 



World 

Year Population 

1650 0.545 X 10^ 

1700 0,610 X 10^ 

1750 0.728 X 10^ 

1800 0.905 X 10^ 

1850 1.17 X 10^ 

1900 1.61 X 109 

1950 2.40 X 10^ 

1955 2.69 X 10^ 

1960 2.92 X 10^ 

1965 3.18 X 10^ 

1970 3.50 X 10^ 



(a) Make a plot of population versus year on regular graph paper. 

(b) To see if the gra^h in part (a) is an exponential function of the 
form y = Cb^, plot logy versus x on semi-log paper. 
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(c) Notice In the graph of part (b) that the portion from 1950 to 1970 
Is fairly linear. Replot this pcutlon with a lai^er scale along the 

X axis. 

(d) From your graph in part (c) , find the values of b and C , and write 
the exponential function that describes the population growth from 
1950 to the present. 

(e) Demographers project a world population of 6.27 x 10^ by the 
year 2000. Extrapolate your graph In part (c) to the year 2000, and 
compare your result with this fl\jure. 

6. Make a semi-log graph of the growth curve of the bee population 



shown in Fig. 9.13. 

(a) For about how many days Is the growth of the colony exponential? 

(b) During the exponential growth of the colony what is the time 
interval during which the bee population doubles In size? 

(c) Use the equation given in Question 8, Section 9.6, to find an 
equation for the maximum size of the colony of bees described in 
the question. 

Figure 9.20 is a graph of the density of the atmosphere as a function 



of altitude. Here the density is displayed over a range of nearly 
seven orders of magnitude. Is the function exponential? 

Fig. 9.20 
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8. In the spring of 1937, eight rtng-neck pheasants were Introduced on 
a protected Island off the coast of the state of Washington. Each 

sprtng"a count of their population was made. The results are shown 
in the table below. Did the colony grow exponentially? 

Year Population 

1937 8 

1938 30 
L939 90 
1940 300 

9. Which of the curves in Fig. 9.14(a) and (b) are of the form y = Cb'*? 
For those that are, write their equations In the form y « e^^. 

10. Replot Fig. 6. "2 using seml-logarlthmlc paper. What do you conclude? 

9.8 Recognizing Functions of the Form y «= mlogx + b 

In the preceding section we used semi-log paper to Identify exponen- 
tial functions. We can also use semi-log paper to Identify and specify log- 
arithmic functions. If we want to determine If a function has the form 

y = mlogx + b v (8) 

we plot Y as a function of z = Icgx. If the function Indeed has the form of 
Equation (8) we will again obtain a straight line. 

We can use seml-Iog papofr to plot Equation (8) with the logarithmic 
scale for the x axis as In Fig. 9.n. For example, this time the point 
(log 5,3) is plotted as simply (5,3) on the semi-log paper. From Inspection 
we see that the y-lntercept in Fig. 9.21 Is 2.18. (Note that this Is the val- 
ue of when x ~ 1 .) 

The slope of the straight line In Fig. 9.21 is m = ^^l^- By choos- 
ing points for which logx Is easy to compute we can find m without using a 
log table. For example, since it appears that (I, 2.18) and (10, 3.35) are 
on the graph we have that 

Ay 3.35-2.18 , 
^ Alogx log 10 - tor- 1 

so the equation whose graph Is glvan by Fig. 9.21 is y « 1.17 logx + 2.18. 
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Questions 

1. Tho following table represents z ^ iuncuon of x. 



X 




1 


4.50 


4 


6.10 


10 


6.9b 


15 


7.4 0 


30 


8. IS 


50 


8.45 



(a) Find the "best" functions of the fonn y = mlogx + b to fit this 
data. 

(b) Tstimate the error involved In using your function to predict the 
value of £ corresponding to a p.irticular value of x rather than con- 
suiting the table. 
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Find the equations for the functions whose graphs are plotted on semi 
log paper in Fig. 9.22. 

Tig. 9.22 
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Plot y versi's \or x :.;r Tables I and II. Decide in each case whether 
the \,.;\eo u^l$ can possibly correspond to a function of the type 



7 = mioy x. 


If so, find the value of 


m. 




TABLE 


T 


TABLE 


II 


X 


y 


X 


Y. 


U.02 


7. 30 


0.02 


-3.30 


0.08 


4.72 


0.08 


-2 .02 


0.40 


1.71 


0.40 


-0.67 


1.00 


0.00 


I. DO 


0.00 


6.00 


3.35 


6.00 


1,13 


20.00 


5.59 


20.00 


I .75 


60.00 


7.65 


60.00 


2 .30 


100.00 


8.60 


100.00 


2.52 



p 
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4. (a) Which of the graphs In Fig. 9.23 are graphs of logarithmic func- 
tions of the form y = mlogx + b? 

(b) For those graphs In Fig. 9.23 which were Identified as graphs of 
' logarithmic functions Ifi. part (a) find the values of m and b. 
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9.9 Recoqnlzin<| Functions of the Form y « ax" 

In Chapter 7 we considered functions of the type y = ax**, where n 
was sn Integral number. We can also consider functions of the form 

y = ax" 

where x Is greater than zero and n is any number. Integral or non-Integral . 
Figure 9.24 shows the shape of several graphs corresponding to a = 1 and 
different values of n. 

Y Fig. 9.24 




We have already described in Chapter 7 how to investigate whether 

a table of values of x and ^ represents a function y = ax", where n Is some 

integer. For example. If we suspect a relation of the form y = ax^ , we plot 

^ versus the quantity x^ . With the aid of logarithms we can now apply a 

more general method which will enable us to decide whether the values of 

iy. . . 
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X and z given In a table of data describe any 'unction of the type y = ax" 
and, If so, what the values cd a and n happen to 

We shall first assume that a Is positive. If the values In a table of 
data satisfy y = ax", as we have Just defined It. all the given values of 
and X are positive and we can have a relation between logx: and log y. Tak- 
ing the logarithm of both sides of y = axP, we find that 

log y = n log x + log a 
Therefore, If we plot logy as a function of logx, we will get a straight line 

with slope n = ^5?°^ ^! and a vertical intercept log a (Fig. 9.2 5). 
A(logx) 




To uvoid uslnq a tabic of logarithms wi^ can plot the values of x and 
Y on "Uxj-Iog" graph p<jpor, which differs trom semi-loqarithmic paper by 
havinq a loqarithmlc scale along both the x and axes. 

l ot us investigate the nature of tht- function roprosonted by the data 

in Table 9. K 

tabu: 9.3 



X 




0 


0 


0.5 


0. 15 


1.0 


0.48 


1 . 5 


1 .00 


2.0 


1 . 63 


3.0 


3. 30 


4.0 


5.30 


5.0 


8.00 


6.0 


10.90 


7.0 


14.40 
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' Figure 9.26 Is a graph of x a function of x for this table. From 
the shape of the graph It Is plausible that the corresponding function Is of 
the type y = ax", so we plot ^ as a function of x using log-log paper 
(Fig. 9.27), numbering the scales in the same way as described In Sections 
9.7 and 9.8, where the use of semi- logarithmic paper was discussed. The 
X axis and the ^ axis cross at the ixjlnt we have labeled (1, I), corresponding 
to (log 1 , log 1) « (0, 0) . If we wish to plot the point (1.5, 1 .00) from Table 
9.3, we find the Intersection of the vertical line numbered 1.5 and the hori- 
zontal line marked 1.00. Note that the point (0, 0) cannot be plotted. Plot- 
ting the remaining points, we see that the graph Is a straight line, so we know 
that a function of the form 

log y = n log x + log a 
describes the data in Table 9.3. The value of the slope is 

„ ^ ^ ( lo g y) 

A(logx) 

On log-log graph paper, displacements In Inches, centimeters, etc., 
on the paper are proportional to the corresponding differences In logarithms 



Fig. 9.26 
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of those numbers marked on the scale. Therefore, In Fig. 9.27 

A(logy) ^ jcBC^ BC 
" Adogx) kAC AC 

where k Is the constant of proportionality between logarithms and displace- 
ments. This means that we can find the slope on log-log graph paper by 
taking the ratio of the actual displacements Ay and Ax measured In centime- 
ters on the papen we do not have to find the logarithms of any numbers. 
Measuring BC and AC in Fig. 9.2 5 gives 

BC _ 3.5 cm _ „ 
AC 2 . 1 cm 

To find a in the function y ax^ - 7. we look at the ^ Intercept In 
Fig. 9.27. It shows that when X = 1 . y = 0.52 = aal-7) « a. Therefore, we 

conclude that the numbers in the table satisfy the function 

y = 0. 52x1 -"^ 

riq. 9.27 



Y 




EM 2UV 



t 
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To help you beOTme familiar with log-log paper and the techniques 
outlined above, we have plotted the functions shown in Fig. 9.24 on log- log 
paper (Fig. 9.28). Because the original functions are of the form y « ax** we 
know that a logx versus logy plot will give a straight line, as Fig. 9.28 In- 
deed shows. 
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So far we have dealt only with the case in which a Is positive and 
both X and are positive. This is necessary because we can only plot points 
on log-log paper that fall in tthe first quadrant of an ordinary graph. If a Is 
negative and we make the restriction that x is always positive, then }t must 
be negative. This corresponds to a graph lying entirely within the fourth 
quadrant of an ordinary graph. We cannot plot such a function on log-log 
paper, but Instead we can plot the function y = -(axnj . 

Questions 

1. Determine the slopes of the straight line^ shown in Fig. 9.28 to con- 
vince yourself that they agree with the value of n given for each 
function. 

2 . (a) Use log-log paper to ascertain if the curves in Fig. 9.29 are of 
the form y = ax^. 

(b) For the curves that are of the form y = ax", find a and n. 
Y Fig. 9.29 
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3. 
4. 



S. 



Plot the function y • ax on log-log graph paper for several values of a,. 
You know that a straight line on a sheet of log-log paper corresponds 
to a function of the general form y •* ax". How does each of the fol- 
lowing conditions restrict the values of a and n? The graph 

(a) has negative slope, 

(b) has slope zero, 

(c) has a ^ intercept greater than 1 , 

(d) passes through the "origin" (the point (1, 1)) . 

Can one always find the slope of a line on log-log paper by measur- 
ing tlie vertical and horizontal displacements with a ruler and finding 
the ratio of the two? (Does It matter what units the two displacements 
r.fe measured In? Would It matter if the graph paper had a different 
dlsplacemant for ore cycle along the x axis than for one cy cle along 
the X axis?) 

The following table, the result of an experiment, gives values for the 
force of repulsion F between two el-^ctrlcally charged spheres as a 
function of the distance d between theii centers: 



(a) Make a graph from the values In the table using log-log graph 
paper. 

(b) Both d and F were measured to +0 . 05 units . Draw error rectangles 
around each data point. Why are the rectangles not of the same size? 

(c) Is the relation between F and d of the form F « kd", where k is a 



Distance, d 
(cm) 



Fo^ce, F 
(arHtrary units) 



3.4 
3.8 
4.4 
4.7 
5.4 
5.2 
6.9 
7.9 
8.7 
10.6 
13.1 



7.3 
6.1 
5.2 
4.0 
3.4 
2.7 
2.0 
1.7 
1.2 
0.7 
0.5 
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constant? (Note that both d and F are given to only tv/o slgniflcan"K^ 
digits.) 

(d) Compare your value of n with those of your classmates by making 
a class histogram. What Is the best class value of n? 



rjlt 



9.10 Scale S tretching by Logarithmic Plotting 

In each of the preceding three sections we have made use of loga- 
rithmic plotting, i.e., we have chosen to plot the logarithms of at least one 
of the variables rather than the actual values of the variable. In each case 
we were able to uhc- some kind of logarithmic plotting to determine the form 
of a certain kind of function from its graph. 

Another important use of logarithmic plotting arises from the fact that 
a graph of z versus logx, rather than versus x. can be used to stretch out 
the portion ' the x axis corresponding to small values of x- This Is useful 
in some cas^s for clarity of display even when no correspondence with any 
logarithmic function Is suspected. (The y axis can similarly be stretched 
out for the smaller values of x by this same method.) This means that we 
can plot data ranging over several powers of ten v*iui tHe axis scales ex- 
panded for the smaller powers of ten. For example, suppose we wish to plot 
the cuiv» passing through the points given in Table 9.4 . 

TABLE 9.4 





X 


0 


0.06 


l.O 


0.13 


2.0 


0.53 


2.5 


1.00 


3.0 


2.60 


3.5 


10.00 


3.8 


32.00 


4.0 


100.00 



Due to the \argo range of values for x, if wc plot ^ versus x we must 
use such a laige value of x per scale division thqt the lower part of the curve 
is nearly indistinguishable from the y axis (Fig. 9.30). 
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If we plot £ versus logx, however^ the horizontal axis need go only 
from log (0.06) e -1 .2 to log (100.00) «= 2 and the data points are much more 
evenly spaced (Fig. 9.31). A quick way of making such plots Is to ploty 
versus x on semi-log paper u.-'lng the logarithmic scale for the x axis. 



Questions 

I . In the table below T is the time In years It takes the planet to make 
one orbit around the sun and R Is the distance In kilometers from the 
planet to the sun. Use the table to plot 

(a) — as a function of T, 

(b) I as a function of T on §eml-log graph paper with the logarithmic 
scale on the T-axls. 



R 

Planet T T 

Mercarv 0.24 24.0 x 10^ 

Venus 0.51 18.0 x 10^ 

Earth 1.00 15.0 X 107 

Mars ^.90 12.0 xl07 

Jupiter 12.00 6.6 x 10^ 

Saturn 29.00 4.9 x 10? 

Uranus 84.00 3.4 x 107 

Neptune 165.00 .2.7 X 10^ 

Pluto 248.00 2.4 X 10^ 



2. (a) Plot the graph of Fig. 6.12 on semi-log graph paper, using the 
logarithmic scale for the x axis and the three decades from 1 to 1000. 
(b) What is gained by a semi-log graph compared to the original 
graph ? 

3. The distance that electrons can penetrate through a substance de- 
pends on the substance and the energy of the electrons (which de- 
pends on their speed). The table on page 266 gives the range-energy 
relation for the penetration of electrons Into aluminum. 



f 1 f-< < » 
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Energy, C 




(Mev) 


icmi 


4.2 X 10*2 


1.0 X 10"^ 


8.5 X 10~2 


3.7 X 10~3 


l.O X 10-1 


4.8 X 10"^ 


2.0 X 10-1 


1.6 X 10~2 


4.0 X 10-1 


4.8 X 10-2 


1.0 


1 .5 X IQ-l 


2.0 


3.4 X 10-1 


3.0 


5.4 X 10-1 


4.0 


7.4 X lO-l 


5.0 


9.5 X 10-1 



Plot both E as a function of R and, on log- log graph paper, log E as 
a function of log R. Which graph gives the best display of the data 
in the table? 
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Chapter 10. THE SINE AND COSINE FUNCTIONS 

In Fig. 10.1, If the angle 0 remains the same but we choose different 
values of the hypotenuse we have a family of similar right triangles. In 
these triangles, the ratios of corresponding sides are equal. 

If, on the other hand, we draw a famiiy of right triangles with the 

same base xi , as in Fig. 10.2, these triangles are not similar. 

Here, the ratio — depends on the value of Oi . The ratio depends 

Z 

on the value of ©2 ' ®*^* 




X2 

^3 



From Figs. 10.1 and 10.2 we see that there is a clear relationship be- 
tween the i.ze of an angle and the ratio of certain sides of the right triangle 
that contains the angle. This c apter deals with two such relationships, the 
sine function and the cosine function. We begin our study with some obser- 
vations about angles. 
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10. 1 Sectors and Radians 

All circles are similar, but when are two Rectors of circles similar? 
, It is evident from Fig. 10.3 that two sectors are similar when their central 
angles (6 in Fig. 10.3) are equal. In similar figures the ratios between cor- 
responding parts are equal. For similar sectors, In particular, the ratio of 
the lengtf^s of the arcs equals the ratio of the corresponding radii. 

♦ 

In Fig. 10.3 

. ' CD^R 
/ AB ~ r 

so 

CD _ AB 
R r 

Thus, in Similar sectors the ratio of the arc length to the radius Is constant; 
it is independent of the radius. 



riq. 10.3 




This suggests that the ratio of arc to radius Is a convenient measure 
for the central angle. The unit .of measuring angles in this way is called a 
radian; 



9 (in radians) 



arc 



radius 

Since an angle Is a ratio of two lengths, it Is independent of the unit of length 

used. It Is a pure number. 

Figure 10.4 shovs an angle equal to 1 radian and one equal to 0.1 
radian. Since the circumference of a circle of radius r. is 2irr, a full turn or 
350° equals ^ « 2it radians. 
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An angle expressed In radians Is often written by omitting the unit. 
Thus, an angle given as a number only is always understood to be in radians. 
For example, an angle of it radians is usually said to be of size w. An angle 
of 2 radians is written as just 2. 



Fig. 10.5 




Measuring the central angle in radians provides a simple formula for 
the area of a sector. As seen from Fig. 10.5, the area of a sector is propor- 
tional to the central angle. The area of a sector of central angle 1 radian is 

— of the area of the circle orr^ • irrZ = |r2. Therefore, the urea of a sector 
2^ *• 
of central angle 9 is 

o 
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How many degrees equal 1 radian? 

Angles of 30°, 45°, 60°,. 90°, and 180° oCcur frequently. Express 
them in radians. 

What Is the formula for the area of a sector when the central angle Is 
given In degrees? 

A right triangle has one leg equal to the radius of a circle and the 
other leg equal to the circumference of a circle . 

(a) What Is the ratk) of the lengths of the two legs? 

(b) How does the area of this triangle compare with the area of the 
circle? 

Find the area of the shaded portion of the figure «n Fig. 10.6 . 



Fig. 10.6 




The length of the chord subtended by a small central angle Is approxi- 
mately equal to the length of the arc It subtends. Also, the smaller 
the angle, the better the'approxlmatlon. You can test tliese statements 
by the following procedure: Draw a semicircle of large radius. Using 
your value of R, make a table of 



Angle 



Arc Length j Length of Chord | Frac tional Difference 



'or different angles by successively bisecting the central angle about 
5 times. In each case the arc length can be calculated ^nd the length 
of chord can be measured with a rular. 
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7 . The thumb' and the outstretched hand are useful Instruments for approx- 
imate angle measurements. What angle does the Width of your thumb 
subtend when you stretch -our arm out? 

8. ' The moon subtends very nearly the same angle from the earth's surface 

as does the sun. (Think of a total solar eclipse.) The moon is ^bcut 
2.5 X 10^ miles away, and the sun is about 10^ miles away; what Is 
the ratio of their diameters? 

9. The moon is 2.5 x 10^ mll*?s away and subtends an angle of 0.91 radi- 
ans from the earth. If it were 4 x 10^ miles away, how large ah angle 
would it subtend? 

10-2 Definitions 

We say an angle is in stbndard position If its vertex is at the origin 
O of the coordinate system and its initial side OA extends along the positive 
X axis (Fiq. 10.7). If, in Fig. 10.7, (x,y) are the coordinates of Q , the 
point of intersection of the terminal side OB of the angle AOB and the circle. 



Y 



Fig. 10.7 




we define the functions sine 6 and cosine 9 such that 

sin 9 ^- 
• . r 

cos 9 = — • 
r 

where sine and cosine are .abbreviated to sj_n and cos re'^pectlvely . Notice 
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that X and x are positl>^e or negative depending on which quadrant In the 
coordinate system eerch is located. They are, for example, both positive 
as depicted'in Fig» 10.. 7 but, depending on the size of 0. they can be 
negative. The radius however, is always taken to be positive. 

Referring to the figure again, we sec from the geometry of the 
diagr^n that 



so 



2 J J. 2 
r = je + y 

r = v^x + y 



Thus we can write 



/x + y 



and 



x 

cos 0 = 



/x + y 



Since sin 9 and cos 9 are both functions of 0, there must be a way 
to express one in terms of the other. Indeed, from the last iwo equations 
it follows that: 

2 2 2 ^2*. 

<, o y X X y 

sin2 0+ cos29= Y-^+l ^= 2^ 2 

x+y x+y x+y 

or 

2 2 
sin 0 + cos 0=1 

From this it follows that 

sin 8 = v/l - cos2 3 and cos 9 = \/] sin 9 
We can, fav constructing graphs of the sine and cosine, find 
their values for all angles between 0 and 2it. To construct these graphs 

we proceed as follows: 

Using a ruler an' a compass, we construct what is called a unit circle 
(Fig. 10.8(a)). That is, regardless of the actual length of the radius, we la- 
bel It 1 and call this length 1 unit. If the angle ^ is wn by bisecting the 
first quadrant with a compass, then the coordinates of the point it intersects 

*The notation sln2 0 means take the sine of 9 and square it: that is, 
sln2 9 - (sin 0)2. Whereas, sin 02 means square 0 and then take the 
sine of the result. ,^ 
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on the circle are equal to Its sine and cosine. This follows from the observa- 

y y X 
tlon that for r = 1 , sin 9 = -p- = j = y and cos 9= — = y= x, so^ and x have 

the same numerical values as slnO and cosO. 

If we construct scales as shown In Fig. 10.8(a), we can mark off 

points directly from the unf* circle. Figure 10.8(a) shows this process for 

e - 7 , where we see that sln^ w 0.7. In Flq . 10.8(b) we have constructed 
4 4 

oth«r angles and have mariced off their sines on the scale. When sufficient 
points have been located, they are connected by a smooth curve. This gives 
the graph for sin 6 as a function of the angle 0 as shown at the right In 
Fig. 10.8(b). 
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Questions 

1 . If 0 < Qi < 02 <.| , which is larger 

(a) sin 9 j or sin ? 

(b) cos or COS. 02 ? 

2. Plot the following points on a coordinate system, and find for 
each point the value of r_, sin 0, and cos 0, where 0 Is in stand- 
ard position, 

(a) (3.4) 

(b) (5,12) 

(c) (6,6) . • 

3- In the following assume 0 £ y . 

5 

(a) If sin 8 ~ YJ' ^^^^ 

(b) If cos 9 1, what is sin 9? 

2 

(r) If sin 0 = cos 9, what Is sin 9? What is 9? 
4. Show that for any right triangle with sides a, b and c as in Fig. 10.9, 

a . b 



sln9 = 



cos 0 



Fiq. 10.9 




5. Fill in Table 10.1 indicating the sine and cosine fcr each of the angles 
9 given in th tal le . 

TABLE 10.1 



0 


0 


TT 

r- 


TT 


3tl 

2 


2xr 


£in 9 










— T 


cos 9 
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6. From the graph In Fig. 10.8(b) determine the following values, and 
tlicn check your results with the sine table in the Appendix. 

(a) sin 40° 

(b) sin-jl 

(c) sin 70° 

7. Using a unit circle, draw the graph of y = cos 0 for ^ < 9 < 2it. 

8. A right triangle having an acute angle of ~ is isoceles, and two right 
triangles having angles of ^ may be put back to back to form an equi- 
lateral triangle with an altitude bisecting one of the armies. Use this 
information to constmct, in standard position, each on a separate co- 
ordinate system^ the following angles given in radians and determine 
their sine and cosine. 

(.) t 

(b) I 

(c) I 
b 

9. A boat sails on a course N40°E for 10 miles from point A to point B. 
How far east and how far north is B from A? 

10. A holicopt'ir climbs at a steady angle until it is 200 m above a point 
on the ground that is 300 m from the point of takeoff. What is the 
angle of climb? 

11. On a set of coordinate axes, construct any angle 0. From the 
definitions of the sine and cosine functions given in this section, 
show that for the 0 you have chosen 

(a) sin (tt - 0) = sin 0 

(b) sin (it + 0) = -sin 0 

12. Repeat the directions for Question li and show that 
(a) cos (it - 0) = -cos 0 

(h) cos (it + 0) - -cos 0 

13. List all the values of 0 in the interval 0 <_9 <_ 360° that have the some 

(d) sino as 30° 



(b) cosine as 30° 
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iO.3 Symmetries and Antisymmetries V 

The graphs of y = cos x and y « sin x are shown in Fig. 10.10, 



where the negative armies are plotted to the left of the y axis. If we 
imagine folding thf. left side (negative portion) of the cosine graph in 
Fig. 10.10(a) over on top of the right side so that the fold is along the 
y axis, we observe that every point on one portion falls on the same point 
on the other. Thus, for any value of x 



In,<ieneral, a function which has the property that f(-x) = f(x) for all x in the 
domain of f(x) Is called an even function since the even power functions such 
as f(x) = x^ or f(x) = x"^ have'thls property. Hence the cosine function Is an 
even function. Notice that the graph of an even function must be symmetric 
about the y axis. 



cos (~x) = cosx 



(1) 



rig. 10.10 



Y 



-2Tr 




2IF 



X 



(a) y 'COS X 



Y 



-27r -n\ /O 

(b) y=sinx 




X 
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When the graph of y « slnx In Fig. 10.10(b) Is folded over, the por- 
tions do not coincide. We observe, however, that 

sin (-x) = -slnx '(2) , 

Functions which have the property that f(-x) « -f(x) are called odd functions 
since the odd power functions such as f(x) = x or f(x) = x^ have this property. 
Thus, the sine function Is an odd function and its graph is said to be anU- 
symmetric about the y axis. 

Questions 

1. Cor.struct any negative obtuse .ingle Q. On the same set of axes 
construct the positive angle of t'.o same magnitude. From th;^ 
definitions of the sine "and cosine, show th<it for the 8 you have 

chosen 

sin (-9) = -sin 9 

dnd 

cos (-9) = cos 9 

2. Is the graph of y = sin x symmetric or antisymmetric about the 
vertical lino through x = ~ ? Explain. 

3. Referring to Fig. 10.10(a), choose any point on the graph of 

y = cosx that lies to the left of the y axis . Locate the corre- 
sponding point to the right of the y axis. Are these two points 
symmetric or antisymmetric about the origin? Explain. 
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10,4 Periodicity , 

If an angle Q is in standard position and a second angle (9 + 2it) 
is in standard position, then the two cngles have coincident terminal sides 
Hence, they will have the same values for their sine and the same values^ 
for their cosine. We say, therefore, that the sine and cosine functions 
are periodi c functions. We also say that both have the same peribd, 2ir, 
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because 2tt Is the smallest value added to an angle that makes the two 
angles co-terminal. We can express the periodicity of the sine and cosine 
functions as 

sin (9 + 2tt) = sine 

and 

cos (0 + 2iT-) = cos 0 

In yeneral, a funciipn is said to be periodic if there is a number 
p ?^ 0 sv.ch that f(x + p) = f(x) for all x. The period of f(x) Is the smallest 

positive value of £. 

In Fig. 10.11 we have drawn tho sine and cosine functions from 
0 tu Itt. In odch case the graph begins to repeat itself at 9 = 2it, and had 
v/e continued plotting for larger values of 9, we would observe that after 
each iiitorval of 2it radians the graphs would repeat. 

Although sin 9 and cos 9 are p(^riodic with respect to an angle, the 
v.'orlci IS full of other kinds of periodic functions. For example, the back- 
and-forth motion of an dutomobil*' piston and a pendulum In a clock, al- 

Y Fig. 10.11 
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though not exactly sine functions, are periodic In time and this can be 

expressed as 

f (t + T) f (t) 

where _t Is the time to reach a certain position y along the stroke of the 
piston and T is the period, the time to complete one back-and-forth motion. 
(See Fig. 10.12.) 
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T\ /T 
2 \ / 





t 



Fig, 10.12 



Dirt roads often develop a repetitive pattern of small ridges and 
valleys running across the road. Water waves, particularl/ under con- 
trolled conditions as in a rlr-ole tank, have repetitive patterns. These 
ar- but two of many example - of a periodic function of a length ccx>rdinate, 
which can be expressed as 

f (x + L) = f (x) 

\ 

where x. for example, is the distance as measured from some arbitrary 
point on the road and L is the distance between bumps (or valleysK 

Of course, the periodic functions which occur In nature oscillate 
between many nun.erical values, not jus( between + 1 as ic the case with 
y = sin X. Similarly, they need not nave a period of 2ir, end the values 
at X = 0 need not be either 0 or 1 (as with y = sin x and y = cos x) . 

The graphs of many periodic tunction«^ are far from the shape of 
a sine curve. The position of point A on the movable pin, shown in 

ERIC 
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Fig. 10.13(a), as a function of the anyle through which the cam Is rotated Is 

an example of a periodic function whose graph is not a sine or cosine curve. 
The graph of th^ displacement as a function of the angle x is shown in 
Fig. 10.13(b). 



'Ig. 10.13 
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Questions 

1. Sketch the following angles on a coordinate system, and then 
express each in terms of a function of an acute angle. 



o 



o 



(a) sin 120 

(b) sin 24 5 

(c) sin — 

(d) cos 100^ 



(e) cos 32 0 
3 



3. 



(f) COS 

Find the following angles by first expressing thorn as a function 
of an acute angle. ' 
(d) sin (-610O) 

(b) sin y- 

(c) sin 400° 

(d) cos (-520°) 

(e) cos 460° 

What is the period of the function graphed in Fig. 10.13? 
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10.5 Hcmomorphtc Trigonometric Functions 

Once we have the graphs of the functions y = sin x and y = cos x, 
we can examine curves homomorphlc to them. For example, consider the 
function 

y - y = sin x 
o 

y = sin X + y 
^ o 

You will recall from Section 7.2 that the y^ part of this function is an 
additive constant; It only moves the ^aph up or down, so the function 
« oscillates between y = Yq ± 1 • 

Now consider the function 

y = sin (x - ~) 

V;hcn X = 0 m tiiis function, y = sin (- ^) = -0 . 7 1 , so the graph does not 
start at either 0 or 1 . The graph of this function Is Illustrated by the heavy 
line in Fig. 10. 14 . As you can see, each point on the y = sin x curve is 



Fig. 10.14 

Y 




X 
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displaced to the right by an amount ~ . For the function y = sin (x + j), each 
point on the y, = slnx curve is shifted by an amount j to the left, as Illustra- 
ted by the heavy line in Fig. 10.15. Notice that in this case the graph of 
sin (x + -) is the same ns the graph y = cosx (see Fig. 10.10(a)). Hence, 

cos X = sin (x + J ; , ^ 

*^ L ' 



/ 
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Had we shifted the graph of y cos x to the right' by an amount 
- , and thus generated the graph y = cos (x - |) . then It would coincide 
with the graph of y = sin x. That Is, 



sin X = cos (x - —) 



^ Fig. 10.15 




/ 



It is because of tnis property of curves homomorphic to the sine and 
cusxnv fuiu-tions that thoy are called co-functions and one is named 
"sine" and the other "cosine." 

In qencral, then, wc sec that the graph of y ^ sin (x - x^) , where 
(x^^ > 0) IS the Game as the graph of y = sin x moved to the right by 
unite, and the graph of y- sin (x - x^) , where (x^ < 0) is the graph of 
y - sin X moved to the left by x units. Th.s shift of the graph to the 
left or to the right is often referred to as a change in phase and the 

number x is often called the phase angle . 

o 

Notice that if x = + the curve is shifted by exactly one 
period and coincides wi'th y = sin x. In other words, as stated in Sec- 
tion 10.4, sin (x +2tt) sin x or, more generally, 

sin (x + 2niT) = sin x 
for any integral value of n. Homomorphic curves given by different 
values of n exactly overlap. 
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Questions 

I , Sketch the grapSlhof the following functions over the Interval 
-TT < X < 3tt: ^ 
(a) y ~ sin x 



3. 



5. 



IT 



(b) y - Sin (x + -) 

(c) y = sin (x - 60°) 

Sketch the graphs of the following functions over the inteival 

-ufxl3iT ■ 

(a) y = cos x 

(b) y - cos (x + -) 

(c) y = cos (x - 30°) 
From the relation 

IT 

sin 6 = cos (9 - -) 
developed in this section, which is true for any value of 9, show 

IT , 

that in particular, when 0 + <^ - 2 ' ^nen 

sin 0 = cos ^ 

that is, co-functions of complementary angles are equal. 
Sketch the graph of y = sm (x + ^) . On the same axes, sketch 
the graph that is homomorphic to it and has a phdse angle of j. 
Is there more than one way to do this? 

Write the equation of the graph homomorphic to y = slnx shown In 
Fig. 10.16- 

Flg. 10.16 
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6. Show ti at If two functions are homomorphlc , they have the same 
period, That is, prove that If 

sin (x + T) = sin x 

thtin 

sin ([x-x ] + T) = sin (x-x ) 
^ o o 

10.6 The Functions y = A sin (kx) an d y = cos (kx) 

Just as with other functions, we can multiply a trigonometric func- 
tion by d constant. Thus, the graph of y = 3 cosx Is like that of y = cosx 
except that each y coordinate is three times greater (Fig. 10.17). The ab- 
solute value of the constant coefficient A In y = A slnx and y = A cosx Is 
called the amplitude of the function.* 




X 



We next examine the graphs of functions of the form y = kin (kx) for 
various values of k. We begin with k = 2, that is, y = sin2x, and make a 
table of values. From this table (Table 10.2) we have drawn a graph of the 

*More generally, the amplitude of a function is defined as one-half the dif- 
ference of the maximum and minimum displacements from the zero position. 
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function y = sin 2x . As you can see from Fig . 10 . 18 , the function has a 

period = fT, hdlf the value of the period of the function y = slnx. 

Next, examine the gr.^ph of the function y = sln^x shown In Tig. 10.19 

Here, y = sin ,jx goes through a complete period as x goes from 0 to 4it. So 

1 

the period of y - sin~ x is T - -Itt . 

In gop.ercJ, the vdlue of k in the functions y = sin (kx) and y = cos (kx) 



diHermines the period T: 
where k i.-' the number of periods in an interv.il tjf lencjth 2Tr. 



~ k 



=i TABLE 10.2 
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y=sin2x 



\^y=sin X 




/y = sin X \ 
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Fig. 10.19 
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Questions 

1. Sketch the following graphs cn the same set of axes and discuss 
where the graphs are Increasing, where they are decreasing, and 
where they reach their maxima and minima. Determine the period 
of each. 

(a) y = cos 2x 

(b) y == cos 3x 

(c) y = cos -K 

2. Sketch the following graphs on the same set of axes and discuss 

^ where the graphs are increasing, decreasing, and where they reach 

their maxima and minima, 
(a) y = 2 cos X 
(b^ y = 3 cos X 
(c) y = J cos X 

3. Repeat the directions for Question 2 for the following functions. 

(a) y = cos (x + J) 

, IT . 

(b) y = cos (x - ^ ) 

(c) y =^ cos (x + tr ) 

4. The graph shown in Fig. 10.20 is a cosine function. What is its 

equation? 



Fig. 10.20 
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5. The graph shown In Fig. 10.21 Is a sine function. What Is Its 
equation? 



Y Fig. 10.21 
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6. Discuss how the valu'. of k will affect the graph ot 

(a) y = k cos x 

(b) y = cos (kx) 

(c) y = cos (x + k) 



10.7 The Functions A sin k (x - Xq) and y = A cos k (x - Xq) 

Putting together the Ideas of the last two sections, we can write 

general forms for both the sine and cosine functions. They ore 

y=Asink(x-x)+y 
^ o' 'o 

y = A cos k (x - x^) + y 
' o o 

All we need to do to sketch either of these two functions Is to 
sketch the corresponding equation y = sin x or y = cos x and adjust tho 
y axis, the x <ixis, the amplitude, and the period, as necessary. 

V^e will illustrate this procedure with an exnmple. To sketch tho 
function 

TT 

y = -J^ s I n 3 (x + -j-j ) 
wo first note that the amplitude is 4, This says to stretch the vertical 
axis by a factor of 4, that is, the maximum is +4 and the minimum is -4. 
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The coefficient 3 tells us them are 3 periods In any 2^ Interval. 
So we sketch 3 periods of sin 3x. not yet graduating the x axis (Fig. 10.22(a)). 

To adjust the y axis we note that the sine is zero when the angle 
3 (5, + JL) = 0, that is, .at x - . Thus the beginning of the sine period Is 
at X « --^ . We can now draw the y axis and appropriately graduate the x axis 
remembering that one period is ^ units long, as shown In Fig. 10.22(b). 

Fig. 10.22 



(a) 




Questions 

1. Sketch the graphs of 

(a) y «= 4 sin (x - ~) 

(b) y = 2 sin (xH- tt) ^ 

(c) y = 3 cos (x - ~) 
2 . Sketch the graphs of 

(a) y = 2 sin (x + |) - 3 

(b) y = 3 [cos (x - |) + 11 
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3. Sketch on the same set of axes the graph of y «= -2 sin x and 
y = 2 sm (x - ir) . What does the sign of the coefficient 2 tell 
yoa about the phase angle of the first function? 

4. Sketch the following graphs and discuss each with regard to 
maxima, minima, zeros, period, and phase angle. 

*■ (a) y = 2 cos (x + ^) 

(b) y = 4 cos (2x - it) 

(c) y = sin 2 (x + 

(d) y = sin (3 [x - |l) 

10.8 Recognizing Trigonometric Functions from a Graph 

We shall now use the procedure of the last section In reverse. 
That is, given a graph of a periodic function, how can we find out if It 
Is expressible In terms of a sine or cosine function? For example, can 
the graph In Fig. 10.23, which is a periodic function, be expressed in 
the form 

y = A cos k (x - Xq) ? 
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Since thn function is periodic, wc cdn find k by noting that one 

period on the gntph extends from - to ~^ , or j total length of 4Tr. 

I 

Therefore, in a 2v interval there is one-half period. So k = j . We also 
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note from the graph that A = 3 . Hence, the function describing the graph 
in Fig. 10.23 has the form 

y = 3 cos J {5< - 

where it remains to find the value of Xq. Notice that the ffrst maximum 

occurs at - , so this must be the phase angle. The complete equation 
3 

is now written as 

y = 3 cos- (x - j) 

We are not finished, however. It Is not sufficient to conclude that 
this equation is indeed the correct function just because the amplitude, 
period and phase angle are in agreement with those of the graph. It remains 
to tost intermediate values for x and ^ in ^^e function to see if they are 
related by a cosine function. 

The tost we use is liko the one we have used before to test for 

parabolas, hyperbolas, etc. In the case of a curve -vhich you suspected 

was a parabola of the form y - n - a (x - m)^ you plotted y - n as a function 

of the quantity (x - m)^ If the graph you obtained was a straight line you 

2 

concluded that the function y - n = a(x - m) was indeed the functior 
describing the curve in question. 

In the case of the function we are now considering, if we graph y 
as a function of cosj(x - ~) and get a straight line we know we have a 
cosine function. Table 10.3 shows the values of x and as read from 
the graph in Fig. 10.23 and the corresponding values of cos j(x - ^ ' 
to ^ ^ 1 , P.yure 10.24 was made from this table. The size of the error bars 
in Fig. 10.24 is based on an estimate of the errors in reading the values of 
^ from the graph in Fig. 10 . 23 and in the plotting of Fig. 10.24. As you 
can see, a straight line, whose slope is 3, passes through all the error bars. 

Since the curve in Fig. 10.23 is very smooth between the plotted 
values, we feel confident that all- other intermediate points we might care 
to plot on the graph In Fig. 10.24 would f^.:i within the error bars. 



t 
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We now te^t tho rest of a complete period by checking for sym- 
metry about lines perpendicular to the x axis that pass through the max- 
ima end minima and for antisymmetry about a perpendicular line through 
X = ^ . From this and the graph in Fig. 10.24 we conclude that the curve 
m Fig. 10.23 is indeed described up to x <= ~ by the^'functlon y = 3 cos-(x-^) 
to within the errors of reading and plotting. 





TABLE 10.3 
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1. Determine the amplitude, period, and phoso angle of the graphs 
in Fig. 10.2 5 and then write their equations. (Is there more than 



rig. 10.25 (a) 




p 
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one answer to this question?) Choose values of ^ and check t6 
see if they satisfy the equations you have written. 

2. Could we have expressed the equation of the graph In Fig. 10.23 as a 
sine function? What would this equation be? Check your result. 

3. Two functions and their graphs are shown in Fig. 10.2 6. Label the x 
and y axes at the zeros of the functions. 



Fig. 10.26 

Y 

(a) y=2cos(x-n) 




X 



4. How would your answer to Question 4, Soction 10.6 change if the graph 
given was a sine function? 

5. Jow would your answer to Question 5, Section 10.6 change if the given 
graph was a cosine function? 

er|c 
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Determine if the graph In Fig. 10.27 represents sine or cosine functions 
;by writing the sine and cosine functions that fit the maximum and mini- 
mum points on the graph and then checking some Intermediate points. 



Y Fig. 10.27 
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8. The relationship between the slz« of an angle and the ratio of certaln^-.^ 
sides of the right triangle that contains the angle can be expressed by, 



functions other than the sine and cosine. With the angle in ?tandar^ - 
position (Fig. IP. 28), we now define the tangent function and the cp- 
tangent function such that j 



and 



tsnC - - 



cot e = - 



/ 



(a) Are the tangent and cotangent really cofunctlons? 

(b) For what values of 9 Is the tangent function defined? 

(c) For what values of 9 is the cotangent function defined? 

(d) Draw the graphs of the tangent and cotangent functions from x 0, 

to X = 2lT . 

(e) Are the tangent and cotangent functions periodic? 



Fig. 10.28 




9. 



10. 



(a) Is the tangent function odd or even? 

(b) Is the cotangent function odd or even? 

Prove the following relations by constructing the angle 9 on coordinate 
axes and applying the definition of the tangent. 

(a) tan (-9) = -tan 9 

(b) tan{7r-9) = -tan 9 

(c) tan (it + 9) = tan 9 
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11 . What values of 8 In the interval 0 < © < 2ir have the same tai^ent as 

(a) 45° 

(b) -45° 

12. " Sketch the following angles on a coordinate system, and then express 

each in terms of a function of an acute angle. 

(a) tan 120° 

(b) tan 245° 

(c) tan-^ 

(d) cot 100° 

(e) cot 320° 

if) cot^ i 

13. The ramp leading up to a bridge makes an angle of 5° with the hori- 
zontal. How much vertical rise is there in a horizontal distance of 
10 meters? 



10.9 Qualitative Cbscrvations on the Derivatives of sinx and cosx 

The goal of the remainder of this chapter is to find the derivative- of 
the si no and cosine functions. Before doing this, however, we can draw 
somo conclusions about the nature of these derivatives from the properties 
of the sine and cosine functions themselves. In other words, we can make 
some "bfill-park" predictions as to what type of function we expect to turn 
up as the derivative of sinx or cosx. 

For example, recall that the sine function is periodic with a period of 
2tt. This means that the graph of sinx for x between 0 and 2it coincides with 
the graph of sinx f or x between 2it and 4it. An immediate conclusion from this 
is that the graph of the slope function for sinx from 0 to 2tt must also coincide 
with the graph of the slope function for sinx from lir to 4ff. More generally, 
we can conclude that the derivative of the sine function must be a periodic 
function with period 2ir. 
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By inspectlr^ the graph of y = slnx In Fig. 10.10(b), we observe that 
the largest value of the slope function occurs at the origin (and at multiples 
of 2it) and seems to be equal to 1 . In fact. It appears that the range of the 
derivative of the sine function Is roughly the Inverval -1 to 1. 

A final observation Is that while slnx Is an odd function Its derivative 
is not. For example, the slope of the graph of slnx at x = it If obviously neg- 
ative as is the slope at x = -it. Hence, the derivative of the sine function 
cannot satisfy the equation f(-x) = -f(x) which characterizes odd functions. 
Note, however, that the slope of the graph of slnx at x = appears to be the 
same as the slope at x - namely, zero. It is quite likely from the graph of 
sinx that the derivative of the sine function is an even function. 

In summary, we expect the derivative of the sine function to (a) be 
periodic with period Zn , (b) have a range from -1 to 1, and (c) be an even 
function. 

To find an exact analytic expression for the derivative of sinx It Is 
natural to start with the delta process. For the derivative of sinx we write 

[sinx]' = llm -i- (sin (x+Ax) - slnx) (3) 
Ax-*0 

There appears to be no way in which we can cancel out the Ax's. However, 
It Is possible to derive the addition formula for the sine functions (a formula 
for the sine of the sum of two angles) to replace the first term In Equation (3). 
We can then write Equation (3) in a form from which we can find the limit as 
Ax approaches zero. Then, by a similar process, we can find fcosx]' . 



Questions 

1 . What are the largest and smallest values that you expect for the de 
rlvative of cosx? 

2. Cosx is an even function. Is its derivative an even function? An 
odd function? 
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Verify from the graph of the cosine function that Its derivative Is pe- 
riodic with period Ztr. 

If f(x) Is a periodic function, not necessarily the sine or cosine func- 
tion, must f'(x) also be a periodic function? Why or why not? 
If f(x) is a periodic function, must Its antlderlvatlve be periodic? 
Why or why not ? 



10.10 The Addition Formula for the Sine Function 

We shall derive the addition formula for the sine function, where the 
two angles a and are both acute (less than 90°) as shown In Fig. 10.29. 



Fig. 10.29 
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Figure 10.29 is constructed" as follows: The angle a is drawn in stan- 
dard position with its terminal side along OQ, and P Is drawn with OQ as its 
Ynitial side and OP as its terminal side. The figure Is completed by dropping 
perpendiculars PM, QN, PQ, and QR. The two angles labeled a are equal be- 
cause their sides are mutually perpendicular. In the figure 

MP = NQ + PR 

MP = OQ slna + QP cos a 



3jb 
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Dividing the second expression by OP, 



and, therefore. 



MP 00 QP 



sin (a + (3 ) = sin a cos (3 + cos a sin P 



(4) 



This Is the addition formula for the sine function. Although our construction 
holds only foi acute angles. Equation (4) Is true for any values of a and P, 
Including negative angles. 

Questions 

1 . Use Fig. 10.30 to show that sin (a + (3) « slna cos3 + cosa sln& If 
a + p Is obtuse, starting with the relation OM = MN - ON. (Hint: 
use the relation sin (u - 0) = slnO.) 




Fig. 10.30 



2 . Show that sin (a ^,|3) = slna cosp - cosa slnP by substituting 9 - -{3 
m Equation (2). 

3. Is the addition formula for sin (a + p) true when one of the angles is 
equal to zero? 

4. By letting a = {3 in the addition formula, derive the expression for 
sin (2a). 

t 
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10.11 The Derivative of slnx 

We are now ready to apply the addition formula for the sine function 

to sin (x + Ax) In Equation (3): 

sin (x + = slnx cos Ax + cos X sin Ax 

This changes the expression for [slnxV to 

slnx cos Ax -f cdsx sin Ax - slnx 



[cinx] = Urn 
Ax-*0 



Ax 



and after rearranging: 

[slnx]' = li 
Ax 



( /cos Ax - l \ ^ sin Ax\ 



(5) 



Let us look at each of the two limits in Equation (5) separately. The ilrst 
cos Ax - 1 
Ax 



limit. Urn 
Ax-*0 



lim 
Ax-*0 



can be looked at as 
cos (0 + Ax) - cosO 



Ax 



This is the derivative of cosx at x = 0. A simple Interpretation of 
the graph of y = cosx (Fig. 10.31) shows that the tangent to the curve at 
x = 0 has a slope equal to zero, therefore 



Urn 
Ax-'O 



cos Ax - 1 
Ax 



- 0 



(6) 





r*^5^r 

^^^^ » 
>. y = cos X 


Fig. 10.31 
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The second limit can ^Iso be rewritten in a similar way: 

Urn ' 
Ax-0 



slnAx sin (0 Ax) sin 0 
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The right hand side of the Jr.st equation Is the derivative of slnx at 

X « 0." In Fig. 10.32 the graph of y = slnx shows the slope of th«? tangent 

to the curve at x = 0 is 1 . Thus 

• > sin Ax , tj\ 
llm — - — « 1 V7I 

Ax-0 ^ 

Substituting Equations (6)/and (7) Into Equation (5) yields 

[slnxK= cosx (8) 



Fig. 10.32 




Questions 

1 . (a) What Is the period of the function sln2x? 

(b) What do you expect the period of [sln2x]' to be? 

2. Find the derivative of sinkx, where k Is a constant, using tho delta 
process. (Tho following equations will be useful:) 



3. 



4. 



(a) Given that sin?- ^ 0.05, how can you use your knowledge of the 

6 ^ 
derivative of sinx to find an approximate value for sln~ ? {Hint: See 

Section 8.8.) 

(b) From your knowledge of sin 4 50, find an approximate value for 
sin48° and sln42°. 

(c) Compare your results with the values given In a table. 
Give an approximation for sinx near x " 0 

(a) when x Is expressed in radians . 
lb) when x is expressed In degrees. 
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S* (a) What is the family of antiderlvatWes of cosx? 

(b) What Is the antidcrlvatlve of f(x) = 3 cosx that satisfies the Ini- 
tial condition F(0) = 5? 
6. Calculate the following Integrals 



. TT 

2 

(a) ( cos X dx 
0 



I 



(b) I cos X dx 

'o 

(c) I cosx dx 

(d) What Is the geometric interpretation of these Integrals? 



10.12 The Derivative of cosx 

Finding the derivative of cosx involves steps similar to those used 
in the preceding two sections for finding the derivative of slnx. To be able 
to apply the delta process requires that we know how to express cos (x + ^) 
In terms of ";he sine and cosine of x and Ax. 

Figure 10.29 (reproduced here as Fig. 10.33) will serve to find the 
general expression for the cosine of the sum of two angles a and ^. From 
Fig. 10.31 

OM = ON - MN 

CM = 00 cos a - PQ sin a 

Dividing both sides by OP: 

OM OQ PO , 

^ = t;? cosa - t5 slna 
OP • OP OP 

Thus, 

cos (a + p) = cosa cos^ - slna slnp 

holds when both a and (3 are acute. As In the case of the formula for 

sin (a + 3) Equation (9) holds for all positive and negative values of a and 3. 

erIc 
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Fig. 10.33 



Now that we have an expression for cos (ot + |3) we can use the ielta 
process to find [cosx]'. The derivation Is much like that of [slnx]' . 

cos (x + Ax) - cos X 
Ax 



[cosx]' - Um 
Ax-0 



From the addition formula , 

[cosx]' e Um 
Ax-^0 



cosx cos Ax - slnx sin Ax - cosx 



= llm cosx 
Ax-*0 



(cx)sAx - l\ , /sin Ax \ 



These are the same limits that appealed In Equations (6) and (7). 



Hence, 



[cosx] = -slnx 



(10) 
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Questions 

1. Find the derivative of coskx. 

2. Give an approximation for cosx near x = 0 using the approach of 
■Section 8.8. 

3. What is the family of antidertvatlves of slnx? 

4. Find an antlderlvatlve of sinkx. 
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Find the antlderlvatlve of ffec) = 10 slnx. that satisfies the Initial 
condition F(0) = 0. 

The functions slnx and cosx have the property that [slnx]' « cosx 
and [cosx]' « -slnx. Consider the two functions 

g|(x) = ^(e'c + e-x) and g2(x) = jle^ - e"*^) 

Is,there a similar relationship between these functions and their 
derivatives? 

Suppose a mass tied to the end of a spring osclllatos up and down 
(Fig. 10.34). Its vertical position as a function of time Is given by 

X = 5 cos 3TTt. 



Fig. 10.34 



M 



REST 

"position 



(a) At what times is the mass at the (l) highest {il) lowest point? 

(b) T'no velocity of the mass is given by the derivative of the posi- 
tion with respect to time . find the velocity as a function of time. 

(c) What is the velocity at the highest and lowest point? Is this 

surprising? 
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APPUED MATHEMATICS I 



Appendix 1: Algebraic Manipulations 

1. Some Properties of Numbers 

Is It possible to simplify the algebraic expression 



2 a 4-3 
a - -— : — 



and, 



if so, where does one start? We must remember that the algebraic expres- 
sions we have been working with have involved numbers ahd variables that 
stand for numbers. Therefor^ we can handle an algebraic expression as 
we would handle any expression Involving numbers. Let us review some 
properties of numbers that will aid In the simplification of algebraic 
expressions. 

Three important properties of the number system are: 
1 . The Associative Property 

(a) for addition a + (b + c) = (a + b) + c 

(b^ for multiplication a (be) = (ab) c 
2 . The Commuta t ive Property 

(a) for addition 

(b) for multiplication 
3. The Distributive Property 

(a) a {b + c) = ab + ac 
(a b) c = ac -^ be 
Also, wG have the definition of subtraction, 
4. 



a + b = b + a 

ab = ba 



or 



a - b = a + (-b) 



and, finally, some important results of elementary algebra. 



5. -a = -1 • a 

6. (-a) • b = -(ab) 

7. (-a) • (-b) = a • b 

8. -(a + b) = -a - b 
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The associativa property allows us to remove or Insert parentheses 
between the terms of an algebraic sum (or product) . For example, using 
the associative property we can write (3x + 2y) + (5x + 6) as 3x + 2y + 5x + 6; 
and 

(Ix) (4x) as 3 • X • 4 • x; and 

(5x + 3y) + 2 (x - y) as 5x + 3y + 2/x - y); and 

(ab) (c + d) as ab(c + d) 
Notlco, however, that In an expression like a - (b + c + d) we must be care- 
ful becduse we are not dealing strictly with a sum. If we rewrite the expres- 
sion, using property 8, asa-b-c-d and rewrite this a& a + (-b) + (-c) + (-d) , 
using property 4, we may now group the terms as we please 
(e.g'. . (-b) + (-d) + (-c) + a). 

The commutative property jUows us to change th*? order of the terms 
of an algebraic sum (or product). For example, we can write: 

3x + 2y + 5x + 6 as 3x + 5x + 2y + 6; and 

3 • x • 4 • x as 3 • 4 • X • x; and 

3 (x + 3) + 6 as 6 + 3 (x + 3); and 

(<i + b) • (c + d) as (c + d) • (a + b) 
The distributive property in the one number property that ties multi- 
plication and addition together. The distributive property permits us to 
write: 

3x + 5x as (3 + 5) x; and 

abc + ad as a (be + d); and 

(a - b) (a + b) as (a - b) a + (a - b) b; and 

u (s + t) + V (s + t) as (u + v) (r + t); and 

u (s + t) + V (s + t) as us + ut + vs + vt; and 

a (b + c + d) as ab + ac + ad 



ERIC 



- 30^ - 



2. Addition and Subtraction of Algebraic Expressions 

Consider the expression (5x + 3y + 5) + (2x + 5y * 2) . Using the 

associative property, we can write it as: 

5x + 3y + 6 + 2x + 5y + 2 
Now, using the commutative property we can write It as: 

5x + 2x + 3y + 5y + 6 + 2 ^ 
Finally, using the distributive property It becomes: 

(5 t 2) x + (3 + 6).y +6+2 
Therefore, (5x + 3y + 6) + (2x + 5/+ 2) = 7x + 8y + 8. 

Most of you could have written the sum of the above expressions 
upon inspection, and that Is the preferred method. However, If asked to 
justify your answer you must be able to give the means by which It was 
reached. 

Now consider the subtraction of two expressions: (x+y -2) - (3x+ 5y 
In this caseVe must appeal to the results of elementary algebra and write: 
(x + y - 2) - (3x + 5y + 6) = (x + y - 2) + (-3x - 5y - 6) . We now have an 
addition and can see that the answer is -2x - 4y - 8. 

Questions 

Explain how the right-hand side of each of the expressions below Is obtained 
by using a number property, definition, or result of elementary algebra. If 
any statement is not true, correct it. 

1 . X + xy = x(x + y) 

1 

2 . (a + 3) f b = (a + 3) . 

3 . u (s + t) + V (s + t) = u + v (s + t) \ 

4. 8x - {3x+ 2) = 8x+ (-3x+ 2) 

5. (r + s) (u + v) = r (u + v) + s (u + v) 

6. 3x2 . 7y = 21x2y 

7. • {a + b) • c = (a + c) ^ (b + c) 
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8. (x • y) • (- • s) • (3 + s) = X • y • r • s (3 + s) 

9. 3 - (7 - 2s) = 3 + (-7 - 2s) t 

Rewrite each o^ithe following expressions so that It does not contain 
parentiieses or brackets. 

10. -7x - (y -3) 

11. (s - 3) - 3t 

12 . (x + y) * 3 

13. (a - b) - (a + b) 

14. (a + b) • (a + b) 

15.. 2 [(3x - 2y) - 4 (x + y)] 

16. 3y - (2y + 3x - (2x + 3y) ) 

In edch of the following, (a) find the sum of the expressions, and (b) sub- 
tract the second expression from the first. 

17. 2a + b + c and a + 2b - c 

18. 4x + 3y - 7 and 2x - 5y - 2 

19. 3(s + t) and -2(2s+t) 

20. -(a-b+c) and 3 (2a - 4b + 6) 

3. Multiplication of Algebraic Expressions 

In Chapter 3, when calculating with powers of ten, we observed 

that 10^ • 10"= 10"^"^" when m and n were Inteeers. Clearly, we could 

. . , n . m _ „n+ m 

have n -ide the same arguments for any number x, inpt is x x - x 

when n and m are Integers. This property of exponents, together with the 
number properties of the preceding section, guides us in multiplication of 
algebraic expressions. ^\ 

2 3 

■ Consider the product of the two expressions 2s and -3st . Uflng 

the commutative and associative properties, we can write their product as: 

2 3 
(2) • (-3) • s • s • t 
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Now, using multlnlicatlon and the above property of exponents we may 
rewrite the product as 

-6s t 

At first glance it seems as though we have no number property 
that can help us to multiply (a^ + 2) (3a^ + 4a + 1). Remember, however, 
that 3a^ + 4a + 1 represents a number, call it A temporarily, so we have an 
expression of the form (a^ + 2)A and can apply the distributive property 
to get a • A + 2 • A. Hence, the product (a + 2) {3a + 4a + 1) can be 
written as 

a^ (3a'^ + 4a + 1) + 2 (Sa^ + 4a + 1) 
Another application of the distributive property permits us to write: 

(a^) (3a^) + a^ (4a) + a^ (1) + (2) (3a^) + (2) (4a) + (2) (1) 
Simplifying each term of the last expression yields 

3a^ + 43*^ + a^ + 6a^ + 8a + 2 , or, combining terms, 
2a^ + 4a^ + 7a^ J- Ba + 2 
When multiplying long algebraic expressions It is sometimes convenient to 
use the long method of multiplication as shown below, 

3a^ + 4a + 1 

2 

a + 2 



(1) 3a 4- 4a V'd 

(2) 6a^ + 8a + 2 

(3) ,3a^ + 4a^ + 7a^ + 8a + 2 

Rows (1) aSd (2) are obtained by multiplying the expression 
3a^ + 4a + 1 by a^ and then by 2 , respectively. Row (2) is simply placed 
so that terms with the same exponent are arranged vertically so that the 
final sum, row (3) , may be easily obtained. Notice that when multiplying 
with this arrangement we are using the same reasoning as before. That is, 
we are using the distributive property. 
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Questions 

1. If m and n are positive Integers, show that (a ) = a . 

2. If n Is a positive integer, show that (ab)^ = a^b"^. 
Perform the lnd?cated multiplications. 

3. 2x • X • X 

4. (s^t) • t^ 

5. (3r)4 

6. (a^b^)^ 

7. 3y • (x^ + y) 

8. (2x - 4) (3x + 4) 

9. (s^ - st + t^) (s + t) 

10. (x - y) (x+ y) 

11. (x - y) (x - y) 

12. (m - 1) (m + 2) (m - 4) / 

13. (4x + 2y) (3x + y) 

14. (m^ - 2m^ + m + 5) {m^ + 3m - 4) 

15. (4x - Zy) (4x+ 2y) 

16. (x - y)^ 

4, Some Special Products- 

There are three products which occur so frequently that they should 
be singled out for special attention. These three products are: 

2 2 

(x - y) (x + y) = X - y 

o 2 2 

(x + y) (x + y) (x + y) = X + y + 2 x y 

(x - y)^ - (x - y) (x - y) ^ x2 + y^ - 2 X y 
It should be understood that in these products, x and ^ '"ay ^ny 
algebraic expressions. For example, if we replace x and in the first 
expression by 2 5 and 3, respectively, we have 

(25 - 3) {25 + 3) = 25^ - 3^ 

«5i J 



- 311 - 



On the other hand. If we replace x and ^ In the first expression by 2S^ 
3 

and t , respectively, we have 

(2S^ - t^) (28^ + t^) = (28^)^ ■ (t^^ 
To emphasize the fact the above special products Involve arbitrary algebraic 
expressions, let us rewrite them using A and B to denote two arbitrary alge- 
braic expressions. 

(1) (A - B) (A + B) = - 

(2) (A + B) (A + B) = A^ + B^ + 2AB 

(3) (A - B) (A - B) = A^ + B^ - 2AB 

2 2 2 2 

For example, to ilnd the product of (a - b +1) and (a - b - 1) we can 

7 2 

think of a - b as A and of 1 as B, and have a product of the form 

(A + B) (A - B) 

Therefore, (a^ - b^' + 1) (a^ - b^ - 1) = (a^ - b^)^ - 1^. 

• 2 2 2 

We can expand this product further if we notice that {a - b ) has the 
form of our third special product (A - B) (A - B). Thus 

(a^ - b^) - 1 = (a^^) + (b^) - 2 (a^) (b ) - 1 , or simply 

4^.4 - 2, 2 , C 
a +b -2ab -1 



Questions 

1. Is {A + B) (A - B) the same as (A - B) (A + B) ? Explain. 

2 2 

2. Express in words, the identity (A - B) (A + B) = A - B . 

3. Express in words, the identity (A + B) (A + B) = A^ + B^ + 2AB and 
(A - B) (A - B) = a2 + B^ - 2AB. 

2 2 2 2 

4. Work the example in this section (a - b + 1) (a - b - 1) by the 

long method of mi Itlplicatlon. 
Perform the indicated m»iltlpllcatlons using the special products whenever 
possible. 

5. (3x + 4y) (3x - 4y) 
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6. (2r - t)^ 

1 • 3 ^ 

7. (jm + fv) 

8. (x - 2) (x+ 5) {x+ 2) 

9. (s + 2t + 3) (s + 2t - 3) 

10. (x - 3y - z)2 

.11. (m - 2v) (m + 2v) (m'^ + 4v^) 
h. [3(x+ y) - 2] [3 {x + y) + 4] 

13. (a + b - c - d)2 

14. (3x+y)3 

15. [(x + y)2 - (x - y)2 ] [(x + y)^ + (x - y)^ ] 

5, Factoring 

Very often, in the simplification of algebraic expressions. It Is 
helpful to write a given algebraic expression as the product of other 
algebraic expressions, called Its factors. There are a few basic steps 
to follow when attempting to factor an algebraic expression. Although 
these steps will not enable you to factor any given algebraic expression, 
they do provide a systematic procedure in many cases. . 

When all of the terms of an algebraic expression have a common 
factor we can use the distributive property. This procedure should always 
be tried first. For example: 

2x^ + 3x^ + 6?< = (2x^ + 3x + 6) • x 

4(a + b) + (a - b) (a + b) = [4 + (a - b)] • (a + b) 

uw + vw + uy + vy (uw + vw) + (uy + vy) 

= (u + v) • w + (u + v) • y 
= (u + v) • (w + y) 
Notice that In each of the above examples we have expressed the given 
algel^aic expression as the product o:: other algebraic expressions (factors) . 
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Whenever we see expressions of the form A - B . A +8 + 2AB, 
or A^ + - 2AB, we should Immediately associate them with the factors 
(A - B) (A+ B). (A+ B)^, and (A - B)^ respectively. For example: 

To factor y? - 12x + 36, notice that two of the terms In this 

expression are perfect squares; x^ and 36 =^ 6^, and the third term Is -2 

2 ' 2 2 

times the product of X and 6. (I.e.: x - 12x + 36 ~ x +6 - 2(6)x.) 

Thus we have an expression of the form A^ + B^ - 2AB and It factors Into 
(x - 6) (x - 6). 

4 

If we factor r - 16, we get 

r - 1 6 = (r ) - (4) 

= (r^ -r 4) (r^ + 4) 

but, r^ - 4 is also the difference of two squares and equals (r - 2) (r + 2). 
Hence , 

r"* - 16= (r - 2) (r + 2) (r^ + 4) 
Consider the expression (x - 2)^ + 14 (x - 2) + 49. It can be written 

(x - tr + (7)"^ + 2 (7) (x - 2) 
Thus, we have an expression of the form 

A^ + + 2AB where A = (x - 2) and B = 7, 
So, (x - 2)^ + 14 (x - 2) + 49 = ((x - 2) + 7) ((x - 2) + 7) 

- (x + 5)^ 

Questions 

Factor the following expressions completely. 

1. 3x - IB 

2. 3z^ - 27 

3. 3x (2x+ 5) + 4 {2x-f 5) 

4 . s^ - 8s + 1 6 

5. 144 a^ - b^ 
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6. (a + b)^ - (c + d)^ 

7. x^y - 2xy^ + 

8. (x - 2)2 + 4 (x - 2) (y + 4) + 4 (y + 4)^ 

6. Division of Polynomials in One Variable 

It islofter necessary to divide a polynomial expression In one 
variable by another in the same variable . For example, how do we divide 
(2x^ - IBx + 20) by (x - 7)? Before we attempt to divide polynomials, let 
us review a method for number division. 

Suppose you were asked to divide 1760 by 49. The usual long 
division algorithm is familiar to most of us, but there is another way to 
approach the problem. We begin by making guesses. First, let's try 30. 
If we multiply 30 times 49, we get 1470. which we then subtract from 
1760 (step 1). Notice that we have 290 49/I76D Choices 

left over, so we guess again, say 5, 1470 I ^ 3q 

290 f ^ 

multiply 5 times 49 and subtract the 245-1 g^ep 2 5 

result from 290 (step 2). Observe that 45 I 

we have taken 35 factors of 49 from 

1760 and have a remainder of 45. We can summarize our results as 

1760 = 49 • 35 + 45 

1760 ,c J. il 

or = o D + 

49 49 

We can divide polynomials. by this same "method .of exhaustion." In fact, 
this procedure is probably easier for polynomials than it is for numbers. 
Consider the division of (2x^ - 18x + 20) by (x - 7) . If we wisely pick 
^ ^2x as our first choice, then notice x- 7/2x2 _ i8x+20 

that we eliminate the first term f 2x2 . i4x 

step l\ - 4x + 20 
of the polynomial when we r - 4x + 28 ' 

multiply (2x) (x - 7) and sub- 2 \ — 

tract It from 2x^ - IBx + 20 (step 1). 

Next we choose -4 and repeat the process (step 2). We are left with a 
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remainder of -8 and can summarize our results as 

2x^ - 18x + 20 « (2x - 4) (x - 7) + (-8) 



2 



2xlOJxilO =x-7+ -8 
2x - 4 2x - 4 



Here Is another example: 



Choices 



2 „ , ^''"5 ^3 
X - 2x + 1 /x X 



{ 



x^ - 2x^ + x^ 



{ 



2x^ - x^ 2x2 

4 3 2 
2x - 4xL+2x 



{ 



3-2x2 3x 



3x 



Sx^ - 6x2 + 3x 



{ 



4x2 - 3x 

4x2 , 8x 4 
5x - 4 



After four steps we are left with a remainder of 5x - 4. and can 

summarize our results as 

x^ = (x^ + 2x2 + 3x + 4) (x2 - 2x + 1) + (5x - 4) 

or 



5 19 5x — 4 
^ = x"* + 2x^ + 3x + 4 + 



X 



2 - 2x + 1 " ' " x2 - 2x ^- 1 



Questions 
Divide: 

.2 



1. (t - 7t+ 10) by (t- 5) 

2. (y^ - 4y2 - 2 + 5y) by (y - D 

3. (6x^ + 7x3 ^ ^2x2 + lOx + 1) by (2x2 ^ + 4) 

4. (x^ - 1) by (x2 + I) 
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5. (x^+ + x) by (x+ 1) 

6. (6t^ - Ut^ - 12t^ + 3t + 7) by (2t - 1) 

7. Algebraic Fractions 

An algebraic fraction Is )ust the quotient of two algebraic expres- 
sions. To deal with algebraic fractions It Is useful to recall certain 

properties of numbers. 

The denominator of a fraction cannot equal zero. Therefore, when 
we write an algebraic fraction, say . we must exclude any value of the 
variable which makes the denominator zero, in this case x « -3. 

For each number s , there is a unique number which can be written as 
- such that their product is- one (s • | = 1) . Such numbers are called multl- 
plicative inverses of each other. 

We can define division In terms of multiplication by multiplicative 

inverse: 

. u a 1 

and ab a ' b 

These number properties must be kept in mind when working with 
algebraic fractions. Consider, for example, 

1 (X - 3) (X - 2) 

I (x - 3) (x - 1) 

Using number properties, we can rewrite this expression as 

_ 3j . L_- . . (^ - 2) g^j^^g X - 3 and —7^ are multiplicative 

mverses-that is, (x - 3) • -j^, = I, we can write the expression as 

x - 2 
X - 1 

provided that x Is not equal to 3 or to 1. When you have recorded the final 
j.ggy^ >Lji1 ^ it is easy to forget the fact that In order to arrive at that re- 
suit you aasume^ that x was not equal to 3. 
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B. Addition dnd Subtraction of Algebraic FrdcttOH$ 

Addition and subtraction of .algebraic fractions with common denom- 
inators are straightforward operations obtained from number properties in the 

followinq way: 

a c I I , , I a + c 

b b b b b D 

a c 1 1 , \ . i - ^ ~ ^ 

b b b b b b 

Addition and subtraction of fractions with different denominators arc 

porformod by rewriting the fractions so that they have a common denominator. 

Suppose we wish to add | + j • If we multiply the numerator and denominator 

of a fraction by the same number wo do not change the value of the fraction-- 

a c 

Ihxmupo wf aro just multiplying by 1. Thus wo can write + ^ 

d d c^b^ad^cb^ ad + cb , 

h ' d d ' b bd bd bd 2 

lioro is mother example. We can add --^^ and J^~n multiplyinq 

those frictions by ^^"'^ x~+i ' '"'^'spocti vcly . We have 

. L . - J- ^ ' JJ — _ ^ — ^ — l!i-t.li — ^ jpjj since we now havi> 

:: f 1 J - 1 (x + 3) (2x - 1) Ux - U + V 

.1 i'dinmon iiMKimlnati^r , wo can add ti) ubt.iin 

(2x - I) - f (x^ + J >dl ^, >L_ t - 1 

2k^ + Sx - 3 

In the expression -f^ — + ~; ^ l otico that the donom- 

2 

„- _ s _ + 

uialor.-^ t ail bo fcU-torod so th^it ^ --~ ^ 2 ' (s + 2) (s -2) 

, (s-4)s+4s+4 
_2 S + 2 

_« ^ Multiplying the first expression by —-z and the second 

(k + 2 Ms + 2) b T ^ 

c _ 2 

by yields n common denoniinatur , 

- ^ 7 2 

2bi _ _ _ _ 2s_(s_t_2i_ ^ j (s - 

{s~+T) (s -1) (s'+ 2) (s + 2) ' (rt + 2) (s - 2) (s+2) (s + 2)(s +2) (s - 2) 

I hoii <)!{(iing , 

2 s (s + 2) + 5 ^_L5_:l11 _ iiL.i5_-^--i^ ^ - -s"- 4s s 




(s 4 2) (s + 2){s - 2) ' (s + 2)^(s-2) (s + 2)^ (s - 2) 
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Questions 

Simplify, when possible, the following algebraic fractions 



1 



a + D 



a2 . b2 

s-^ -t- 9s^ 20s 
+ 9s + 20 



3. 



1^ - 

r2 - s2 



. (X - 5) (x -H 3) 

^' (x + 3) (x + 4) 

The foUowinq simplifications are examples of common mistakes. Explain 
the faulty reasoning in each case. 
7x - 2 y,, 

5. 



6. 
7, 
8 



3u -4- 7 ^ 7 
3u + 8 8 

5r J 2r ^ 3r 
7 6 1 

x^ - 2x + 5 

x^ - 2x + 8 ~ ^ 



carry out the Indicated operations and simplify when possible: 



9. ^ 



10. 



X - 1 X - 2 

1 I 

3 - r ' r 



12. Y-^ 



13. 



3 
3s 



7 2 
s + 4s + 3 s - 9 



-Jo 
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9. MultlpUcatton and Dtvtslon of Algebraic Fractions 

In order to .multiply and ulvlde fractions we must recall that for 



a . c 
two fractions g and — : 



3. £ _ 
b ' d " bd 



^ A £ s 5. . ^ ^ (fo find the quotient of two fractions . Invert the 
b d b c 

divisor and multiply.) To illustrate this latter property, consider the 
following proof: 

§. ^ , ^ 1 ^ d a . d 

a c _ b_ _ b c_ _ b c _ b c_ _ a d 

b^d'c^c.d'cd 1 b c 

d d c cd 

In the multiplication 

3s^ . 5t _ 15s^ 

notice that since the numerator and denominator have common factors, we 
may simplify the result by writing 

15s^ ^ 15s (s^t) ^ Us , ^ ^ iSs 
4t2s2 4t(s2t) " ^' 

Dividing (9u^v^ + ISu^v^ - 6uv) by 3u^v^ is equivalent to multiplying 

3 4 4 2 ^. 1 

fBu V + 18u V - 6uv) — 5— r . 

Su'^v'^ 

Applying the distributive property, 

4 4 2 

9u V 18u V 6uv 

22^22 ^22 
3u V . 3u V 3u V 

We can simi511fy by writing 

9uv^ (u^^ 18u^ (u^v^) 6(uv) ^ 3^^2 ^ g^2 _ J_ , 

T / 2 2, 'xfJJs 3uv(uv) uv 

3 (u V ) 3(u V ) 
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X - 2 (x » 3) (x 2) 

To multiply: -r — - • "2"^ 

X - 81 - 2x 

It would be a waste of time to proceed by writing ^ ^ 

X - 2 . (x 3) (x 2) ^ (x - 2) fx^ -t- 5x -I- 6) ^ x -t- 3x - 4x - 12 

- 81 * x2 - 2x (x^ - 81) (x^ - 2x) - 2x^ - 81x^ + 162x 

because it Is almost Impossible to tell If the last expression can be sim- 
plified. A better method would be to see If any of the numerators or denom- 
inators can be factored before multiplying. In the case of this example, we 

can write , ^. , 

X - 2 . (x 3) (x -I- 2) (X - 2) . (x+2) (x-»-3) 

- 81 - 2x ~ (x + 3) (X - 3) (x^ +9) ^ <^ ^ 2) 

(x - 2) (x 2) (x+ 3) 



(x + 3) (x - 3) (x^ + 9) (x) (x - 2) 
Now we can see that there are common factors in the numerator and the 

denominator of the product which can be written as: 

fx-t-2) 

(x - 3) {x^ + 9) X 

3 2 

In dividing ^ 'I by (r - 1), our first step Is to write the problem 
r »j 

in terms of multiplication by the Inverse. 

3 2 1 



'rTl" ' ■ " r+ 3 r-1 



Now we write: 



"r + 3 r - 1 ~ r + 3 r - 1 (r + 3) (r - 1) r + 3 
We sometimes encounter algebraic fractions in which the numerator 
and denominator are themselves composed of one or more fractions. 
Consider, for example, the expression: 

a 



3: 
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Such eKprcsslons can be handled easily by first expressing the numerator 
and denominator as single fractions, thus obtaining a form you have already 
worked with, and then diyldlng fractions as usual. In this case we could 
write 

i a ^ 

^ ^ a _ _a ^ a 1 . _a ^ a ^^ I 

1 ~ a - 1 a a - 1 a - 1 

~ a a 



Questions 

1. In Chapter 3, when calculating with powers o. ten. we worked with 

expressions of the form ^ . Lot us now consider expressions of 

* 10 
m 



the form ^ where s is any positive number and m and n are positive 
s 

integers. Using the fact that 

m factors of s 



S S S . b . . . J 

~ S . S S . . . 

n factors of £ 

vCxplain the following result: 

;■ 1 if m = n 
= / s if m ^ n 



— n - m i f -m < n 

V S 

V 



Perform the indicated operations and simplify when possible. 

* 3 2,33,. 

2. ^ (3x y - 5xy + 6x y ) T xy 

3 4 

3. t6u - 9u v) 4 3uv 



' 4. 



5. 



- 9 . r ■^ 2 ^ 
r2 +2r ' ^ 
X" + x-6 , X - 2 

"T^n ^ 3 



32:^ 
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6. 
7. 

8. 



10. 



11. 



12. 



13. 



y 

2 

4r .+ 8s . 9r s 
3rs . 3 (r + s) 

yx - yz . _x — 

yx + yz X - z 



X - z 



• 1 - 1 



k ' 1 




^2 3 1 
X . X 


X - 1 




2 ' 1 - X 

.X - 1 J 




i 














X 





1-i 

X 



14. 



s - 



Determine whether or not the expressions in each of the following pairs are 
equivalent. If not, correct the expression on the right so that they are 
equivalent. 



15. 
16. 

17. 



xy - xz . 

z 



z z 



c - V 



1 - 



m ( — 7 — ; n 
m + n 



4mn 



(m + n)2 
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18. — 



19. 

20. 

21. 



22. 



fo - r 



o 
m 



2 „ 2 

111 / n. . ^ I, ^ iL\ . 



3 (1 - f ) 
1 -Ji 

V 



3 - v; 

U - V , 
U + V ' 

eL+bI. 2p2 iHL+Jl) 
2m 2n ' 2mn 



1 + ^ 

V 



o 2 ^ i 2 
2mr + jmn 



23. 



24. 



26. 



n 


m 




n 


m 


rn 




n 


Z 




7^ 


X 




y 



7^ 

y 



nm 



(n + m)2 



ab 



1 2N 1 N + n I N - n 

,1.) . ( ±.) + {— ) 



ERIC 



- 324 - 



Appendix 2 : What Can We Do to Equations ? 

An equation Is simply a statement that two expressions are equal. 
Thus, 2x+5y=6xy-7, 

X - a = 2y2 , 

and y = 3x + 4 ^ 

are equations. Either side of an equation may have any number of terms. 
For example, the third equation above has one term on the left side (y) and 
two terms on the right sUe (3x and 4) . 

We can manipulate equations in many ways, depending on what we , 
want to do. In a given equation we may wish to express one quantity In 
terms of the others, or solve for the unknown quantity, or isolate certain 
tprms from others. Sometimes we have to work with two or more equations 
^multaneously. In all these cases it is necessary to know which manipula- 
tions are permitted, so as not to invalidate the original equality. 

The purpose of this Appendix is to dlrcuss some of the more common 
manipulations that are used when we work with equations. 

1. Adding a Well-Chosen Zero 

To manipulate one side only of an equation without invalidating it, 
we need to know two properties of numbers. 

The first of these is 

(a) .2erG is the only number for which 
X + 0 = X 
for any number . 

Property (a) Is usually worded. "Zero added to any number doe^ not 
change that number." Since an equation becomes an equality of numbers when 
a number is substituted for the variables, wex^p use any property of numbers to 

manipulate an equati9n into another form. 

To Illustrate tfte use of this property, sometimes called j'addlng 
a well-chosen zero, * we consider the following equation: 

y = + 6x + 2 
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and ask the question, "What Is the smallest value that j£ can have In 

this equation?" 

since the expression contains an x al'nd an x term, we would 
like to combine them Into a square of a sum. Recall that 

(a + b)^ = a2 + 2ab + 

Here we have 

K + 6x or x^ + (2) (3)x 
To make this a perfect square we need to add 9. But we must also subtract 
9 to keep the same value of Our "0" = 9 - 9. 

y x^ + 6x + {9 - 9) + 2 

2 2 /"^ 

Recognizing x + 6x + 9 as (x+3) , we can write ( 

y = (x +3)^-7 

The (x+3) term Is > 0, hence, Its smallest value Is zero. The smallest 
value of ^ is then -7. 

In general, to make a "perfect square" from the expression 

X + mx + n 

2 2 
we have to add 0 = ( — ) - (— ) 

2 2 
2 ^/mv ./m. , ,m» 
x*^ + 2 (j-)x + {— ) + n - (^) 

2 2 

Here is another example of adding "a well-chosen zero." Given the 

equation • 

_ x2 -t- X + 1 
^ x2 + 3x + 4 

suppose we are required to divide until the degree of the numerator is 
smaller than the degree of the denominator. It is much easier to add 0 to 
the numerator chosen in such a way as to make the original numerator equal 
to the denominator. We see here that the numerator needs the quantity 
2x + 3 added to it to make tnis so. Thus, we have 
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= x2 X + 1 _ K^ + x+l 4- r(2x-t- 3) - (2x-t- 3)] 
^ "x2 + 3x + 4 " x2 + 3x + 4 

+ 3x + 4 - (2x 3) ^ , 2x4-3 
x2 + 3x + 4 x2 + 3x + 4 

Since we are working with one side only of an equation, we are 
actually working with an expression. As we have just shown, zero may be 
added to any expression without changing Its value. It Is common to rewrite 
an expression like the following: 



1 + t- 

Adding "a well-chosen zero" would result In 

1 ^ 1 4- (t - t) _ 1 + t _ t 
1 + t 1 + t 'l + t'l+t 

= 1 - ' 'rfr' 

We can repeat this process of adding ^ = t - t to the numerator Inside the 
parentheses. 

-l-t-t2(^) = .l-t.t2(:L±^) 
= 1 - t + t2 - t3 (-47) ' 

This expansion may be'carrled on to any number of terms. As you would 
expect, it gives the same result as does ordinary long division. 

Incidentally, the example that we have chosen also illustrates the 
expansion of a power series. Notice that each term contains a higher power 
of 1 than the one preceding It. We speak of the term not containing t_ as 
the "zero-order term," the term containing t_ to the first power as the "first- 
order term," etc. For t, very much less than 1, each t'^rm Is significantly 
less than the dne preceding it. When 1 Is a physical number, it frequently ' 
suffices to retain only the first-order term. 
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1 « 1 - t 



1 + t 

This approximation is valid for values of 1 so small that t is about the 
same value as the error In the value of t Itself. 

As another example of the expansion of a power series , we shall 
rewrite the expression ^ 

as follows: o , o o 

1 _ 1 + (x^ - x^) _ 1 - x^ 
Yn^I - 1 - x2 " 1 - x2 1 - x2 

9,1*, 9 , 1 + x2 - x2 ^ 
= 1+x2{y^) = 1+x2( j_^j> ) 

= 1^x2^x4 (Y^)- 1 ^ x2 ^ x4 ( ^ V-^z""^ ^ 

= 1 +x2 + x4 + x6(Y:r;^) 

This expansion contains only even order terms. It has no 1st, 3rd, 
or 5th order terms. However, if we rewrite the expansion as 

then we can, for example, speak of the (x^) term as the first order term 
in x^, or (x^)^ as the second order term in x^, etc. 

Questions 

1. Express y = + 6x 11 as the square of the sum of x and a 
number, plus a constant. 

2. Corhplete the square of the following quadratics: 

(a) x^ + 2x - 1 = 0 

(b) 3x^ - 2x + 6 = 0 

(c) 5x^ - 7x + 16 = 0 

3. Expand ^ 3 to second order in x^ by adding well-chosen 

zeros . 
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2 

4. Expand — j to second order in and determine the accuracy 

1 - — 

of the approximation when x = 0.1. 

2. Multiplying bv a Well-Chosen One 

The second property of numbers that we can also apply to expressions 

is 

(b) One is the only number for which 

X • 1 = X 

for any number x. 

Property (b) is worded, "One multiplied by any number does not 
change that number." 

As an example of modifying an expression using this property, 
sometimes called "multiplying by a well-chosen 1," suppose we want to 
find an approximate value of 

x/x + h - s/x 
h 

where h < - x (very much less than). It Is not much help to set h = 0 

here, because then the expression reduces to zero divided by zero, which 

Is meaningless. However, by multiplying by "a well-chosen 1," 

ATh - y/x ^ (/x + h - t/x) (t/x 4- h + /T) 
h h (/x + h + /x 

_ X i h - X ^ 1 

h (/x + h + \/x) /x + h + v/x 

Now, for h « X, we can approximate this expression by setting h in the 
denominator eq ual to zero. 

Thus,-^^ * /iTTo + /x ' 
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Multiplying by "a well-chosen 1" Is useful in factoring expressions. 
Conslrter the expression 

u + V 

If we were asked to factor out a u, we might say that this is not possible 
' since no factors of u are in the second term. But If we multiply by the 
"well-chosen I" where I = u • ^ and move the - Inside, we have 

u + V = u • ~ (u + v) = u ( y + ~) 

= u (1 + ^) 

This particular example arises quite often when v and u are physical numbers 
and V « u. Factoring In this way enables us to see the contribution of v as 
a fraction of u . 

Another example of manipulating an expression to see more easily 
the contribution of each term to the value of the expression Is the following: 

y = a^x^ + 32x2 + a^x + a^ 

For large X each term becomes successively smaller, and by Introducing 
a well-chosen 1 , 

7^ (63x3 + a2X^ +aix + a^) 

^2 

we se5 how much smaller than I the term Is. 



v/l + h w 1 + J 

1 + (-1 + /TTh) , then multiply this expression 



Questions 

1 . Show that for h « I 



[Hint: Let v/1 + h = 
u f^ATT 4 1) , 
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2. Approximate to three places using the Ideas of this section: 
1 



(a) 
(b) 



0.95 
1 

1.01 



3, What Can Be Done to an Equation by Working With Both Sides 
Without Invaltdatlng the Equation? 

We state four properties of numbers which, as we have cited earlier, 
are applicable to equations since equations reduce to an equality of numbers 
when numbers arc substituted for the variables . 

(a) If a., h, g. are numbers and a = b, then a + c =^ b + c. 

This is usually verbalized, "One can add the same number to both 
sides of an equality wlthout^changlng the equality." 

(b) If a^, b, c are numbers and a « b, then a . c = b • c. 

In words, "One can multiply both sides of an equality by the same 
number." We point out, however, that multiplying by zero is use- 
less, since this reduces all equations to the Identity 0 = 0. 

y a _ b 

(c) If a, b, c are numbers, a = b, and cfO, then ~ - • 

That is, "One can divide both sides of an equality by the same non- 
zero number. " 

(d) If a = b, then a" = b*^, andtn particular, ~ = ^ • 

In words, "One can raise both sides of an equality to the same 
power . " 

We lllusuate each of (a), (b) , and (c) above by solving 

t 

for t. in terms of r_. 

The general approach to this type of equation Is to clear the equa- 
tion of fractions and then isolate the unknown on one side of the equation. 
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We Start with property (b), that Is, multiply both sides of the equation by 
(t+ 1). 

r(t+l)= jj^)- (t^l) 

Cancellny the (l + 1) factors on the right side we have 

r (t + 1) « t 

We then distribute the product on the left over the sum. 

rt + r = t 

To isolate t_ on one side, we add -rt to both sides of this equation 
(property (a)) 

-rt + rt+r=t-rt 

which becomes 

r = t - rt 

Using the distributive '.dw again, we factor t_ out of the right side. 

r = t {1 - r) 

Then dividing both sides by 1 - r (property {c)) . 

r 

t - 



1 - r 

Notice that when we used property (c) , we divided by (1 - r) . 
This requires that r 5^ 1 . because otheiwlse l - r = 0. In general, when 
dividing by polynomials that contain a variable, we must be sure that 
the variable does not have a value that makes the polynomial zero. 

Wc shall illustrate property (d) with the following equation 

mv 



P = 



/\ v2 



by solving the equation for v, that is, getting v all by itself on one side 
of the equation. Before we start, it would be helpful to note some of the 
restrictions that must be placed on the values of the variables In this 
equation. Clearly, c?^ v, since c = v would result in a zero denominator. 
Also p 0 and m ?^ 0; otherwise the r-niatlon reduces to 0 = 0, which 
is not very useful. These three restrictions, c ?^ v, p ?^ 0 , and m ?^ 0, will 
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become more obvious as we proceed with the solution. 

Let's do the work now. Squaring (property (d)) gives 

p2 = -g- 

Next, multiply by 1 - ^ . (This Is not zero because c 9^ v.) 

c 

p2 (1 _ ^) = ^lyl 
c^ 

Using the distributive law on the left yields 

2 P^v^ 2 2 

To collect the v terms we add ^ j to both sides 

2 p' ^v^ . p^ v^ 2 1 JL. P^ v^ 

Using the distributive law on the right we have 

p2 = v2 (m2 + ^) 
2 

To isolate , v.c divide by + ^ . (This is not zero because m ?^ 0, 
p?^0.) ^ 

The final step is to take square roots. 

P 



V = 



Questions 

Before manipulating, plan your steps. These problems will actually 
occur if you study physics. 
1. • 7 mv2 + ykx2 - E. Solve for v. 



2 . T = 2iT n/y • Solve for k . 

Pi vi V 

3. Let ~ = (;r^ • Solve for 

h 2 
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4 i + i « 1. . Discuss the best way to rearrange this to calculate a 
a b c 

from a given pair of values for b and c, 

4 . Solving the Quadratic Equation 

As we have seen In Section I of this Appendix, when we add the 

2 1-2 

"well-chosen" zero {j) - {j) to the quadratic equation 

x^ + mx + n = 0 

I ■ . 4n - _ ^ 
the equation becomes [k + Y' 4 

The Tiore general quadratic 

ax^ + bx + c « 0 
can be solved In the same manner. 

2 ^ b ^ c _ „ 
X + —X + — = 0 
a a 

k2 k2 

2 b D -H— c 

a 4a^ 4a' a 




b 1 /2 . 

2 a — 2 a 
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-b + \Ai - 4ac 

X = = — 

2a 

This result Is called the quadratic formula where a and b are the coefflci**nts 
of the and X term respectively, and c Is the value of the constant term. 

b^ - 4ac In this formula Is called the discriminant because It 
identifies the character of the roots of the quadratic. When the discriminant 
i^, zero, the roots are equal (they are - ^). When b2 - 4ac Is greater than 
zero, the original equation has two solutions. When the discriminant is 
negative, there are no solutions because no number on the number line is 
the square root of a negative number. 
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Questions 

1. Using the quadratic formula, show that the 

b 

(a) sum of the roots ^2 '"a ' 

c 

(b) product of the roots XjX2 — . 

2. Which of the following equations (a) have equal roots, (b) are 
factorable, (c) have no solution? 

(a) 9 = x^+6x (d) lOx^ - 41x - 156 = 0 

(b) 2x^-7x+10 = 0 (e) 4x2-12x+9«0 

(c) 12x2 - 95x - 8 = 0 (f) Sx^ - 3x + 2 - 0 

3. For what value of jc will the roots of the following equations be equal? 

(d) 3x^ + 4k = 5x . ' 

(b) 4(x - 1)2 - 2 + kx 

(c) kx^ - 3 + 2kx = 0 

4. Find the value of k^ If the product of the roots of 
3x2 - 2x - k = 0 is 2. 

5. Find the value of k, if the roots of x^ + kx + 4 differ by 3 . 

5 . Substitution 

We can substitute for any variable in an equation an expression that 
is equal to that variable. For example, consider the equation 

y = ax3 + bx2 + cx + d 
If, in addition to this, 

X = U + V 

then we are permitted to substitute (u + v) for x In the general equation 
wherever an X occurs. Thus, we write 

y = a {u + v) ^ + b (u + v)2 + c (u + v) + d 
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To take another example, suppose we had the following system of equatlgns: 

s = Vjt + jat^ 
- vi) 



m 



V - V 

2 1 



t 

at 



and 



t = 



::s 



Wherever we see a t_ In the system of equations, we can replace 

2s 

It with the equivalent expression • 

1 2 

In this case, the three equations become 

, 2s . ^ t 2s .2 
^1 ^, + vj 2^ ^. + V,' 



F = m 



1 2 
(V2 - v^) 



2s 



v^ + v^ 



2s 



^2 -^i^^^v^;^ 



Questions 

1 . Let It be given that V = ^ and a = ^ . Express a in terms 

of K and T. ; 
2 The following occur in elementary orbital problems: 

Solve for F in terms of k_, m, and R. 

3. , S = 2TTr2 + 2iTrh. Suppose and h are related by 2r = h . Find S 

In terms of r_. 

4. Let y = - and x = t + 2 . Express in terms of 1. 

5. Let p = P = . Eliminate £ and express P in terms of V, 
R, and T. 
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6. Express v In terms of a and £ In the following: 

g 



V = gt 



2 

7. (a) From E = /""^ ■ and p= eliminate v and thus 

express E in terms of £, ni, and c. 

p 

(b) For p « mc expand your result to second order in . 



6, What Can Be Done to Two Or More Equations? 

When working with two or more equations, we can use any of the 
forocjoinq ideas on any member of the set of equations, namely, adding 
the- same expression to both sides and multiplying or dividing both sides 
by the same (non-zero) expression. We can also substitute for a variable 
m an equation any expression that is equal to that variable. There are, in 
ad(!iti(Hi, the ideas of addinq equations, multiplying equations, and dividing 
equations. We indicate those operations schematically by writing the 
followi nq: 

If A, B, C- , D are expressions and if A ^ B and C = D, 
then A + C = B + D 
A • C = B • D 

A ^ B 
C D • 

Let us begin with the general solution of two equations in two 
unknowns . 

a^x + bj y = . (1) ' ■ 

a2X + b2y-C2 (2) 
Our plan is to eliminate one of the unknowns from this set, arriving at one 
equation In one unknown. We can do this by multiplying one of the equations 
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by an appropriate constant such that when the two equations are then added, 
one of the unknowns drops out. 

2 

Specifically, If we multiply the first equation by -"^ , then add 
this result to the second equation, we get 



a^x + b_y = c. 



(2) 



2' ^2 

0^(b,-^b,)y=c,-^c, (-^).(I)M2) 
where the notation at right Indicates the operations being performed. 
We now solve this equation for yr. 

^2 

^2 - r^^l 

y= 



^2 . 
b, - — b, 
2 ai i 



^"a;i^2-^2^1 

To find X. we take this value of x and substitute It In the first equation in 
place of x« 

a^x +b^y =Cj 

1 1 a|b2 - 320^ i 

This equation reduces to 

_ "2 1 " ^12 
^^2 -^2^1 

In a set of n equations in n unknowns one uses this same procedure 
to eliminate all the x's below the first and thus teduces the system to n - 1 
equations in n - 1 unknowns. We illustrate by reducing a three-equation 
system to a two-equation system. 

a^x + b^y + c^z ~ d^ (D 

a2X + b2y + C2?- = d2 (2) 
a^x + b3y + C3Z = d3 (3) 
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®2 

We replace equation (2) by the sum of equation (2) and (- aT^ times equation 

3 

(1), and we replace equation (3) by the sum of equation (3) and ) times 

equation (1) . 

a^^x + b^y + c^z = d^ 

"^3 - ^ ''i' ^ ^ '=3 - ^ ^i' ^ = -^3 : ^ -^i = '-^ ' " 

Equations (2') and (3') contain two unknowns and these are solved 
as before for the twc-equatlon case, x is then found by substituting the 
values of y. L l^^o equation (1). , 

As an example, we include the solution of a three-equation system. 

x-H^y+|-z=l (1) . 

3x + 3y + 4z = 2 (2) 



5x + 4y + z = 1 (3) 
1 ^ 1 _ 



0^+ fz = -1 (2') = -3{1) + (2) 

0^,4- fy- fz--4 (3') = -5(1) + (3) 

x+^y+jz=l (1) 

Oy + fz=3 ' (3") = (2') - (3') 
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^ i| 23. , 1,3. 
2^"12^* 2^4^ 

^ 24 8 



(1) 




Checks are most Important. You should actually substitute these 
values for x, and z Into equations (1) , (2) , and (3) to show that the 

equations are satisfied. 

Occasionally it is desirable to divide one equation by another. We 

illustrate with the following: 

Let X = r0 

y = r/l - e2 

If we want to solve for 9 and l (in terms of x and y) , we can eliminate L 
dividing the first equation by the second and equating the quotients. 

X 9 _ 



y /I - 9^ 

We can now solve for 9. Square both sides and n.ultlply by 1 - 9' 

(X)2 (1 _ q2) = q2 

y 

92 (1 + (^)2) = 



92 = 



1 + (y) ■ 



Taking the square root of eacn side: 



9 = 



X 



\ 
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6 



X 

y 



X 

X 



y2 



^2 +y2 

To flnd-L. substitute the known value of Q into the first equation, 

X = r9 



Thus 



X r 



/x2 + 

r = /xZ + yZ 




/x2 + y^ 



Questions 

1 . Complete the algebra In the text discussion of the general solution 
of two equations In two unknowns and show that 



X = 



^1^2 - ^2^1 



If the following have solutions, solve. How many solutions are 

there ? 

(a) X + y + 2z = 1 
2x + y + 3z = 2 

• X + 2z = 1 

(b) X + y + 2z = 1 
2x + y + 3z = 2 
X + z = 1 



- 341 - 



(c) X + y + 2z = 1 
2x + 2y+3z = 0 
x + y-^z's'O 

/ — \ 

3. Suppose A = and B = . Dlsduss how to find x and ^ in 
terms of A and B alone. 

4. Let u = 5^2^ 

""'xZ ^ y2 

Solve for x and ^. ^ v2 1 

[Hint: u2 + v2 « ^^^2^7272 l^rf;^ 

7. Graphical Solution of Two Equations 

Simultaneous equations In two unknowns may also solved 
graphically. Since the Intersection of the graphs of each equation Is a 
point common to both graphs, this point must satisfy the equation of each 
graph, that is. It is a solution to the equations. For example, the two 
et;"atlons 

5x - 2y = 4 
4x + 3y = 17 

each represent a straight line whose graph is shown in Fig. 1. The graphs 
intersect at the point (2,3), thus, the solution to the equations Is x ~ 2 
and y = 3 . 

Sometimes, as In the case of the two equations 

2y - X ~ 8 
2y - x = -3 

their graphs do not Intersect as shown In Fig. 2, The lines are parallel, 
the slopes are equal, and there Is no common solution. In these cases, we 
call the set of equations Inconsistent . 

» 
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1 ... 



Fig. 1 



Fig. 2 



(e) X = (1 + 4y) 



Questions 

1. Solve, when possible, the, following sets of equations graphically: 

(a) 2x - y = 5 (d) y - 2 = | (x + 1) 
3x + 2y = -7 y + 1 = 6x 

(b) 4x + 5y = 3 
3x - 2y = 5 3x - 2y = 4 

(c) 5x - 3y = 4 (f) 2x + 1 = 3 (y - 4) 
lOx - 6y = -1 y = 5x 

2. Solve the set of equations In Fig. 1 and show that the solution is 
consistent with the graphical solution. 

3. Find a graphical solution of the set of equations 

X + y = 7 
y = (x - 4)2 

4. Find the roots of the equation 

2x^ - 5x - 12 0 
graphically, and then check your result by using the quadratic 
formula . 
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5. Some Precautions 

/ 

We have Indicated throughout this Appendix that manipulations, 
performed on equations must he dona so as not to In validate the equation. - 
In particular, we cited the cautions to be observed in multiplying or divid- 
ing by zero. 

Let us look at these twp restrictions more closely. Given the 
equation 

X - 3 = 2 

we shall multiply both sides by the quantity (x - 2), getting 

(x - 3)(x - 2) = 2 (x - 2) 

which becomes 

- 5x + 6 = 2x - 4 
x2 - 7x + 10 = 0 
(x - 5)(x - 2) = 0 

This last equation has two solutions, x = 5 and x = 2. The original equa- 
tion, however, has only one solution, x = 5. We see. then, that the 
equation we started with and the equation we ended up with are not equiv- 
alent. It should be apparent that when x = 2 , the value of the multiplier 
we used Is zero/which, in turn, led to the extra solution, x - 2. In 
situations like this, we call such roots extraneous. 

Now we consider an example of dividing an equation by an ex- 
pression containing a variable If we have 

(x - 3)(x - 2) = 4 (x - 3) 
and divide each side by the quantity (x - 3) . we get 

(x - 3) (x - 2) = 4 (X - 3) 
(x - 3) (x - 3) 

X - 2 = 4 

X = 6 

Again, the first and last equations are not equivalent, but now the first 
equation has two solutions (x = 6 and x - 3) and the last equation has only 
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one. This is because when x = 3 the value of the divisor Is zero. So in 

this case we lose solutions. 

In summary, multiplication or division of an equation by an expres- 
sion containing a variable Is prohibited for that value of the variable which 
reduces the expression to zero. 

In Section 2 we made the following statement: 
If a = b, then a" <= b". 
That is, both sides of an equality can be raised to the same power. Let us 
examine this id6a further. 

If we have 

v/x + 1 = /y 
and square both sides, we get 

X + 1 = y 

By this process, we do not lose any solutions because any pair of 
values for x and y that satisfy the first equation will satisfy the second 
equation. However, x = -2 and y = -1 satisfy the second equation, but 
these two values reduce the first equation to the statement /T = . 
This result makes no sense in the context of the number line because no 
number on lhc line is the square root of a negative number. Squaring the 
equation = t^'^"' '° extraneous roots. 

Another example of where squaring an equation leads to extraneous 
roots is the following. If 

X = a 
x2==a2 



x2 - a2 - 0 



then 
and 

or {x-a)(x + a) = 0 

whiCb has the two solutions x = a, x= -a. 

In general, when we raise both .sides of an equation to an even 
power we will always pick up extra solutions. This is not to say that we 
are never allowed to raise an equation to an even power. It Is just that 
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when we perform this particular manipulation we must be aware of the con- 
sequences* 

If we consider odd powers, no problem arises. If 

X « a 

then . x3 = a3 

and x«v^-a 

We neither gain nor lose solutions. . ^ 

Questions 

1 . Solve for x and check for extraneous roots 

/x + 6 = X 
2 , Given the two equations 

y= /l - x2 

X = 4 + & 

(a) What limitations are placed on x in the first equation? 

(b) What is the smallest numerical value that x can have In the 
second equation? 

(c) C:dn you substitute the expression for x from the second equa 
tion into the first equation? Explain. 

3. Startinq with tuc false equation 7-9, subtract 8 from both sides 

7-8-9-8 
or -1 = +1 

Then square both sides 

which results In a true equation 

1 = 1 

Can you explain what has happened? 
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Aei^jidix lr LneausUtt^ — 

I. Notation 

An Inequality Is a statement that two quantities are not equal. If. 
for example . a ?^ b, then either a is greater than b (a > b) , or a Is less 
than b (a < b) . The symbols ">" and denote the sense of the inequality. 
Remember that the tip of the inequality sign points toward the smaller quan- 
tity. 

The "continued" Inequality a < b < c 
means a <r b and b < c 

The statement 1 < x < 2 

means "x is between 1 and 2." 
We never write 2 < x < -2 

for this means 2 < x and x < -2 

which Is not true for any x. 

Instead, we would write x "> 2 or x < -2 

a > b means a is equal to or greater than b. 

a X 1 b is read as, "x is equal to or greater than a and equal to or less 

than b," 

Finally, when we write 

a > 0, we speak of a_ being positive 
a < 0, we speak of a being negative 
a £ 0, we speak of a being non-positive 
a > 0, we speak of a being non-negative 
Note carefully the distinction between the negative of a (-a) and 
a is negative {a < 0) . 
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2. Properties of Inequaltttes 

Like equations, there are certain manipulations that can be performed 
on inequalities without Invalidating the Inequality, that Is, without changing 
Its sense. 

(a) Additive property. If a, b, and c are numbers, and If a < b, 
then 

a + c < b + c 

That Is, the same quantity may be added to both sides of an Inequality 
without charging Its sense. 

(b) Multiplicative property. If a, b, and c are numbers, and If 
a < h and c > 0, then 

a * c < b * c 

That Is, both sides of an Inequality may be miiUlplled by the same 
positive number without changing its sense. 

(c) Transitive property. If a, b, and c are numbers, and a < b and 
b ^ c, then a < c. 

(d) If a > b, then a" > b" if a. b. and n are all positive. 
That is, both sides of an inequality of positive numbers may be 
raised to the same positive power without changing the sense of 
the inequality. 

Notice that the addition property also implies that if a > b, then 

d - c h - c. That is, subtracting equal quantities from both sides of an 

inequality I? equivalent to adding equal negative quantities to both sides. 

a ^ b 

Also, the multiplicative property implies that if a > b, then " ^ ^ 
if c > 0 because dividing both sides by c is equiv -»nt to multiplying both 



sides by the quantity ^, 



The multiplicative property does not remain true for inequalities 
if we multiply by zero or a negative number. In fact, in the latter case it 
actually re>'erses the sense of the inequality. Let's see how. 



\ 
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If a > b and c < 0 and we add -b to both sides of a > b, we get 

a - b> 0 

Then multiplying both sides of this Inequality by the Positive number -c 

-c (a - b) > 0 . (-c) 
be - ac > 0 
Adding ac to both sides now, we get 

be > ac 

or 3c < be 

which has the opposite sense from the original Inequality, a > b. 

Questions 

1. Show that 1 > 0. (Hint: If 1 < 0, then -1 > 0. Remember that 
(-1){-1) = 1, so 1 > 0 Impossible! Why?) 

Discuss and verify for several numbers. (Prove if you can.) 

2. Ifa>b,c>d, then a + c > b + d. 

3. If a > b > 0 and c > d > 0, then ac > bd. 

4. If c > 0 and a > b, then a + c > b. 

5. If a > b > 0, tnen ^ • 

6. If a > 1 , then a^ > a . 

7. If 0 < d < 1 , then < 

8. If u > 0, then ~ ^ 0 • 

If a 0, then "T 0. 

2 2 

10 Glv«n - ^ X, s, s ^0, and I > c > 0. Also c = I - s . Show 
c g 
that 1 - x2 < - < 1 by first showing --r > x > l > 0. Why? Then 

multiply by ~ and use No. b. above. Note that 0 ^ c < 1 and use No. 

Then use x > s with this result, and c^^ i - s^ to prove the 

result. 
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OP 

1° 

go 
8» 
4° 

JO 

■1° 
SO 

10° 

11° 

13° 

•18° 
16° 
17° 
11° 
li° 



T'^M* Or TfiQPiiM^^iC ruBCfwni 



•in (rt^ down) 



.1 



J 



.8 



.0000 
.0175 
.0349 
.0523 
.0698 

.0872 
.1045 
.1219 
.1392 
.1564 

.1736 
.1908 
.2079 
.2250 
.2419 

<2588 
.2756 
^292.4f 
.3090 
.3256 



20» .342) 

21° .3584 

22° .3746 

23° .3907 

84° .4067 

28° .4226 

26° .4384 

27° .4540 

28° 4695 

29° 4848 

30° .5000 

31° .5150 
32° 

33° A.: 



.0017 
.0192 
.0366 
.0541 
.0715 

.0889 
.1063 
1236 
.1409 
.1582 

.1754 
1925 
.2096 
.2267 
.2436 

.^5 
.2773 
«940 
.3107 
.3272 

.3437 




.37^ 
.3923 
.4083 

4242 
.4399 
.4455 
.4710 
.4863 

.5015 
.5165 
.5314 
,.S461 

.5*' '■. 



40° .6428 .6441 

41° .6564 .6574 

42° .6691 .6704 

48«» 682d«v .6833 



44" ,6947 



.0035 
0209 
.0384 
.0558 
.0732 

.0906 
.10») 
.1253 
.1426 
.1599 

.1771 
.1942 
.2113 

.2453 

2622 
.2790 
.2957 
.3123 
.3289 

.3453 
.3616 
.3778 
.3939 
.4099 

,4258) 

.4415 

.4571 

.4726 

4879 

,5030 
.5180 
.5329 
.5476 

.5764 
.5906 
,6046 
.6184 
.6320 

.6455 
.6587 
.6717 
,^8•*5 
.6972 



.0052 
.0227 
.0401 
.0576 
.0750 

.0924 

.1097 

.1271 

.1444' 

.1616 

.1788 
.1959 
.2130 
.2300 
.2470 

.2639 
.2807 
.2974 
.3140 
.3305 

.3469 
.3633 
.3f95 
.3955 
.4115 

.4274 
,4431 
.4586 
4741 
.4894 

.5045 
.5195 
.5344 
.5490 
,5635 

.5779 
.5920 
.606^ 
6198 
.6334 

.6468 
.6600 
.67.V0 
.6858 
.6984 



.0070 
.0244 
.0419 
.0593 
.0767 

.0941 

.12k 
.1461 
.1633 

.1805 
.1977 
.2147 
.2317 
J487 

.2656 
.2823 
.2990 
.3156 
.3322 

,3486 
36^9 
.3811 
3971 
4131 

4289 
.4446 
.4602 
,47.';6 
.4909 

,5060 

,5210 

.S3.S8 

.5505^ 

.5650 

.5793 ' 

.5934 

.6074- 

.6211 

.6347 

.6481 
.6613 
.67-?3 
6871 
.6997 



.0087 
.0262 
.0436 
.0610 
,0785 

.0958 
.1132 
,1305 
.1478 
.1650 

.1822 
,1994 
,2164 
.2334 
,2504 

,2672 

.2S,m 

,3007 
.317.? 
.3338 

.35(12 
.36f).'^ 
.3827 
.3987 
.4147 

.4305 
.4462 
4617 
.4772 
.4924 

.5075 
.?2i: 
,537.> 
..^5Jf» 
.5664 

.5807 
.5948 
.6088 
.6225 
.6361 

.6494 
.662f) 
.o756 
.6884 

.7009; 



.0105 

sm 

.0454 

.06^- 

.0^ 

.(J976 
.1149 
.1323 
.1495 
.1668 

,1840 
,2011 
2181 
.2351 
.2521 

.2689 
.2857 
.3024 
.3190 
3355 

3518 
.3<)81 

.mi 

AU^S 

.4321 
4478 
4fKU 
4787 
,4939. 

.5090 
524& 
'5388 
5534 
.5678 

.5821 
,5962 
.6101 
,6239 
.6374 

.bm 
.66.?? 
6769 
.68% 
,7022 



.0122 
.0297 
.0471 
.0645 
.0819 

.0993 
.1167 
.1340 
.1513 
1685 

.1857 
.20^ 
2198 
.2368 
.2538 

.2706 
.2874 
.3040 
.3206 
M7\ 

r3535 
,36f*7 
.38.^9 
40 IM 
4179 

.4337 
,44**3 
4^»48 
4802 
.4955 

.5105 
5255 
,5402 
5548 
.5693 

5835 
.5976 
.6115 
6252 
6388 

.6521 
.6652 
,6782 
.6<K)9 
.7034 



.0140 
.0314 
.0488 
.0663 
.0837 

.1011 
.1184 
1357 
.1530 
.17(»2 

.1874 
.2045 
2115 
2385 
.2554 

2723 

.2m) 

.3057 

mi 

.ii»7 

.3551 
,3714 
.3875 
.4035 
4195 

43.=;2 
.450' 
.4664 
•«<!8 
.4970 

5120 
.5270 
.5417 
.5563 
.5707 

.5850 
.5990 
6129 
.6266' 
.6401 

6534 
.6665 
.6794 
/i921 
.7046 



.0157 
-.0332 
.0506 
.0680 
.0854 

.1028 
.1201 
.1374 
.1547 
.1719 

.1891 
.2062 
2233 
.2402 
.2571 

.2740 
.2907 
.3074 
.3239 
3404 

.3567 
.3730 
.3891 
.4051 
.4210 

.4368 
.4524 
.4679 
48.W 
.4985 

..S284 
.5432 
.5.';77 
.5721 

.5864 
.6004 
6143 
.6280 
.6414 

.6547 
.6678 
.6807 
.69 W 
7059 



.0175 »" 

.0349 88° 

.0523 

.0698 88° 

.0872 80« 

.1045 84° 

.1219 88° 

.1392 ai° 

.1564 81° 

1736 80° 

.1908 79° 

.2079 78° 

.2250 77° 

.2419 76° 

.2588 78° 



/ 



.2756 
.2924 
.3090 
.3256 
.3420 



74° 

73° 
72° 
71° 
70° 



88° 



.3746 

.3907 67° 

.4067- 68° 

.4226 88" 

4;J84 64° 

.4540 68° 

.4695 82° 

.4848 81° 

.SOflO 60° 



.515:) 
5299 
5446 
,5592 
.5736 

.5878 
.6018 
.6157 
6293 
.6428 

.6561 
.6691 
.6820 
,6947 
.7071 



88° 
88° 
87° 
88° 
88° 

M° 
83° 
82° 
81° 
80° 

48° 
48° 
47° 
48° 
45° 



.7 



.6 .5 
« 



.3 



.2 



.0 



cos (read vp) 
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TaMe of Trtfpsnometric FwKitions 



tin (r*^ down) 





— 

,0 




0 

•s 


•9 




,7071 


.7(^83 


7096 


7108 






.72Ub 


7218 


7230 




7^4 


' 7325 


7337 


7349 




7431 


.7443 


7455 


7466 




.7547 


7SS9 


7570 


7581 


0U 




767? 


7o83 


7694 


Xl ^ 
91 


7771 


7782 


77<?3 


.^04 




7KH1I 




7ml 


,7912 


93 






msi 


.8018 


M 




.8IUU 


8111 


.8121 


KK< ) 
99 






8211 


.8221, 






00* " ' 


83 ID 


832t5 


37 


w iw 




.841)6 


841 S 


58 


84.su 


,K4'«_I 


84W 


.85<W 


S9 




S5S1 


85^) 




W 






K678 


.8686 


ol 




><75;^ • 


87f)3 


8771 








8846 


.8854 


63 






8'^2t) 


8934 


84 






*4KI3 


9(ni 


Alt ' 






W()78 


9(W5 


ait 
oo 








91 S7 


67 








M22^ 


88 






M285 


92*M 


69 




^^342 


M348 


»^3.S4 


/u 


'f.i 






9n5 


1 i 


w4 > 




<^4fK) 


9472 


72 


1 1 


*i ^ 1 (1 


*^S21 


9527 


73 






M57.^ 


9578 


74 


'HAS 




<^fi22 




75 ' 




^^(Kf4 


^i<»8 




78 




V <^7u7 


M71I 


97 IS 


77 


^744 


w748 


9751 


9755 


78 




/ ^^785 


M78<^ 




78 


WKUt 


f us2n 


MM23 


**82(» 


80 


MS4^ 


»#8=»1 


/i8M 


<^857 


81 


.W77 




.9882 


.*^885 


82 


^nj3 


9*^ IS 


**9<)7 




S3 




<^2S 






84 


^4/ 


W47 


W9 


9951 


8S 








.99ej«> 


86 




,v<^77 


W78 


.9979 


87 


/*^> 


.'/J87 


9988 




88 




W5 


9'*<i5 


99*^6 




W9 


999g 








J 


J 





.8 



.9<^)8 
9f)8<l 

999(. 

6 



*^^8I 
99*17 

1 ms 



*^7l 
<^*82 

<^?97 

-1 im 





7133 


7145 


.7157 








727K 


7361 


.7m 


.7385 


.7396 


7478 


.7490 


.7501 


.7513 


7593 


.7604 


7615 


.7627 


7705 


.7716 


.7727 


.7738 


Vol 3 






7UJU 


7923 


7934 


7^144 


7955 




.^39 


m»9 




.8131 


.8141 


8151 


8161 


8231 


.8241 


8251 


KJ61 


.8329 








.8425 


,8434 


.8443 


.8453 


8517 


.8526 


.85.ki 


.8^45 


.8(rf)7 


.8616 


.8625 


86-W 


8.j95 


8704 


.8712 


.8721 


878(> 








•88<)2 


.887(* 


,8878 


,8886 


.8**42 


.894*^ 


8*^57 


8**ri5 


.«K)18 


W2<i 


.9033 


*^M1 


9092 


.9100 


.9107 


y\ 14 


9lf>4 


.91/ 1 






<^232 


923<^ 


924- 


9252 


92*^8 


93(M 




9317 


9361 


.93t,7 


.M373 


9379 


9421 


.942f; 


9432 


9438 


*M78 


9483 




9494 


9532 


9537 


9542 




**583 


9588 




9V*8 


%32 


9(}M} 


*^»41 


<^>46 


*/677 


.<>fj81 




}HM} 


9720 


.9724 


.*^728 




9759 


.9763 


9767 


9770 


97<^i 


97*^* 


<*8ii3 


980ri 


982*^ 


9833 


98.^» 


^*S39 


M8^Hi 


<Wi3 






9>^ 


mn} 




98*^5 


W12 


*^14 


^>*M7 




'^934 


.99.V> 




W4^) 


.9952 


W54 




<^^57 



5 



'i'W3 
1 !KJ0 

.3 



.8 



J 



,7169 
.72W 
.7408 
7324 
.7638 

.7749 
7859 
,7M<i5 
m70 
8171 

.8271 
.8368 

X5.S4 
.8(i43 

.H72^f 

K<*73 

9121 
'M'M 
<J2.S9 

9.^.=l 
V444 

.'♦774 
<*81() 
'<H4J 

.«W71 
Wis 

Q*<42 

l.lKXf 
.2 



.7181 
.7302 
.7420 
.75^ 
.7649 . 

.7760 
.7869 
.7976 
.8080 
.8181 

.8281 
,8377 
.8471 

.8652 

.87.W 
HH21 
8'»(I2 

9128 

.9198 
S2fi^ 
'K\M) 
'M'M 

«/44'» 
''.S.'iS 

'*ti'*'< 
9740 
9778 
'/SI. I 

'»H74 
9Mt)U 

'W74 

*mi 

99»»S 
.1 



.7193 
.7314 
.7431 
.7547 
.7660 

.7771 
.7880 
,79M6 
80'iO 
.8192 

.82*H) 
.83K7 
.K48() 
8572 
.S<Kj() 

.8746 
S'Mli 

9135 

920.^ 

'072 
9.k^o 
•»V17 

'J4F.S 
''.=>! 1 

*H,\.S 

97n.'i 
9744 

9781 
'»Slfi 
.'«4S 

'JK77 
I.l 

'''>2.^ 
"'<45 
'^^,2 



«^>7fi 
.0 



44" 

42° 
41° 
40° 

38° 

88° 
37° 
36^ 
38" 

34" 

33^ 

38 

31 

30^ 

29" . 
28 
27 
28 

25'' 

24 
23 
22 
21 
20 

19 
18 
17 
18 

15 

14 

13 

12' 

11 

10 

9 
8 

7- 
8' 
5^ 

4 
3 
2 
1 

0" 



cei (tMMi up) 



ERIC 
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TRIGONOMETRIC FUNCTIONS FOR ANGLES IN RADIANS 



Rad 


Sin 


Cos 




Rad. 


Sin 


Cos 




.00 


.00000 


1.00000 




.40 


.38942 


.92106 




.01 


.10000 


0.99995 




.41 


.39861 


.91712 




v02 


.02000 


.99980 




.42 


.40776 


.91309 




.03 


.03000 


.59955 




.43 


.41687 


.90897 




.04 


.03999 


. 99920 




. 44 


.42594 


. 90475 




.05 


.04998 


.99875 




.45 


.434^7 


.90045 




.Ob 


.05996 


.99820 




.46 


.44395 


.89605 




.07 


.06994 


.99755 




.47 


.45289 


.89157 




.08 


.07991 


. 99b80 




.48 


.4H178 


.88i)99 




.03 


.08988 


. 99 59r. 




.49 


. 4 7 0 b 1 


. f < 8 2 3 3 




. 10 


.09983 


. 99S00 




.50 


.4794? 


. H77''.H 




.11 


. 10978 


.9939f, 




. 1 


..^HHl H 


. 87274 




.12 


. I 1971 


. '19/81 






. 49hHH 


. H<.7>^1'. 




, I i 


. 12963 


. : 






. ^ 


. ■ t.2;n 




. 14 


. 139S^ 


. •)9021 




. 


. '-141-1 


. H'",7 7 1 




.IS 


. 14944 


. 9HH77 






. S?2tiM 


. H ^ 2 s 




.Vi> 


. lS9'i2 


. ■)H7 2? 






. 1 I 9 


. H47:Mi 




.1'/ 


. 1 1!9 1 H 


. iH-.-'H, 




. V/ 


. '- 3 Mb 


. ;<4 1 -M) 




. 18 


. 17 903 








. S4Hf!2 


. n ^,4*. 




. ] ^) 


. 1 H8b^; 


. •0-201' 








. .■' s{^'\A 




.20 


. -7 


. i'-;'*i7 




. SO 


. 4 


. s \-\ 




.21 


. 2'1H-1'. 


. r/HO'^ 




. " i 




. i >!».S 




.22 


.21>^23 


. <r/Mn 






i . i ,1.; 


. i ^';h 




.2 i 


.;'.27 9M 














.24 


. 21770 


. '(7 i ^'; 








♦ 




. £. J 


. 24740 










\ 

i 7 9-.0H 






.2^708 








j . ' ; M .■ 


j 




.27 


.2bt)7 3 


i77 








.7.', 






. .'7trjf. 


. ^ M*' 






1 . -,2^7 9 


. 77 7 '-7 




. 2y 


, ^ <i J ^ J 






. ■■') 




.77 1.''' 




.30 




1 . ;^ ^?4 




.70 


. ^4422 


.7t,4M4 




.31 




; .1S233 




.71 


.65183 


.7 58'^) 




-J ' 


. 314!:.7 


. 34924 




.72 


.65938 


.75181 




. 33 


. 324U4 


.94604 




.73 


. 66687 


.74517 




.34 


.33349 


.94275 




.74 


.67429 


.7 3847 




.35 


.34290 


.93937 




.75 


.68164 


.73169 




.36 


.35227 


.93590 




.76 


.68892 


.72484 




.37 


.36162 


.93233 




.77 


.69614 


.71791 




.38 


.37092 


,92866 




.78 


.70328 


.71091 




.39 


.38019 


.92491 




.79 


.71035 


.70385 





ERIC 



Rad. 


Sin 


Cos 




Rad. 


Sin 


Cos 


.60 


.71736 


,69671 




1.20 


.93204 


.36236 


.81 


.72429 


.68950 




1.21 


.93562 


.35302 


.82 


.73115 


.68222 




1.22 


.93910 


.34365 


.83 


.73793 


.67488 




1.23 


.94249 


.33424 


. 84 


.74464 


. Db74D 




i • ^4 


. 343/ o 




.85 


.75128 


.65998 




1.25 


.94888 


.31^^32 


.86 


.75784 


.65244 




1.26 


.95209 


.30582 


.87 


.76433 


.64483 




1.27 


.95510 


.29628 


.88 


.77074 


.63715 




1.28 


.95802 ' 


.28672 


.89 


.77707 


. 62941 




1 . 29 


. 96084 


. 277 1 2 


.90 


.78333 


.62161 




1.30 


.90356 


.26750 


.91 


.7 89r,0 


.6137 5 




1.31 


.96618 


.25785 


.92 


.79560 


.60582 




1.32 


.96872 


.24818 




.8n'l62 


. 59783 




1.33 


.971 15 


.23848 


.94 


. 8075*. 


. 58979 




1 . 34 


. 97348 


. ZZH75 


.9S 


.HI 342 


. r,8168 




1.35 


.97572 


.21901 


. 9<, 


.81919 


. 57352' 




1.36 


.97786 


.20924 


. 97 


. 82489 


.56530 




1.37 


.97991 


'.19945 


. 9H 


. h:u)^>o 


. '.5702 




1.38 


.981 H5 


.18964 


.99 


. H3(.ni 


. S 4-8 6 9 




,1.39 


, 98370 


. 17981 


1 .00 


. R41 47 


. S4O30 




1.40 


.98545 


. 1 1.997 


! .0! 


. H4683 


. SSI 86 




1,41 


.987 10 


.16010 


1 ,'i2 


.HS21 1 


. ^2317 




1.42 


.98865 


. 1 5023 


' . ' 1 


.8^7 10 


. SI 482 




1.43 


.99010 


. 14033 


i . r; 4 


. Ht,240 


. S0622 




1.44 


1 Q 1 1 » , 


, i .V. 


1 . ■ 7 . 


. 81.742 


.49757 




1.45 


.99271 


, 1 2050 


; . 


1 . H7 21(. 


. 4H887 




1 . 46 


. 99387 


. 1 1057 


i .f)7 


. H7720 


.48012 




1.'47 


.99492 


. 10063 


1 .OH 


.HH! 9b 


.47133 




1 .48 


.99588 


.09067 


1 . <!'< 


. HHt,o3 


.46249 




1.49 


.99674 


.08071 


1 . 10 


.H9I21 


.45360 




1 .50 


.99749 


.07074 


1 . n 


.89570 


.44466 




1.51 


.99815 


.06076 


1.12 


. 900.10 


.43568 




1.52 


.99871 


.05077 


1.13 


.90441 


.42566 




1.53 


.99917 


.04079 


1.14 


.90863 


.41759 




1.54 


.99953 


.03079 


1 .15 


K 91 276 


.40849 




1.55 


.99978 


.Q2079 


1.16 


.91680 


.39934 




1.56 


.ir9994 


.01080 


1.17 


.92075 


.39015 




1.S7 


1.00000 


.00080 


1.18 


.92461 


.38092 




1.58 


.99996 


-.00920 


1.19 


.92837 


.37166 




1-.59 


.99982 


-.01920 



